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POREWOFiD 



The increasing contribution of mathematics to the culture of 
the modern v/orld, as well as Its Importance as a vital part of 
scientific and humanistic education, has made It essential that the 
mathematics In our schools be both well selected and well taught. 

With this in mind, the various mathematical organizations in 
the United States cooperated in the formation of the School 
Mathematics Study Group (SMSG). SMSG includes college and univer- 
sity mathematicians, teachers of mathematics at all levels, experts 
in education, and r'epre3entatlves of science ma technology The 
general objectlva of SMSG is the improvement of the teaching of 
mathematics in the schools of this country. The National Science 
Foundation nas provided substantial funds for the support of this 
endeavor." 

One of the prerequisites for the Improvement of the teachine 
of mathematics in ciur schools is an improved curriculum— one which 
takes account of the increasing use of mathematics in science and 
technology and in other areas of knowledge and at the same time 
one which reflects recent advances in mathematics itself. One of 
tne first projects undertaken by SMSG was to enlist a group of 
outstanding mathematicians and mathematics teachers to prepare a 
series of textbooks which would illustrate such an improved 
curriculum. 

The professional mathematicians in SMSG believe that the 
mathematics presented in this text is valuable for all well-educate 
citizens in our society to know and that it is important for the 
precollege student to learn In preparation for advanced work in the 
field. At the same time, teachers in SMSG believe that it is 
presented in such a form that it can be readily grasped by students 

t-h« "^°^^\i"stances the material will have a familiar note, but 

the presentation and the point of view will be different. Some 
material will be entirely new to the traditional curriculum This 
is as it should be, for mathematics is a living and an ever-growins 
subject, and not a dead and frozen product of antiquity This 
healthy fusion of the old and the new should lead students to a 
better understanding of the basic concepts and structure of 
mathematics and provide a firmer foundation for understanding and 
use of mathematics in a scientific society, 

^ It is not intended that this book be regarded as the only 
definitive way of presenting good mathematics to students at this 
level. Instead, it should be thought of as a sample of the kind of 
In^proved curriculum that we need and as a source of suggestions for 
the authors of commercial textbooks. It is sincerely hoped that 
these texts will lead the way toward inspiring a more meaningful 
teaching of Mathematics, the Queen and Servant of the Sciences 
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PREFACE 



The aim of this experimental text Is to I'ocus attention on. 
mathematical Ideas v/hlch are appropriate for study by college- 
capable students in the eleventh grade. These ideas have been 
selected and developed by mathematicians and teachers working 
together. The mathematicians believe that the mathematics pre- 
sented is significant, both intrinsically and as preparation for 
future study, and that the expositions are mathematically sound. 
The teachers believe that the material is teachable to high school 
students. Both groups Join in the belief that there is an affin- 
ity betv/een youth and clearly presented mathematics v/hlch should 
be more thoroughly exploited in the nation's schools. The success 
of this text will depend, in large measure, on the extent to which 
It stimulates students' interest and Influences them to continue 
their study of mathematics in high school and subsequently in 
college . 

In this text students encounter many new mathematical ideas 
which require expositions somewhat more sophisticated than those 
previously attempted. These expositions develop the idea that 
mathematics is an organized body of knowledge which is founded on 
a surprisingly small number of basic assumptions. Students who 
become aware of this Important idea will begin to understand the 
strijcture of mathematics and will acquire some ability to explore 
this structure for themselves. 

Explanations v;hich emphasize proof require intensive study. 
For this reason no claim is made that this is a course in "mathe- 
matics made easy". On the contrary, inherent difficulties are 
candidly appraised and forthrightly explained in terms that are 
appropriate for students at this grade level. For this purpose 
the easiest or shortest presentation is not always the best. For 
example, the rules for solving systems of equations could have 
been given in much less space than is devoted to the development 
of equivalent systems in Chapter Seven; but :.his development pro- 
vides a logical basis for understanding these rules. Again, the 
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rules for the manipulation of complex numbers could have been 
stated briefly rather than derived from carefully chosen postulates 
as they are in Chapter Five. Similar examples can be found in 
every chapter, indeed, in almost every section of this text. The 
purpose in all such cases is to give the student some insight into 
the nature of mathematical thought as well as to prepare him to 
perform certain manipulations with facility. 

The course of study in grade eleven was greatly improved as a 
result of the Text Book Panel's decision to devote only one year 
(grade ten) to plane and solid geometry. The time gained by the 
removal of solid geometry from the eleventh grade sequence is de- 
voted to trigonometry (Chapter X), vectors, (Xl), and a more ex- 
tensive treatment of complex numbers (V, IXX) than is ordinarily 
attempted at this stage. The sequence of topics in this sample 
text is, of course, only one of many that could have been chosen. 
One controlling consideration here was the desire to advance the 
student's understanding of number systems. While this development 
permeates the entire text, its main bearings are to be found in 
Chapter I (Number Systems), Chapters V and XII (Complex Numbers), 
and, for the very able student,. Chapter XV (Algebraic Structures). 

The writing group hopes that the follov/ing viewpoints are 
discernible in this text. 

Plausible arguments have their place provided they do not im- 
plant ideas which must later be eradicated. The necessity for im- 
proving the student's understanding of the nature of mathematical 
reasoning does not imply that every argument must take the form of 
a rigorous proof. 

It is often desirable to appeal to the student's intuition 
and to lead him by an inductive approach to make and test conjec- 
tures about the nature of the principles to be proved. 

New symbolism should never be used for the sake of being 
"modern" but only when it serves to convey meaning more accurately 
and more succinctly than could be done by other means. 

Individual differences in ability and motiv-ition must be rec- 
.ognized even among college-capable students. Some material must 
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be Included Tor the student who has exceptional ability in mathe- 
matics . 

This revision of the origi^^al (l95^^ .w.r>p,i- of this text was 
based upon a careful study of ^he si* evaluations which 

were submitted by the teachers v/ho .;. .erlal in the ex- 

perimental centers during the 1959 .o year. In a very 

real sense these teachers collaborated with the authors in an 
effort to make this text a more effective instrument of instruction. 
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chapter 1 
NUI/IBER SYSTEMS 

1-1. Introduction , 

This chapter is about the number systt,;no or ntary 
algebra. You are already familiar with some of tiv 3e number 
systems. You have used the natural numbers, l,'^,^ ••• > ever since 
you started to count. The set of integers, ••• -3,-2,-1,0,1,2,3, •• 
contains all the natural numbers and has zero and the negative 
integers as well. You probably met this number system for the 
first time, in a serious way, when you began to study algebra* 
The system of rat ional numbej ^ is an even richer jsystem. it con- 
tains all those numbers of the form ^ ^ where p and q are 

integers and q is not zero. You were studying the positive 
rational numbers when you learned to work with fractions. However 
you did not meet the negative numbers until you began your study 
of algebra. 

In this chapter we shall meet stiH another number system 
called the real number system . Before we take up our study of the 
real number system we are going to examine again the natural 
numbers, the integers and the rational numbers. this re- 

examination we shall study the logical "structure'' of the various 
systems of numbers. We show how the study of this structure ties 
together all of the many special facts about the different 
systems which together make up the real number system. This 
program is carried further in Chapter 5 where complex numbers are 
studied. 

When we speak of the logical structure of a number system we 
have in mind a very definite meaning which requires explanation. 
About 300 B.C, Euclid organized geometry as a logical system, 
selecting certain statements as axioms or postulates and deducing 
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from them other statements called theorems. It was relatively 
recently--within the last loO years or so--that a similar organl- 
2,ation of algebra and arithmetic was undertaken. 

Organizing number systems in deductive form glves' our 
knovaedge of them a coherence we might not otherv;lse find. We 
shall see that each system car: be summarized "in a nutshell" by 
listing its "basic properf -from which v/e may derive other 
propertLes-.and that th^ ' s .es" make It easy to see the 

pattern common to all of . to see their differences. 

The important Idea in the logical structure of a mathematical 
system is that some statements are consequences of other state- 
ments. Many of the theorems reflect this idea themselves since 
they state that one statement follows from another. They have 
the form 

If A, then B 

where the letters A and B stand for certain statements. We 
shall meet many such theorems in this chapter and elsewhere in 
this book. Therefore we consider them in some detail in this 
introductory section. E>amples of theorems having this form may 
be given by taking specific statements for A and B . 

Thus with 

A: trlanfxes T-j_ and Tg are congruent 
B: triangles T-j_ and Tg are similar, 
we have the theorem 

If triangles T-j_ and Tj are congruent, then triangles T^^ 
and Tg are similar. 
And With 

A: X is negative 
2 

B: X is positive 

we have the theorem 

T 2 

If X is negative, then x la positive. 

[sec. 1-1] 
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VHnen a theorem has the form "If A, then B" the problem of 
"proving" it demands that a chain of reasons be given to convince 
the reader that statement B is true if statement A is true* 
Note that no assertion is made as to whether either A or B 
actually is true; only that in case one of them (a) happens to ^ 
be true, then the other (B) must also be true. In case A is 
not true, (l-la) has nothing whatever to say about . 

If both a th<- A, then B" and its c^.^iv^rse "if B, 

then a" are ti i-ii - - u is often expressed by saying 

A if and only if B 
which is interpreted as meaning 

A if B, and A only if B, 

In the latter manner of expression, "A if B" stands for 
"If B, then A", while "A only if B" stands for "if not B 
.then not A", or equivalently , "if A then B". 

This is the way we shall use the expression "only if" in 
this book. It i3 important for you to remember this fact. For 
example the "only if" statement 

^ 2 
X = y only if x" = y 

has for us ^;he suri meaning as the "if then" statemen- 

If X = y then x^ = y^" 

which happens to -e true for all x and y . Our "oni if" 
statement does rot have the same meaning as 

"If := y2 then X y" 

which is not true for all x and y • 



E::ercises lu-la 

1. Form the :/jr.Yf-rse of each of t^ie following state^nents: 

(a) If V ^ = y, then y greater than x . 

(b) A na^ar-^-. number is a multiple of 2 if it is even, 

16 

[sec. 1-1] 
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2. 



(c) X = 1 only if = 1 . 

(d) If X is less than y, then x is less than z - 

(e) "If A, then B" is the converse of "if B, then A" 
only If "If B, then A" is the converse of 

"If A, then B" . 
Rephrase each of the following in the form "If A, then B; 
and if B, then A 

(a) X = y if and only if x+z=y+z 

(b) X 4- 1 = y if and onlv if y - i = x 

(c) 2x + 1 = 7 if an. only if x = 3 

(d) (x 4- y)^ = x^ 4- y^ if and only if x or y is zero 

(e) The converse of "if A, then B" is true if and only if 
"If B, then A" is true. 



l-2o The System of tural. Numbers . 

The elements he rs.zural numiD^er system are the numbers 
1,2,3 ... , the numbr-3 vspd in counting. The numbers of this 
system are ordered - a ^^liar way; the first, is 1 , the second, 
2 , is obtained by aa— r; i to 1 , the third, 3 , is obtained 
by adding 1 to 2 . ar;:: ro on. We use one letter N to denote 
the natural number :iy^t.en^ 

If a and b are arrr natural numbers then we can add these 

numbers to obtain t:^ -ir Fj-r a 4- b and we can multiply these 

numbers to obtain t;:, -:,r pv^ozxict ab . For some pairs of natural 

numbers a and b V)c i'ln also subtract to obtain the natural 



numbers a - b but 
are natural numbers 
pairs of natural nur 
a natural number ^ 

D 

3 are natural numbe^ 



"or all pairs. For instan af 5 and 3 
^ is 5 - 3 , but not 3 - 5 . For some 
and b we can also divide to obtain 
.'t -ot for every pair. For ini::ance 6 and 
6 , . 3 



^nri 30 is 



but not 
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The operations of addition and multiplication can be performed 
with any two natural numbers to yield natural numbers. The 
operations of subtraction and division do not have this property. 
We express these facts by saying that the natural number system 
is closed under addition and multiplication but not under sub- 
traction or division. 

This property of a number system, of bein-g "closed" with 
respect to an operation, is one we shall meet over and over again. 
As we proceed we will find that each new system v/e encounter is 
closed under more operations thaai any of its predecessors. 

Exercises i-2a 

Here are some sets of natural numbers. For each decide whether it 
is closed under addition, mul tlpLi.cation, subtraction, division. 

1. The set of all natural numbers . 

2. The set of all even natural numbers. 

3. The set of all odd natural numbers. 
U. {1,2,3,^,5} 

5. [0,1) 

5. The set of all natural numbers greater than 17 . 

Any given natural number may be described in a variety of 
waySi- Thus ^1, 1 + 3, 2 + 2, 2 • 2, 1 • ^ are all descriptions 
of the same number. We call this relation equality and express 
it using the sign Thus we write ^ =r l + 3, ^1 = 2 + 2, 

2+2^2-2. Given any pair of symbols a,b representing 
numbers, there are only two possibilities: either they are 
"equal" (a = b) , or they are not. In the latter case we say 
that a and b are different or distinct and we write a ?^ b . 
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The general rules govcrnii'; the use of the equality sign are 



~1 


(Dichotomy). Either a ■■ 


= b or a ?^ b . 




^2 


(Ref lexivlty) . a = a . 






■^3 


(Symmetry) • IT a b , 


then b = a 




£4 


(Transitivity). If a = 


b and b = c , 


then 


^5 


(Addition) . If a = b , 


then a + c b 


+ c 


^6 


(Multiplication) . Ii-^ a 


= b , theni ac = 


: be 



These rules give directions for asserting certain statements 
of equality, in each case but the first two, when certain other 
statements of equality are either given or supposed. In 
— 1' ' ^ each of the letters .a,b,c is to be understood as 

representing any one of the numbers in the system N . The point 
here is * 'lat no natter what numbers a, b, and c represent, if 
(for ex: le) a = b and b c , then it follows that a = c . 
V/e expre;^^: the important fact that there is complete freedom in 
substituting for the letters a,b,c by saying they are arbitrary . 

The operations of addition and multiplication in the natural 
number system have the follov:ing properties (among others). 

(Closure). a -h b is a natural number. 
A_.. (Cornmutativity ) . a + b = b + a . 
A (Associativity). a + (b + c) = (a + b) + c . 

(Closure). ab is a natural number. 
F'L (Commutativity) . ab ba . 
ii - ■CAssociatlvLty) . a(bc) =r (ab)c . 
Mj. (MultLplicative Identity). 1 • a = a • 1 a . 
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D (Distributivity), a(b + c ) = ab + ac 



7 



£]_ (Cancellation-Addition). If a + c = b + c, then 

a = b . 

0^2 (Cancellation-Multiplication). If ac = be , then 

a = b . 

Theii- properties, which we shall call the E,A,M,D,£ properties, 
are general statements of familiar "laws" of arithmetic; they are 
"general" in the sense that we assert their validity for 
arbitrary a, b, c , Some of the corresponding "special" state- 
ments in arithaietic are 2 + 3=3 + 2, 7(5 + 1) = 7.5 + 7.1 . 



1. Which one of the natural number properties is illustrated 

by each of the following statements? (All letters represent 
arbitrary natural numbers.) 



(c) 3(4 • 7) = (3 . 4) . 7 (1) (x + 2) + 3 - X + 5 
2# Using the natural number properties, prove the following 
statements to be true for all natural numbers. 

(a) (x + y)z = xz + yz 

(b) X + xy = x(l + y) 

(c) x[y + (w + z)] = x(y + w) + xz 

(d) 'If X + (y + z) = (z + y) + xz , then x = xz 
♦3. Use properties E,A,M to prove the statements: 

If a = b and c = d , then a + c = b + d . 
If a = b and c = d , then ac = bd . 

We examine a few consequences of properties E,A,M,D,C. 



Exercises l-2b 



(a) 4+5=5+4 

(b) 8(x + 2) = 8x + 16 



(d) xy + xz = x(y + z) 

(e) 7 . 45 - 28 ^ + 35 
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First of all, property A-^ (Associativity) asserts that for 

arbitrary a, b, c vie have a -h (b + c ) = (a + b) + c . ^nsider 
on the other hand the expression a •(■ b ■ : . v/e ordinaril ":^.e 
the sicn to denote an operation v/hich assigns one natural 

: / " vr (their sum) to each pair of given natural numbers, and 
therefore v/e should hesitate to use it when more tnan two numbers 
are Involved. However, such hesitation is unnece-ssary, since the 
associative property tells us that i:: makes no difference at all 
v;hether parentheses are inserted around the first tv/o terms or 
around the last two. It is thus precisely because of the associ- 
ative law that we may define the expression a + b"+ c to be a- 
third description of the one number already having the two names 
a + (b -h c) and (a + b) + c : 

a+b+c=(a+b)+c. 

Similar definitions can be made for expressions v/ith more terms, 
such asa-hb-hc-hd, , 

V/e may adapt the distributive property to sums involving 
more thar^ tv/o terms: 

a(b + c d) = a((b + c) + d) [Definition 

= a(b + c) 4- ad [ Distributivity 

= (ab + ac) 4- ad [Distributivity 
= ab + ac + ad . [Definition ^ 

Nov/ consider the expressions a + a and a + a + a . 
By property Mj, (Multiplicative Identity) each term in these 

expressions equals a • 1 . Using the extended distributive 
properties, we can say 

a + ar=a»l-f-a'*l = a(l -h 1) = 2a , 
a -f- a -f- a = a(l + l + l) ^ 3a . 
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In general, 

na = a -i- a 4- • , - -f- a , 
where there are n terms, n being any natural n'omber. 

Similar considerations apply to products, so that we may 
define 

abc = (ab)c , 
abed = (abc)d , ' 
and similarly v/ith more factors. 

Corresponding to the expressions 2a, 3a for sums we 
abbreviate products of like factors as 

2 

a . a = a 

In general 

when there are n • factors, n being any natural numbeor^. 



a • a • a = a^ . 



n 

a = a • a • . . . a 



Example . l-2a : Using properties E,A,M,D prove that for 
arbitrary a , b in N , 

(a + b)^ = a^ ^- 2ab + b^ . 

Proof: (a 4- b)^ = (a + b)(a + b) [De.f. 

= (a + b)a + (a + b)b [Distr. 

= (aa + ba) + (ab + bb) [Distr. 

2 2 

= a + ab + ab + b [Def., Comm. 

2 P 

= a + 2ab + b^ [Def. 
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Exercises l-2c 

Using the natural number properties, remove all parentheses 
from products and list the properties you use. 

(a) 5p(3 + r) (d) 2m(m + n + 3) 

(b) (2x + 3)(x + 4) (e) (x + i)(x + y + 2) 

(c) (y + l)(y + 1) 

Prove that the following statements are true where all lette 
represent arbitrary natiiral numbers, 

(a) (a + b + c) + d = (a + b) + (c + d) 

(b) (a + b) (c + d) = ac + ad + be + bd 

(c) (px + q)(rx + t) = prx^ + (pt + qr)x + qt 

(d) a(b.. + c + d) = ab + ac + ad 

(e) a(bcd) = (ab)(cd) 

Using natural number properties, simplify the following to a 
single term. 

(a) ^x + 2xy 

(b) 2(Uu + 1) + 3(4u + 1) 

(c) m(p + q) + m(p + q) 

(d) (2X + l)(x + 1) + (1 + 2x)(l + x) 

Prove that the square of an even natural number is also an 
even natural number. 

Prove that the square of an odd natural number is also an 
odd natural number. 

Is the product of an even natural number and an odd natural 
number even or odd? Prove your answer. 

Since 15^ = 225, 25^ = 625, 35^ = 1225, ... , 85^ = 7225, 

2 

95 = 9025, a pattern can be seen that a two digit natural 
number ending in 5 can be squared by writing the product 
of the first digit by one more than the first digit, and 
following this the square of 5 . Prove that this is true 
without testing every case. 
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The lists E,A,M,D,£ of properties of N , v/hen taken together 
v/lth another list, 0 , to be presented In Section 1-3, form a 
logical basis of the natural number system. In organizing the 
natural n^miber system deductively these basic properties may be 
assigned the role played by the axioms and postulates in the 
deductive organization of geometry. Prom them we may derive as 
theorems the other algebraic properties of the natural number 
system. Corresponding lists of basic properties for the systems 
of the integers, the rationals, and the reals are in later sections 
of this chapter; and for the complex number system, in Chapter 5. 

Limitations of space prevent us from going very far into 
this "deductive theory" of number systems, but a few examples will 
be given to illustrate the methods by which some of the familiar 
"rules of calculation" may be derived from the E,A,M,D,£ list. 
Beginning In the next section we shall study inequalities from 
the deductive point of view. 

Example 1-25 1 Solve the equation 5x 4- 3 = 13, and Justify 
each step in the solution using properties E,A,M,D, C of the 
natural number system. 

Proof : Prom the (arithmetical) fact that 13 = 10 4- 3 , 
we use to rewrite 5x 4- 3 = 13 as 

5x 4- 3 = 10 4- 3 . 

Then by (Cancellation-Addition) 

5x = 10 . 

Again, an arithmetical fact: 10 = 5 • 2; and again we rewrite: 

5x = 5 • 2 . 

Finally, using (Cancellation-Multiplication), we get 

X = 2 . 
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Check : Substitution of 2 ^ for x in the original equation 
shows that it is satisfied: 

5-2 + 3= 10 + 3 = 13. 

Comment on Example l~2b : When we study other number systems 
(the integers, the rationals, etc.) we shall be able to attack 
this problem more directly than the means presently available 
permit--for the reason that we shall have longer lists of basic 
properties to work with. The significant thing about Example 2 
is that it can be solved at all in the system N . The "method" 
we used is rather involved-- the only virtue v/e claim for it is 
that it can actually be carried out using only the E,A,M,D,£ 
properties of N . In the system I of- integers, where we have 
the number -3 available v/e shall be able to add -3. to both 
sici 3 of 5x + 3 = 13 to get 5x = 10 directly. And in the' 
rational number system Q v/here we have the number i available, 

we can then multiply both sides of 5x = 10 by i to get x 2 . 

V/e can perform neither of these steps in N since N contains 

neither -3 nor i . 



Exercises l-2d 

Find natural number solutions for the following, and name the 
natural number properties E,A,M,D,£ uned. 

1. x + 2:::.5 5. 2u + l = 4 

2. z + 3 = l 6. 3p + 4 = 44-p 

3. 3y = 6 7. 2w + 1 = 4 4- 3w 

4. 2u + 5 = 7 . 8. 3m + 1 = 2m + 4 
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1-3. Order in the Natural Number System. 

One of the first things--.if not the first thing--one learns 
about the natural numbers is that they come in a definite order: 
1 , then 2 , then 3 , then 4 , etc. This is the order of count- 
ing. ■vmen. .a natural number a"' "precedes a natural number b in 
the order of counting, v/e say "a is less than b" and write 
a < b . V/hen a < b we also say "b is greater than a" and 
write b > a . Thus a < b and b > a have exactly the same 
meaning. Moreover each of these statements has the same meaning 
as the statement: there is a natural number c such that 
a + c .=: b . Thus there is a very close connection between the 
order relation of natural numbers and the operation of addition. 

We examine some basic properties of this order relation. The 
first property expresses the fact that given any pair of distinct 
natural numbers, one or the other of them is the cheater: 

Oj_ (Trichotomy). Given any pair a,b of natural 

numbers, exactly one of the following 
three relations holds: 

a =: b, a < b, b < a. 

©2 (Transitivity). if a < b and b < c, then a < c . 

O3 (Addition). If a < b, then a + c < b + c . 

C^i^(N) (Multiplication). If a < b, then ac < be . 

(c in N) 

The first property is called the "trichotomy property" 
because it splits the possibilities into three parts, one of 
which must hold while no two of v/hich may both hold. Note, in 
particular, that if b < a is false, then either a r= b or 
a < b, which is written concisely as a < b . 
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Glmllarly a > b io v/ritten In place of "a ^ b or a > b" . 
Mote also that' "a < b or b < a" means simply "a -A b" . if 
^ '^^ ^ ^^'^^ b < c we often v/rite a < b < c, in analogy to 
a :r: L c for a b and b = c . Writing such "chains" of 
equalities and inequalities is Justified by the transitivity 
properties K»j and 0^ . Thus in the chain of equalities 

a=b=c=:d=,.. 

each member equals each of the others. In a chain of Inequalltl 

a < b < c < d . . • 
each number Is less than each of those following It. 

Using the connection between order and addition^ 

{there Is a c In N 
such that a + c = b ^ 

£2 says 

If there are d and e in N for which 

a + d = b and b + e = c ^ 
then there Is an f In N such that a + f = c • 

This restatement of O^^ easily proved by shov/lng that d + e 

Is such an f : If 

a 4- d = b and b 4- e = c , 

then 

(a-fd) 4-e=:b4-e==c , 

so 

a + (d -f e) = c , wher(•^ d 4- e Is In N 
In a similar way, and 0|^(N) may be restated In terms 

of addition and proved from the E,A,M,D properties of N . 
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The desifinatlon 0|^(N) Is used rather than simply 0^^ to 
vmrn the rccider that this particular property will require .nodl- 
flcation in the other number systems to be studied in this chapter. 

Exercises l~3a 

1. List the members of the set of natural numbers such that 
X < 5 . 

2. Using natural numbers, write an equality having the sanie 
meaning as 6 > 2 . 

3. Using the symbol form true statements using the 
following pairs of natural numbers. 

(a) 2 and 6 (d) (2 + a) and (l + a) 

(b) 5 and 3 (e) c and b , if c = a + b 

(c) a and 3a (f) a and e , when a + b = c 

and c + d = e . 

^. Rewrite the following statements using a<b<c, a<b, 
or 3i / h forms: 

(a) X is less than 4 or x is equal to 4 . 

(b) 5 is less than x and x is less than 7 . 

(c) y is equal to i| or y is greater than 4 . 

(d) m is less than n or n is less than m . 

(e) 3 is less than x or 3 is equal to x , and x is 
less than 5 or x is equal to 5 . 

5. Restate and 0^^ in terms of addition and prove them 
from the ^,A,M,D properties of N . 

6. If X + a = y and y + b = z (all letters representing 
ai-^bitrary natural numbers), what is the order relation of 
X and z ? 

There are some similarities between the E properties and 
the 0 properties which deserve to be noted, as they reveal 
analogies between the methods of treating equations and corre- 
sponding methods for inequalities. 
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The two equality properties 

Ei^, IV a = b , then a + c = b + c 
E^: If a = b , then ac = be 

correspond exactly to the order properties 

0^: If a < b , then a + c < b + c 

6|^(N): If a < b , then ac < be (c In N) 

and it Is on the basis of this correspondence that a theory of 
inequalities may be built to parallel that for equations. 

Fully as important in practice as E^^ , , 0^ , Oi^i^) are 

their converses, the cancellation properties for equality and 
order: 

a + c = b + c , then a = b 
ac = be , then a = b (e in N) 
a + c < b 4- c , then a < b 
ac < be , then a < b (c in N) 

Of these, the first two were included in the lists of basic 
properties for N . All four, however, may be proved as theorems 
using the E,A,M and 0 properties of N . V/e examine one of 
these proofs to show the power of the trichotomy property. 

Theorem 1 ~ 3a : (£^) If a + c = b + c, then a = b . 

Proof : We suppose that a + c = b + c and deduce a = b 
from this assumption. By 0^ (Trichotomy), there are exactly 
three possibilities, one of which must hold; they are 

a = b, a<b, b<a. 
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If v;e caii eli:r._3^- the last tv;o possibilities, the m^^st 
hold and the z. 'Or-::. Is true. V/e trop lore pose ; s 
■By 0^ (AddLtl 'z :'fjllov/b t. . ^ < b -r c whl . • ( : r 0 

• :icts our hypo:. a -r c == b + c 

< a al::o lea.~. a ccr.tradict^-- 
t follov/s that a := b . 



.^ainl ) flc. iy 
irnilarly ^ 
li' a + c ^ 



■1 

Thus 



Theorem 1^ r (jC^) If ac = be , then a = b - in I.\ 

Theorem 1- jc (C^) If a + c b + c , then a <: .j . 

Theorem l~3d : (C^) If ac < be , then a < b (c In N) 

The proofs are similar to that for Theorem l-3a and are 
left as exercises. 



Before we use these theorems to solve Inequalities, we note 
that because they are the converses of , Eg , , ^(N) we 

may express all eight of these properties in the four compound 
statements : 



EC^ : 


a 




b 


If 


and 


only 


If 


a + c = 


b + c 






a 




b 


If 


and 


only 


if 


ac = be 




(c 


OC-j_: 


a 


< 


b 


If 


and 


only 


If 


a + c < 


b + c 




OCp: 


a 


< 


b 


If 


and 


only 


If 


ac < be 




(c 



If, in solving an equation or Inequality, we use only the C 
properties (as we did In Example b. Section 1-2), our discussion 
Is not logically complete until we perform the "check." For 
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until v/e do *:his 
The compourv:: for: 
they guarantee the- 



Thus £^ give 



If 

which does not say : 
if it has a solutic:. 
other hand say 

If : 

which asserts that ' 
the "check.") ...The : 

including both asse: 
("if" part), (ii) 
if" part). 



nov/ v/hether ^here i_£ solution, 
are important in pract e because 
. in which they are use: is reversible. 

^. , then X = 2 , 

3 = 5 -^as any solution; only that 
t. at solution must be 2 , On the 



.?n X + 3 = 5 , 

l.-.deed satisfy x + 3 
Kives 



5 . (This is 



..--atement EC ^ 
-i' and only if 



X = 2 



(i) X + 3 = 5 is satisfied by 2 
number satisfies x + 3 = 5 ("only 



We illustrate rhe;..e -r.eorems by solving an inequality. 



Example l-3a : 3oi:'i 5x + 3 < 13 in the system N . 

Solution : (The meTr : 1 i3 much ^.he same as that used in 
solving Example l-2b, e^-ri. that we now use the order properties 
corresponding to the ec:. . r' properries used there.)"' 

5x + 3 < 10 + J ^ md only if 5x < 10 [OC^ 

5x < 3 * 2 if and only if x < 2 [OC^ 

X < 2 if and only if x = 1 

There are tv/o ways t- attack an inequality like 
5x + 3 < 13 . One of the::: is to split it into two problems: 

5x + 3<1j or 5x4-3 = 13 

and to solve the.Ti secj-.rately : 

X < 2 or" x = 2 . 
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This split car. oe avoided if we combine EC-j_ , OC-j_ and , OC^ 

obtaining 

ECC^: a ^ b if and only if a 4- c ^ b + 

SCC q: a £ b if and only if ac < be . c N) 

With these last compound statements, inequalities involvlr,.g 
may be handled Just like the others. Thus, for example, 

5x + 3 < 13 if and only if 5x c 10 "Z:c ^ 

if and only if x < 2 . ZOCo 



Exercises l~3b 

1. Prove the following properties of N , where a, b, c and d 
represent arbitrary natural numbers. 

(a) If a + b := c, then a + b < c + b 

(b) If a(b + c) = d, then ab < d 

(c) If a < b and c < d , then a + c < b + d 

(d) If ac = be , then a = b (Theorem l-3b) 

(e) If a+c<b+c, then a < b (The orem l-3c) 

(f) If ac < be , then a < b (Thuorem l-3d) 

2. Solve the following for natural nurrbers. 

(a) 2m < h (d) 3x + 4 < X + 8 

(b) 6p + 3 < 15 (e) 5y + 17 > 9y + 1 

(c) 3x + 1 < 4 (f) 4 < 3x + 1 < 19 

3. Prove: a < b < c If and only if a+d<b+d<c+d. 
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Two z.DV:' or- ier proper" les rec :*or a logical b-:.; 

for the : -:*:urai. number system. Tney ar^- - e so-called 
"Archive . p: oerty" l^iu the ell c: iv^ property." The; 
stated t>r 

Thes prcverties are basic for mu:..::. oi the advanced tnecry of 
the natur:-^ numbers, some of which is ryor.,'i the scope of rh^Ls 
book. Th v/ell order property Is a property of the order relation 
in the natural number system which doei: not hold for any of the 

other nu::. er -ysternr. discussed i: this chapter. On the other 
hand the /•.rcKl::ie':tian property holu5 for all of the number ^sterns 
considerej ir: this chapters-provided the second occurrence of the 
v;ord "natural"' 1^ replaced by "positive." 



LIST OF BASIC PROPERTIES 
OF THE 
NATURAL NTMBER SYSTEM 

In the follov;ing 'general statements, a, b, c represent 
arbitrary members of N : 



^1 


(Dichotomy) Either a = 


= b , 


or a b . 




(Reflexivity) a =: a . 








(Symmetry) If a = b , 


then 


b = a . 




(Trar..3itivity) If a 


b a^: 


i b = c , then 




(Addition) I: a = b , 


then 


a 4- c = b 4- c 




( Mul t ipl i car:-. ) a 


b 


then ac = be 
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(Clc. :-■=:) :i -f. b is a natural number . 

^Conu;, :-a' : zy) a 4- b = b -r - . 

(As:::c - La-. .-:ty) a 4- (b + (a + b] + c . 

(Clos is a natural -..:mber. 

: Commu .:ir.,,^vlty) ab = ba . 

(AssG^arlvlty) a(bc) = {ar : . 

(Multl'li- ive r.ientity) a = a . 1 =r a . 



(Distrlbutivi-y) a(b + c) = ab + 



ac 



(Trichotomy) Kxactly one of the following holds: 

a<b, b<a. 
(Transitivity) If a < b ar.d b < c , then a < c . 
(Ac^:.x_on) If a < b , then a + c < b + c . 
(n; .r^Iulti;iJ.icax--ion) If a < b , then ac < be . 

(Arrrxmedes) ir a an 3 are any given natural 
nu- .^-rs such thar a there is a natural numb:er 

n .:3urh thar na ; b , 

we-.^ Orv'er) Eacb set of one or more natural numbers 
or-:_v..:: 1. mininaJ. merrx-r: i.e., a member less than 
- '~o ever:r m-enber cf ~e SBt. 
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DEFINITIONS FOR THE 
NATURAL NUTffiZ? SVITEM 

In the following general - ta'^me-r , a, b, c. , d rep:- sent 
arbitrary members N : 

a = 0 and only if a anz. i: are nanes f*or the sanne 
number. 

a4-b+c = (a + b)4-c , a-f :+c + d= (a + b + c) + d, 
and sirrilarl"' with more terms. 

na = a--a4---.+a, where there are n terms, n in N . 
abc = (ab)c , abed = (abc^-d , ^':.d similarlj i"or more factors. 

a^ = a ^ a • ... • a , where :'::iHre are n f actors^, n in N 
a < b If and only if theire is an e in J such that 
a + e = b . 

b > a if and only if a < b . 

a < b if and only if a, < b or a ^ b . 

a < b < c if and only Lz a < h and b < c . 



SOME Th-^OStEMS JF THE 
NATURAL ;:"ffiEH SYSTEM 

In the following ger ral B uar.emen'::"^ , a, b, d ^r^rs^-eirt 
arbitrary members of N 

■ a = b if and cnlr if a - c = :j + c (EC^) 

a - b If and onl^: f a.: = be (EC2) (c in N) 

a < b if ani only ir a -f e < b 4- e (OC^) 

a < b if and only if ac < be (OCq) (c in ' N) 

a < b < e if ar:d only if a + d<b + d<e^-d. 
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Ey.erclses l-3c 

Use the natural nimbers 1, 2, and 2 to _l_jstrate 0. 
(Archimedes). 

V.-hlch element of the set of tv.-o digit natur--:_ numbers is 
the minimal element guarantee- by (V/el_-.:rder) ? 

Which of the E,A,M,D,0 prope— les of the na-.„ral numbers 
are best illustrated by the fallowing s-tateme-^s? All 
letters represent arbitrary rnrtrural nuntbers. 



(a) 


(x + y)(2x + 3y) = l^x ^ 




4- 


J J 


(b) 


2 + 4=3x2 








(c) 


(a + b) + (c ^ 2) = (a - c 


+ 


c) 


+ 2 


(d) 


4y(y + 1) = 4y2 + ky 








(e) 


2 < a and a < b , so - ^ 




} 




(f) 


2[5(x + y) ] = 10(x + y) 








(e) 


2(m + n) < T(rB + n) if 2 


< 


T 




(h) 


(a + b)^ = a^ + b^ cr 








(1) 


2 2 2 
a + b + 2ab = a + 2ab + 








(J) 


X + 2 = y + 2 if X = Y 










p = q only if p + rr, = 'q - 








(1) 


5 _< 2x + y or 5 > 2::- -f- y 








(m) 


? 

If u = V , then u = v~ 








(n) 


2y < qy if 2 < q 








(o) 


If (x + y) < then z(:v 




y) 


> 



is Trrue for 
some 2 . 

Prove that x + 2 = 2 cannot be solved 1:'^. r,he natural 
number system. (Hint: assurer 3. natural r.u-b.tir, say p 
a solution and apply the .:.r,.: . far a ,r , 
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I'h. Th^i System of Integers, 

The 3y5tem I of integers has as its members the numbers 
... , -3 , -2 , ^1 , 0 , 1 , 2 , 3 , . 
It includes as a part the system of natural numbers 'as well as the 
number 0 and the "negative" whole numbers. (V/hy these numbers 
are called "negative" will appear In Section 1-5 when we study the 
order relation for I . ) 

Iri I we can solve equations such as 

2 + X = 2 and 2 + x = 1 

which -annot be solved In the system N of natural numbers. 
However, we can do more than this In I ; we can solve any 
equati-on the form a + x = b where a and b are any 
members of I , whether or not they are in N as well. 

. The rvstem I has all of the E,A,M,D properties of N 
and, m acdltlon, two more A properties: 

(Additive Identity) a + 0 = a , for arbitrary a in I 

A^ (Subtraction) For each pair a, b of Integers in I 
there is exactly one Integer c such that a + c = b . 



Definition l-^ia : c = b - a means a + c = b,and b-a is 
called the difference of - b and a (in that order). 

The process of solving the equation a + x = b may be 
interpreted as performing a new operation, subtraction , v/ith 
this interpretation, A^ asserts that I is closed under 
subtraction. 

An important special case of A^ and Definition l^ifa is 
that in which b . 0 . In this case the solution of the equation 
a + X = 0 is given a special name. 
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peflnltlon l-^b: The solution of a + x = 0 Is denoted by 
-a and Is called the additive Inverse of a . 

Thus if a Is any member of I , we have a + (-a) = 0 
Moreover in view of Definition l-'la we have -a = 0 - a . 



Theorem l-4a: -(_a) = a , for arbitrary a in I . 

Proof: By there Is exactly one number In I satisfying 

(-a) + X = 0 and by Definition l-4b that number Is -(-a) . 
However a + (-a) = 0 and hence using (Commutatlvlty) , 

(-a). + a = 0 . ■ But (-a) + a = 0 is simply the assertion that 
a Itself is a solution of (_a) + x = 0 . Thus both a and 
-(-a) satisfy the equation (-a) + x = 0 . And since there can 
be only one solution we conclude a = -(-a) . 

The crux of this proof (and of most of the others 
in this section) is that whenever two expressions 
satisfy an equation v/hlch has only one solution 
they must be equal. 

Those non-zero Integers which are not natural numbers 
(-1, -2, -3, ...) are the additive Inverses of the natural numbers. 
Hence we have the following corollary to Theorem 1-ka. 

Corollary l-ka: If a is a non-zero Integer, either a is 
a natural number, or -a is a naturA^ number. 



Exercises 1-ka 

1. Find additive Inverses for the following integers: 

(a) 2 (d) m 

(b) -5 (e) -p 

(c) 0 , (f) (b - a) 
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V/hich of the properties, definitions, or theorems for I are 
illustrated by the following? 

(a) 6 + (-6) . 0 (d) -(-(-M) = 

(b) U 4- 0 = ^ (e) 2 Is In N , or -2 Is In N • 

(c) -5=0-5 

3. Shov/ that the operation of subtraction Is not commutative. 

4. Is the operation of subtraction associative? If It Is, prove 
that it Is. If It Is not, show that It Is not by giving an 
example. 

5. Prove for all Integers: x = y If and only if -x -y . 

6. Prove that 0 Is Its own additive Inverse. 

7. Prove that 0 Is the only Integer which Is Its own 
additive Inverse. 

8. Prove that no natural number Is the additive Inverse of any 
natural number. 

The system I contains many numbers not In N , but the new 
system possesses all of the E,A_,M,D properties that N does. 
V/hen one first encounters the system I he faces the task of 
learning how to work with the new numbers: hovi to add them, how 
to multiply them, etc. We shall . shov; next that these "computation 
rules" are all consequences of the E,A,M,D properties. Moreover, 
we shall see In later sections of this chapter, and In Chapter 5, 
that the same thing happens with each extension of the number 
system: . the rules for calculating with the "new" numbers all 
follow from the propertlss E,A,M,D of the "new" system, most 
of which carry over from the "old". ..system. 

The "new" numbers here are 0 and the additive Inverses of 
the natural numbers. Addition of 0 and any element of I Is 
covered by property A^^ : 

a -f 0 = a . 

Multiplication by 0 Is even simpler. 
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Tr.eor-i^rT! 



0 



fcr arbitrary 



m 



I . 



Proof : 
a * 0 is so: 



' virtue of rror.erty y^^ (Closure for multiplication) 
member of I • Cur :::ject Is to shov; that it is the 



numoer 



"9 



(Subtra.::': ; 



irnrllis that for each element b in 
I , there Is exactly one nur:.: ir. I satisfying the equation 

b - z = b ; 

-entity) that number Is 0 . Now 
the only member of I satisfying 

-r X = a • 0 

satisfies this equation (from v/hich 
are equal ) : 

a • C ^ 3. - C = a(0 + O) [Dist. 

= a • 0 [Add. Ident. 

Thus a • C is a soluti .r:. :rf a • 0 + x = a • 0 . Therefore 
a • 0 = C . . 



moreover, by A^^ (Additive 
a • 0 Is a member of I , 

a - 

is 0 . V/e snow that a • 
it follows that a • 0 anl 



We turn next to ths airiition and then to the multiplication 
of addi':ive inverses. 



Theorem l-^c : a + (-b) = a - b for arbitrary a, b, in I . 

Proof: Property A- (r:ab tradition) and Definition l-i^a 

assert that a - b is the orly member of I satisfying the 
equation 

b 4- X = a . 

Since this equation has or-ly or^e solution in I we must conclude 

that a - b and a + (-b i are equal if we can show that 

a + (-b) satisfies the equation b + x = a . But this is easy] 
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b + (a + (-b)) = b + ((-b) + a) 
= (b + (-b)) + a 



[ Comm. 



[Assoc. 



= 0 + a 



[ Add. Inverse 



= a 



[Add. Identity 



Theorem 1-^d : (-a) + (-b) = -(a + b) for arbitrary a , b 
in I . 

We leave the proof of Theorem 1-Hd as an exercise. 

Theorem 1 - e : a(-l) = -a , for arbitrary a in I . 

(This theorem asserts that the product of any number and the 
additive inverse of 1 is the additive inverse of the given 
number. This theorem and Theorem 1-^b often strike one as rather 
remarkable on first encounter. They are remarkable because they 
relate notions which are "additive" (additive identity and 
additive inverse, respectively) with the multiplication operation 
and its identity. Note that in each proof it is the distributive 
property which plays a prominent role. This is the only one of 
our basic properties concerned with both of these operations.) 

Proof: Since -a is the only integer satisfying 



a + X = 0 



It will be sufficient to prove 
equation. Now 

a + a(-l) : 



that a(-l) satisfies this 



a • 1 + a(-l) 
a(l -f (-1)) 



[Mult. Ident, 



[Dist, 



a • 0 



[Add. Inverse 



0 



[Th. l-^b 
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Theorem 1-hr : (.a)b = -(ab) , for arbitrary a , b in I . 



Theorem l-^g ; (.a)(-b) = ab , for arbitrary a, b in I . 
We leave the proofs of Theorems l-4f, l-4g as exercises. 

In Sections 1-2 and 1-3 we discussed the cancellation 
properties and their converses for the system N • We found in 
Section 1-3 that , ^^(N), , £^(N) can be deduced from the 

^>A>^>9. properties of N . We now consider cancellation 
properties for the system I . 

We shall see in Theorem l-.4h that , the converse of 
(Addition), holds in I . We shall even see that in I it is 
easier to prove than it is in N . In particular, we can 

prove it using the notion of additive inverse without recourse to 
any order properties. (In N , we could not make such a proof 
for we have no additive inverses in N .) 

However the converse of Eg (Multiplication) is not true 
in I . This is so because of Theorem l-4b (a • 0=0): if we 
allow c =: 0 we cannot possibly conclude from ac = be , that 
a = b . We shall see (Theorem l-4i) that, except for this single 
value of c , we do have a multiplicative cancellation "law". 



Theo 



rem 1-^h: (c^) If a+c=.b + c, then a = b . 



Proof: If a + c = b c , then 

(a -H c) + (-c) = (b + c) + (-c) [E^ 

so a + (c + («c)) = b + (c + (-c)) [Assoc. 

a + 0 = b + 0 [Add. Inverse 

J^ence a - b . [Add. Ident. 
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Theorem (C^g^^^^ ^ c ?^ 0 , then a = b 

The proof of C^{l) is more involved than that for . 

It is possible however to make a proof which uses only the E,A,M 
properties of I and the fact that C^g^^^ valid in N • 
(See Exercise l-4b, *5.) 

As before, we may combine £^ and C^{l) with their 

respective converses JE^ and JEg to get in I : 

EC -^^; a =; b if and only if a+c = b + c 

EC^; For c / 0 , 

a = b if and only if ac = be . 

Since 0 • c := 0 for every c in I , we have the very im- 
portant special case of EC^ obtained by taking ,b = 0 : 

For c 0 , ac = 0 if and only if a = 0 . 

Equivalently, 

ac = 0 if and only if a = 0 or c = 0 . 



Exercises l-4b 

1. Perform the indicated operations using natural numbers and 
list the properties or theorems used. 

(a) 1 + (-2) (f) (-2) . (-7) 

(b) 12 - (-4) (g) 3(a + 2)- - 4(a + 2) 

(c) (-8) - (-7) (h) -5 . (6) . (-3) 

(d) (-5) + 7 (i) M5a)(0) 

(e) (-4) • (5) (J) -(2a - 3) + 4(3 - 2a) 

2. Prove the following statements for all integers. 

(a) -(x - y) = y - X 

(b) (-x) + (-y) = -(x + y) . (Theorem l-4d) 

(c) (-x)y. = -(xy) . (Theorem l-4f) 

(d) (-x)(-y) = xy . (Theorem l-4g) 
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3. State and prove a "distributive" law relating the operations 

of multiplication and subtraction. 
^. Solve each of the following equations in the system I , 

listing the ^,iL,M,D,^ properties used, 

(a) 5x ^ 3 = 12 (d) 2(6z + 2) + 3 = 12 - 3(2z - l) 

(b) 3y + 4 = 2y - 18 (e) x - 1 = x - 2 

(c) 3m ^ 2(7 - 2m) = 21 (f ) ioo(p + 4) + lip = lllp + 400 
Prove : If ac = be and c / 0 , then a = b • 

Show first that ac = be if and only if -(ac) = -(be) , 
and then consider cases according as a, b, c, are natural 
numbers or not. 



1-5. Order of the Integers * 

In Section 1-3 we studied the order properties of the natural 
numbers. In this section we extend the order relation to the 
system I . We therefore face the problem of defining a < b for 
integral a, b in such a way that our new definition agrees with 
the former one whenever the integers a, b are natural numbers. 

Recall the criterion for a < b when a, b are natural 
numbers: There is a natural number c such that a + c = b . 
We shall prove (Theorem l-5a) that for integers a, b: if 
a b , then either there is a natural number c such that 
a + c = b , o£ there is a natural number d such that a = b + d , 
but that not both of c, d can be natural numbers. With this 
theorem as our Justification, we can then define a < b for 
integers a, b- using exactly the same words as for natural 
numbers (Definition l-5a). After this we examine properties 
^1 ' ^2 , ©2 , etc., for the system I , 
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Theorem l-5a : Suppose a and b are integers and a b • 
Let c = b - a and d = a - b . Then one of the integers c, d 
is a natural number and the other is not. 

Proof ; We show first that -c = a - b : 

-c = -(b - a) [Exer* l-4a, 5 

= (-l)(b + (-a)) [Ths. l-4c, e 

= (-l)b + (-l)(-a) [Dist. 

= (-l)(-a) + (-l)b [Comm* 

= a - b [Ths, l-4c, e, g 

Thus d = -c . Next, because a b , we have c = b - a 0 ; 
and hence, by Co-rollary l-^^a, either c or -c -s a natural 
number. If c is a natural number, then -c is not e natural 
number being the additive inverse of a natural number. But if 
-c is a natural number, then c is not a natural number being 
the additive inverse of a natural number. Summarizing the 
possible cases: one of the integers c, d is a natural number 
and the other is not. The theorem is proved. 

Definition l-Sa ; If a and b are integers, 

there is a natural number c 



a < b means 



such that a -f c =1 b • 



It is customary to use the terms "positive" and "negative" 
as introduced in the following definition. 



Definiti on l-3b : a is positive means 0 < a 

a is negative means a < 0 
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It follows imniediately from Definition l-5a that every 
natural number is a positive integer, for 0 + a = a gives 0 < a 
if a is a natural number. On the other hand, the additive 
inverses of all the, natural numbers are negative integers because 
(-a) + a = 0 gives -a < 0 if a is a natural numSer: 

These observations permit us to recast Definition l-5a in the 
follov;ing equivalent form. 

Definition l-5c: If a and b are integers, 

a < b if and only if ^ 0 < b - a . 

In preparation for our discussion of the order pr-operties 
JSi f 2.-:- y , etc., of I v;e prove three useful theorems abou,- 
proGucts of integers- 

Theorem 1-5^ : ir 0 < a and 0 < b , then 0 < ab . 

Theorem l-5c : If 0 < a and b < 0 , then ab < 0 . 

Theorem l-3d : If a < 0 and b < 0 , then 0 < ab . 

These theorems all follow from Corollary l-4a, the multi- 
plicative closure of N , and the fact that positive integers are 
natural numbers . 

^roo^: of Theorem l-5b : If 0 < a and 0 < b , then a and 

b are natural numbers. Hence ab is a natural number, and 
0 < ab . 

^^QQf o£ Theorem l-5c ; If 0 < a and b < 0 , then a and 

-b are natural numbers. Hence a(-b) , or -(ab), is a natural 
number, and ab < 0 . 

We leave the proof of Theorem l-Sd as an exercise. 



46 



[sec. 1-5] 



34 



Now for Oj^jO^fO^, etc. In I . 

The trichotomy property of the order relation In system I Is 
a rephrasing of Theorem l-5a: 

0-j_ (Trichotomy) If a and b are Integers, exactly one 
following relations holds: 

a=:b, a<b, b<a. 

The other basic order properties of N have their counter- 
parts In I ; £2 and 0^ are Identical In N and 1 • Oj^ is 
quite different. 

jC^ (Transitivity) -ZT a < b and b < c , then a < c * 

Addition) If a b , then a + c < b + c • 

(Multiplication) If a < b and 0 < c , then 

ac < be ; but If a < b and c < 0 , then be < ac . 

These properties are consequences of the Definitions l-5a, 
l-5c, Theorems l-5a, b, c, d and properties of N • Their proofs, 
being straightforward, are omitted except for which deserves 

particular discussion. 

Pr-oof of 0|^: (l) If a < b and 0 < c , then ac < be . 
By Definition l-5c, a < b means 0 < b - a . If also 0 < c , 
Theorem l-5b gives 0 < (b - a)c or 0 < be - ac . By Oi^ 
(Addition) we get ac < be . 

(11) If a < b and c < 0 , then be < ac . Again, If 
a < b , then 0 < b - a . Also, If 0 < 0 , then 0 < -c. Hence 
0 < (b - a)(-c) , so 0 < ac be ana be < ac . 

As we did for N , In 1. we define 

b > a means a <; b 

a ^ b means a < b or a = b 

a < b < c means a < b and b < c 
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Exercises l-5a 

1. Use the symbol to form true statements of order for the 

following Integer pairs: 

(a) 1 and -2 (d) x and -x If x > 0 

(b) -7 and -3 (e) (x - y) • and (y - x) If y> x 
' -2 a.-i 0 (f^ 2x and -3x If x < 0 

2« Prove :or arbitrary Integers x , y , z , w : 



(a) 


ir 


■■i < y and y < z , 


^hen 


X 


< 


z • (Property 0^) 


(b) 


If 


X < y , then x + z 


: y + 


z 


• 


(Property 0^^) 


(c) 




: <: 0 and y < 0 , 


-hen 


0 


< 


xy • (Theorem l-5d.) 


(d) 


If 


J < X and y < 0 , 


then 


X 


> 


y • 


(e) 


If 


< y , then x - z 


< y - 


z 


• 




(f) 


If 


< y , then y - x 


> 0 . 








(s) 


i< > 


0 if and only if ■ 


-X < 0 


• 






(h) 


0 < 


-X if and only if 


X < 0 


• 






(i) 


If 


xy < yw , then y(w 


- X) 


is 




I natural number. 


(J) 


If 


X < y and v/ > z , 


then 


X 




w < y ^ z . 



In Sections 1-2, 1-3, 1-4 we discussed the cancellation 
properties v;hlch Involve equality In the systems N and I . 
In Section »l-3 we discussed the cancellation properties C^^ > 
Cj^(N) involving inequality in the system N .. V/e now look at 
the corresponding properties in the system I . C^^ has the same 
wording in I as it has in N : 

C^^ If a + c<b-fc, then a < b . 

It can be proved using 0.^ (Addition) by adding --c to both 
members. 

Recall that in N , proved using 0^ (Trichotomy) 

and Oi^(N) (Multiplication). Since property 0^ (Multiplication) 
has a new form in I , v/e expect to find that Cj^ is also differ- 
ent from its mate in N . Indeed we can prove, using the same 
strategy as for Cj^(N) , that in I , has the form 
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C), For C c 

If ac ; be , then a < b ; 
but for c < 0 , 

If ac < be , then b < a . 

In I , therefore, the compound statements OC. , OC^ , EOC 
EOC^ , are ~1 ' _2 ' 1 

^1 a < b If and only If a + c<b + c 
OC^ For 0 < c , 

a < b if and only If ac < be ; 
but; for c < 0 , 

a < b .±f and only If be < ae • 
EOC^ a ^ b If and only If a + e ^ b + e 

EOC g For 0 < e , 

a < b If and only If ae < be ; 
but for c < 0 , ^ 

a < b If and only If be < ac • 



Just as not all integers are positive, not all additive 
inverses of^integers are negative. Indeed it follows from 
Corollary l-4a and the remarks following Definition l-Sb that 
a is positive if and only if -a is negative 

and 

-a is positive if and only if a is negative. 
Unless a is 0 , we know then that one or other of the numbers ' 
a, -a is positive and the other one is negative. Often it is use- 
ful to speak of the one which is positive without knowing which it 
is; and similarly for the one which is negative. For this reason 
we define the "absolute value" of a number as follows. 
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Derini tion Ipd: By the absolute value , |a| , of the 
Integer a , v/e mean 

|a| = a if 0 ^ a , 

|a| --^ ~a If a < 0 . 

Note In particular that |a| = 0 if and only if a = 0 , r^d 
that if a 0 , we always have |a| > 0 . Thus if a 0 , \a, 
is the positive nujnber in the pair a, -a and -|a| is the 
negative number in the pair a, -a . 

We. prove two theorems about absolute values. The first is 
little more than a restatement of the remarks in the previous para- 
graph. The second gives us an expression for the absolute value 
of a product. We shall return to the subject of absolute values 
in Section 1-7. 

Theorem l-5e : -|a| _< a £ |a| , for arbitrary a . 

Proof ; There are two possibili-ies; (i) 0 < a , (ii) a < 0 . 
In the first case a = la| and since -ja] < 0 (where we have 
equality only for a = O) we have 

-|a| < 0 < a = |a| . 

In the second case a = ^|a| , and since a 0 vie have 0 < |a| 
and hence 

-|a| = a < 0 < |a| . 

The statement given in the theorem is an understatement comprising 
both of these cases. 

Theorem l-gf : lab| = la||b| for arbitrary a, b . 

Proof : Again we consider cases (i) 0 < a , 0 < b , 
(ii) 0 < a , b < 0 , (iii) a < 0 , 0 < b , (iv) a^< 0 , b < 0 . 
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For case (l) a = |a| , b = |b| and since 0 j< ab , ab = |ab| • 
Thus |ab| = ab ^ |a||b| . For case (ll) a = |a| , -b = |b| 
and since a: £ 0 , | ab | = -(ab) • Then |ab| = -(ab) = a(-b) 
= |a||b| • T..e other cases are entirely similar. 

Example 1-5 : Find all Integral solutions of the Inequality 

|x + l! < 2 . 

Solution : We split the problem Into two cases: 
(1) 0 < X + 1 , (11) X + 1 < 0 . 

Case (!_): For 0 ^ x + 1 , we have |x + l| = x + 1, Now 

0 X -f 1 and |x + 1 1 ^ 2 

If and only If 

0 < X + 1 < 2 
If and only If 

-1 < X < 1 . [EOC^ 

Case (11) : For x + 1 < 0 , we have |x + l| = --(x + 1) 
and 0 < -(x + l) , so 
•X + 1 < 0 and jx + l| < 2 

If and only If 

0 < -(x + 1) < 2 
If and only If 

-2 < X + 1 < 0 [EOCq 
If and only If 

-3 < X < -1 . - EOC J 

Combining these cases, we have 

|x -f l| < 2 If and only If. < ^ < • 

Thus the set of solutions Is (-3 ,-2,-1,0,1}. 
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Exercises l-5b 

Solve the following Inequalities: 

(a) 5m - 2 < 13 , for m In N 

(b) 5m - 2 < 13 , for m In I 

(c) 4z - 7 < 2z + 3 , for z In N 

(d) 4z - 7 < 2z + 3 , for z In I 

(e) ^ 4x - 1 < 2(x + 1) , for x In N 

(f) '^y - 1 < 2(y + 1) , for y In I 

(g) 5 < 7P - 2 < 12 , for p In I 

(h) y - 1 < 2y - 3 < y + 1 , f or y in I 

Solve the following where all letters represent integers: 

(a) IpI = 3 

(b) |c| < 4 

(c) |x + 4| < -1 

(d) |2m + 1| = 3 

(e) |4y - 1| _7 = 0 

(f) |x + 3| < 7 

(g) U - 5| < 3 

(h) 6^ 13 - x| 

(i) 5 + |x + 6| < 8 

Prove that the following statements are true for arbitrary 
X in I : 

(a) If 0 < X , then 0 < x^ 

(b) If 1 < X , then x < x^ 

(c) If 1 < X , then -x < x^ 

(d) If X < -1 , then -x^ < x 
Finish the proof of Theorem l-5f . 

Prove the following theorem: |x + y| < |x| + |y| 
Use an argument by cases as in Theorem l"r5f. (por reasons 
which will appear in Chapter 5, this inequality is called 
the "triangle inequality".) 
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The Archimedean property 0^^ (Section 1-3) is valid in I 

if v;e replace "natural numbers" by "positive integer". The well 
order property Og(N) , however does not hold in I . For example, 
the set of negative integers does not have a minimal member. 

Both N and I , however, are so-called "discrete" systems, 
(Q and R are not.) In saying that N and I are discrete we 
mean that the integers are not' "too close together" --more precisely, 
if a and b are distinct integers |a - b| cannot be less than 
1 . This fact follov/s from the well order property of N for if 
a and b are distinct integers |a - b| is a natural number, 
and hence its minimal value is a natural number. Since no natural 
number is less than 1 , |a - b| must be at least 1 , no matter 
what Integers a,b may represent. 

LIST OF BASIC PROPERTIES OF THE 
SYSTEM OF INTEGERS 
For arbitrary a , b , c in I : 

(Dichotomy) Either a = b or a ?^ b . 
(Reflexivity) a = a . 
(Symmetry) If a = b , then b = a • 
(Transitivity) If a = b and b = c , then a = c . 
(Addition) If a = b , then a + c = b + c . 
(Multiplication) If a = b , then ac = be . 

(Closure) If a and b are integers, a + b is ^ 
an integer. 

(Commutativity ) a + b = b + a . 
(Associativity) a + (b + c) = (a + b) + c . 
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Aji (Additive Identity) o + a = a + 0= a. 

(Subtraction) ir a and b are given integers, 
there is exactly cr.e integer c such that a + o = b 

(Closure) If a and b are integers, ab is an 
integer. 

(Commutativity ) .ab = ba . 
(Aseociativity) a(bc) = (ab)c . 
(Multiplicative Identity) 1 • a = a • 1 = a . 

D (Distrlbutivity) a(b + c) = ab + ac . 

0^ (Trichotomy) If a and b are integers, exactly 
one of the following hold; 

a=b, a<b, b<a. 

0^ (Transitivity) If a < b and b < c , then a < c . 

0^ (Addition) If a < b , then a + c < b + c . 

(Multiplication) If a < b and 0 < c , then 

ac < be ; but if a < b and c < 0 , then be < ac . 
0^ (Archimedes) If a and b are positive integers, 

there i& a positive integer n such that na > b • 
Og (Discrete) If a and b are integers and a < b , 

then 1 < b - a . 



DEFINrr.IONS FOR THE 
SYSTEM OF INTEGERS 

In the following general statements, a, b represent 
arbitrary members of I : 

Definition l-5a: a < b if and only if there is a c in N 
such that a 4- c = b . • • • 

Definition l-5b : a is positive means 0.< a . a is nega- 
tive means a < 0 . 54 
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De fin it Ion I-qc: a < b if and only if 0 < b - a . 
Definit ion lj5d: |a| =: a , if 0 < a ; I a | = -a , if a < 0 

SOME THEOREMS OF THE 

SYSTEM OF INTEGERS 

In the following general statements, a, b, c represent 
arbitrary members of I ; 
-(-a) = a (Theorem 1-Ua) 

If a ?^ Q , then either a is in N , or -a is in N 

(Corollary 1-^a) 
a = b if and only if -a := -b (Exercise l-^a. Part 5) 
a 0 0 (Theorem l-4b) 
a -f (-b) = a - b (Theorem l-4c) 
(-a) + (~b) = ..(a + b) (Th eorem l-4d) 
a(-l) = -a (Theorem 1-^e) 
(-a)(b) = ^(ab) (Theorem l-i|f) 
(-a)(-b) = ab (Theorem 

a = b if and only if a-fc = b-fc (EC^) 

For c ^ 0 , a b if and only if ac = be (EC^) 

ab = 0 , if and only if a = 0 or b 0 (Corollary to ECp) 

-(a - b) = b - a (Exercise l-4b, Part 2a) 

For ^a9^b,if c=:b-a and d = a - b , then one of c,d 

is a natural number and the other is not (Theorem l-5a) 
If 0 < a and 0 < b , then 0 < ab (Theorem l-5b) 
If 0 < a and b < 0 , then ab < 0 (Theorem l~5c) 
If a < 0 and b < 0 , then 0 < ab (Theorem l-5d) 
a < b if and only if a-fc<b-fc (OC^) 
For 0 < c , a < b if and only if ac < be ; for c < 0 , 

a < b if and only if be < ac ( OC o ) 
-|a| ^ a < la] (Theorem l-5e) 
|ab| = |a| . |bl (Theorem l-5f) 
|a -f bl < |a| + |b| (Exercise l-5b. Fart 5) 
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1-6. The ^lat lonal Number System, 

The national number system 0 contains all the integers and 
also the "quotient" | of each pair of integers a,b (b ^ 0) , 
The elements of Q are called rational numbers . In Q each 
equation bX a , where a and b are integers, b 0, has a 
solution denoted by | . But we can say much morel We shall see' 
that, even if a and b , b / 0 , are any given rational numbers 
there is a member of Q satisfying the equation bx = a . 

First, however, we discuss equality of rational numbers, and 
their sums and products. 

Consider pairs of equations such as 

2x ^ h and 6x ^12 , 2x = 5 and 6x = 15 • 
These exa;:ipjes illustrate the trivial fact that a given rational 
number satisfies more than one equation of the form bx = a . 
Since we use the symbols a,b appearing in an equation to describe 
its root (v/e Write ^ for the root of bx :== a) we must recognize 
that each rational number can be described as a quotient of 
integers In a variety of w^ys. 

Because I is a Part ■; 0 , our equality relation in Q 
must agree v/ith the equality relation we already have in I . Let 
us then determine a criterion .for the pair of equations 

bx a and dx c (b 0 , d ?^ O) ' 

to have the same solution v;hen we suppose that that solution is a 
member of I . Since we are v/orking in I , vie have at our dis- 
posal the ^*A^^M,D,0 properties of I , Using EC., of I , we 
can Say 

bx r: a if and only if bdx ^ ad (for d / O) , 
±<i ^- c if and only if bdx = be (for b O) , 

Now if we suppose that bx = a and dx = c have a common 
solutloin in I , say e , then 

bde •= ad and bde = be . 
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Hence Ei^ (Transitivity) gives ad be . Conversely, if we 
suppose that bx a and cix c havt solutions in I , say 
e and f , respectively, and that ad = be , then v;e have 

bde = ad , ad = be , bdf = be 

and E^^ gives 

bde = bdf , 

But bd / 0 , so e = f and the solutions of bx a , dx e 
are the same. Summarizing: bx ^= a and dx=e;b^O,d^O 
have the same solution in 1 If and only if ad ^ be . 

With this elue as our guide, we now extend the equality^ 
relation to all of Q . 



Definition l-6a: If a,b,e,d are integers, b 0 , 
d / 0 , 

b" "d rneanS ad = be . 
This relation is clearly reflexive: 

•f = for ab = ab ; 

it is also symmetrie and transitive. Thus E^, E^^ hold in 

We illustrate the definition by considering an important 
example . 



Theorem l-z&a: If a,b,c are integers, b and c not zero 



ae a 

^c = r • 



ProG>. : The definition states that 

^ = f if and only if (ac)b = (bc)a , 

and the last equality follows from the commutativity and associ- 
ativity of multiplication in I . 



[see. 1-6] 
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A3 iuuncrlcal iilusti-'ations v/e have: 

iJi§ , i 0 0-10 0 



Exercises l-6a 

1. Solve each of the following equations ('a,b,c,d in i ) ; 
(a) 5X - 3 (d) ax + b « c (a ^ O) 

(h) 2X + 1 = 6 (e) a(x - 2) + b = cx + d (a c) 

(c) v(y - 1) + 2 = y - 4 

2. For what value of k will the following pairs of rational 
numbers be equal? 

(«) M 

3. snow tnat E-, (Symmetry) holds in Q . 



our next problem Is to determine how we should add and 
multiply rational numbers* Again we turn to I for the clues to 
our general definitions. What can we say about the equations 
"^bx = a Satisfied by the sum and product of pairs of integers? 

Suppose h / 0 , d 0 , and that x-j^ and are integers 

satisfying 

bx a and dx = c , 

respectively. Then 

bx^ a and dx^ = c, 

and We have 

bdx-|^ + bdx,, = ad + be and (bx-|_)(dx^) ac . 
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Hence 

bd(x^ + Xg) = ad + be and bdCx^Xg) = ac . 

Thus X, +X2 = ^^^ and x,x, = || . 

With these clues as guide we define addition and multlpll- 
cation In Q as follovfs: 



Definition l-6b : If a, b, c, d are Integers, b ^ 0 , d 0 



a 




ad + be 


b 




■ bd 


a 




ae 


"b 


d ~ 





Note Immediately that 0 Is closed under addition and 
multiplication, (A^ , M^), for If a, b, c, d are Integers so are 
ad + be , ac and bd and moreover bd / 0 If b 0 and 
d 7^ 0 . It also follows that Q has all of the other E,A,M,D 
properties which I has. 

Addition and multiplication in Definition l-6b are commutative 
and associative (A^ , A^ , , M^) . For example: 

i 4. ^ - 4- da _ ad + be a c . . 

d b - at " "b *^ d ' 1^2^ 

. £\ ^ if. /;ce a(ce) (ac)e ,a . cx e r.. ^ 
b^d f^ - b df - Ft^fT " IWT " ^b d^ f • (M3) 

Moreover, the equations 

X = 0 and 1 • x = 0 

are equivalent, hence 0 = . Also 

X = 1 and 1 • X = 1 
are equivalent, hence ^ = T • Thus, for b 0 , 

•| = 0 if and only if a = 0 
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•| = J if and only if a • 1 = b • 0 ; 



and 



-1=1 if and only If a = b 



since 



a 1^ if and only if a • 1 = b • 1 . 
b - 1 



Therefore, Q has the identity properties , N^^ : 

^ 4- n ^ ^ a. 0 a ' 1 + b • 0 a ^ , 

a . a.l a*l a ^ / 

b • ^ b T " b • 1 ^ b ^ ^ r 0, 

Q also has the subtraction property A^^ , for 

3, J. ab + i-a)b 0 p. v y ^ 
^ + g V ^ = ^ = 0 , "b / 0. 

b b 

(-a) 

Since .^^^ . b / 0, satisfies the equation | + 
we call It the additive Inverse of | and ivrlte 
Also, the equations 

1 • X = -1 and (-l)x = 1 
are equivalent, hence 

-1 1 



= = -1 . 



Hence,, for b / 0, 



and so 



(-a) ^ (-l)a -1 , a 1 . a 1 • a 



(-a ) a a 
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Moreover, if a -/ 0 and b / 0 , v;e have 

a , ti ab _ 

a ba ~ ' 

and, in particular. 



a • 




V/e call — the multipl icative inverse (or reciprocal) of ' a and 

•J the multiplicative inverse (or reciprocal)- of . We may then 

say that every non-^ero member of Q has a multiplicative inverse 

in . 0. . Therefore each rational number ^ , a and b integers, 

b 0 , may be v;ritten as the product of the integer a aAd the 
multiplicative inverse of b . 

a _ a , 1 _ o . i 

b - 1 h " ^ b 

a * 

since a = y . 

Exercise s l-6b 

1. Find the following sums. All letters represent Integers. 

(a) l+i (d) 4- I , y + z ^ 0 and y J 0 

(b) f , z^O (e) 2P^^P^2 

(o) f + ^ , b ^0 (f) l^-i , c ^0 

2. Find the followH.s products. All letters represent Integers. 

(a) 4*1 (d) . I , y + z ^ 0 and y ^ 0 

(b) f • I , z ^ 0 (e) . . 0 

(c) f • 2 , b / 0 
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3. Prove (Addition) for Q . 

^. Prove Eg (Multiplication) Tor Q . 

3. Prove that addition is associative in Q , (A.) 

6. Prove that multiplication is commutative in Q . (Mg) 

7. Prove that ::| = _i , „hen a 0 , a in I . 

8. Prove that ^ = a for a , n in I and n ^ 0 . 

9. Prove that for a ^ 0 , | = 0 if an only if b = 0 . 



The cancellation properties (Addition), (Multiplica- 

tion) both follow from the E,A,M properties we hive found are 
valid in Q . ■ 

For example, If |.|,|.c and | / 0 , b. d; f / 0 
(f • - (| • -1)1 

f (| • |) = t(| • |) 

1=1- («P) 



and a e 



Now let us consider an equation bx =, a , where a and b 
are rational numbers, h / 0 . Write a = ~ , b = tt- where 

, , , b^ are integers, b^ ^ 0 , ^ 0 , / 0 . 

Then bx = a is the same as 

\ ^2 
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Hence bx = a 

b a. 
if and only if a^b^ --gix = a^b^^^^) 

if and only if a2b-j_x = a^^b^ 

if and only if cx = d 

where c = ^2^1 ' ^ ^1^2 integers and c ^ 0 since 

7^ 0 , 0 . Therefore each equation bx =: a with rational 

a, b, b / 0 has a solution in Q ; it is the solution of an 
equation cx = d with c, d integers, c 0 • 

This proves that we have a new M property for Q . 

(Division) Corresponding to each pair a,b of 
rational numbers, b ?^ 0 , there is exactly one 
rational number c such that be = a • 



Example l-Sa : Solve the equation '^x = -i- in Q- . 

Solutions : Using the method given above we multipy each 
member by 6 : 

ix = ^ if and only if 6(ix) = 6(i) [EC^ 

if an only if 3x = 2 [Th. l~6a 

^ if and only if ^ = 4 [N;^ 

However, we may shorten the work if we merely multiply. b;y 2 , the 
reciprocal of ■ : 

if and only if 2('ix) = [EC., 
if and only if ^ ^ [Mult. Inverse 
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The alternative solution for Example l-6b suggests a general 
method v/hlch gives a second proof that holds in Q : 

If a and b are members of Q , b 0 , then 



b:< = a if and only if -^(bx) = i 



[EC. 



X = . a [Mult. Inv. 



if and only if 

a are members of Q , so is their product, by 

(Closure). Thus bx = a has exactly one solution in Q, . 
... 1 3 



but, as T- and 



It is 



or I . 



Example l-6b: Solve 2x -f 4 = i in 0 . 
3 

Solutions : Our two methods give (writing ^'iff" for '*if and 
only if") 



iff 



iff 



15(2x + |) = 15 



30x + 9 = 5 
5-9 -2 



1 

3 



x = 



iff 



iff 



X = r=r 



5 - 9 
15 " 15 



" 15 

Some people prefer the first method since it immediately converts 
the problem into one involving integral coefficients. The 
rational numbers reappear only at the end. 



The restriction b 0 in (and in the preceding dis- 

cussion) merits comment. We sav; that the E,A,M,D properties of 
I , which are all in. force in Q , lead to the conclusion 
b • 0 = 0 for'any b . Since the properties on which this con- 
clusion is based hold in Q , the same conclusion holds in Q . 
This means that an equation Ox = a can have a solution in Q 
if and only if a is 0 ; but when a is 0 , every element of 
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Q satisfiss the equation. Hence the desire to "divide by zero", 
that is, CO sol-7e Ox a is doomed from the beginning. Either 
there is no solution at all (if a 7^ O) or there are too many 
(if a =: 0) . The tv/o fundamental criteria for any algebraic 
operation, 

(i) that it always be possible, 

and 

(ii) that it determine a definite number, 

are both violated in the case of "division by zero". For (i) 
it is not alv/ays possible, and (ii) v;hen it is possible it does 
not determine a definite member of 0 . Hence by no stretch of 
the imagination can "division by zero" be considered an algebraic 
operation. We are therefore obliged to exclude it from all of our 
subsequent discussions. 



Exercises l"6c 

1. Find solutions for the following where all letters represent 
rational numbers, and list the properties of the -rational 
number system used. 

(a) f = U (d) w^l 

(b) 3m +1=1 (e) |,i^iLiI=2(^^-2x 

(c) .1^3 

2. State and prove KC-^ (Addition) for Q . 

3. State and prove EC^ (Multiplication) for Q • 



65 

[sec. 1-6] 



53 

1-7- Order of the na tionals . 

In Sections 1-3 and 1-5 we studied the order relation In N 
and I , We now face the question of extending it to the system 
Q . Since I Is a part of Q such an extension must agree with 
the relation we already have In I . 

In I , as In N , given a specific pair of numbers (such as 
3 and 7 , or -2 and 9) we can spot at sight which is the 
larger. However it is difficult to tell at a glance whether or 

not ^ is "larger" than -|2 . Even deciding if these numbers 

are equal requires some reflection. We shall see that very little 
more reflection is required to decide which is the larger. 

In I , our definition of order hinges on the question of 
whether or not a difference is positive, since for Integers a, b 
we have a < b if and only if 0 < b - a , To frame our defini- 
tion of order for Q in the same words, we first decide v;hich 
quotients shall be called "positive". 

No matter how we may define an order relation in P , if it is 
to agree with our order relation in I (so that o < b^ if b 
Is a non-2ero member of l) and if it is to have property 
(Multiplication) , then , for a and b integers, b ^ 0 
must have 

0 < if and only if 0 < (^)b^' 

or. Since (a)^,^ ^ 



, we 



0 < f if and only if 0 < ab . 

Hence It .must be the case that the quotient ^ is "positive" 
(i.e., greater than 0) if and only if the product ab I3 
positive. If we cannot agree that such a quotient be positive, 
then there is no hope of defining- an order relation in Q 
consistent with the order relation we already have in I 

We therefore make the following definition- 
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Definition l-7a : If a and b are Integers, b 7^ 0 , 
0 < rg- means 0 < ab . 

Since a and b are Integers, ab Is also an Integer. 

Therefore this definition bases the decision that ^ Is greater 

than 0 on the truth of a statement concerning two Integers, 0 

and ab o The truth of the latter statement Is determined by our 

theory of order In I , where we found that 0 < ab if and only 

If either 0 < a ajid 0 < b , or a < 0 and b < 0 . 

a a a 
Because = any rational number , a and b liitegers, 

b 7^ 0 , may be written as a quotient with a positive Integral 

denominator* But, then, if 0 < b we have 0 < If and only 
If 0 < a . 

Now that we have decided which rational numbers must be 
positive, we return to the question of defining an order relation 
for all of Q . Note that 

c_ ai _ be - ad 
d " b " bd ' 

hence If 0 < b and 0 < d , 

° < 1 ' f ^^-^y If 0 < be - ad . 

We therefore frame our definition as follows. 



Definition l-7b : If a, b, c, d are Integers, 0 < b , 0 < d 
a c 

< means ad < be ; 

there Is a positive rational number r 



or equlvalently. 



-r- < -r means 
b ^ d 



such that + ^ ^ 
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From this definition It can be shown that 

-| > If and only If ad > be . 

These Inequalities should be compared with the criterion for 
equality of rational numbers (Section 1-6): 

f = If and only if ad = be , b, d / 0 . 

Jul:: as In N and I , we write r < s for r = s or 
r < s , for any rational numbers r, s . Similarly for r > s . 

Returning to our question regarding ^ and , we see 

that the answer depends on whether or not the product 17(^11) is 
greater than 27(25) . 

Because our definition of order in Q is verbally the same 
as that in I , we may adapt the previous proofs of 0^ ^ 0 
^2 ' 2a\ to fit Q : ^ ' 

0-j_ (Trichotomy) Given any pair of rational numbers r 
and y , exactly one of the following relations holds: 

-"-s, r<s, s<r. 

O2 (Transitivity) If r < s and s < t , then r < t . 

0^ (Addition) If r < s , then r + t < s + t . 

(Multiplication) If r < s and 0 < t , then rt < st 
but if r < s and t < 0 , then st < rt . 

Just as in I , we have in 0 the cancellation properties 
OC-j^ a < b if and only if a + c<b + c 
OC q For 0 < c , , ... 

a < b if and only if ac < tie ; 
but for c < 0 , 

a < b if and only if be < ac . 
EOC-j_ a ^ b if and only if a + c<b + c. 
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a ^ b if and onV,/ if ac < be ; 
but for 0 < 0 , 

a ^ b if and only if be < ac . 



Exercises 1-7 a 

Determine the order relation for the foliov/ing pairs of • 
rational numbex-s- 



(a) 


2 
"3' 


and 


5 
7 






(b) 


5 
7 


and 


15 

i7 






(0 


!3 


ai.d 




where 


X < y 


(d) 


i 

X 


and 


3 

y ' 


where 


xy ^ 0 and 


(e) 


3x 


+ 5 

'j 


and 


2x -f 


1 , where x 



Arranc;e the following rational numbers in a chain of in- 
equalities and justify your arrangement: 

-31 M -12 i!7 27 

ol > i3 ' ^ ' ^ ' 59 ' 13 • 

Prove: 0 < i if and only if 0 < a . 

Prove; f > f If only if ad > be , b, d / 0 . 

Prove a. f or Q : •§ < and ^ < | , then f < f , 

Where a, b, c, ci are in I , and bdf / 0 . 



Q aluo has Archimodon' property: 

0^^ (Archimedes) if r and a are positive rational 
numbers and v < a , then there la a positive integer 
n auch that nr > s , 

GO 

[see. 1-7] 
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However the system q has a special order property which it 
does not share with either N or I . Both N and I are 
"discrete" systems, in the sense that there is a smallest positive 
difference b^^tween integers. Given any pair of distinct integers, 
if we subtt>a^t the smaller from the larger, the resulting differ- 
ence is 1 or more; there is no pair of integers whose difference 
is both grea^-^r than 0 and less than 1 . 

On th^ other hand we can find pairs of rational numbers whose 
aifference is positive and "as small as we like". This will follow 
if we provo that between any two distinct rational numbers there 
is a third r^Uonal number different from either of the original 
two. But this is easy] Given rational numbers a and b 

a / b , we niay take their "average" 5.^^ . Suppose a < b • To 

Show that a < and < b • Since a < b , we have 

?a < a + b and a 4- b < 2b , (by O3), so a < and 

a + b , my, a + b . 

— — < b . ihus -^^^ — is between a, b • Moreover, if a and 
b are rational numbers, ^^^^ ^^^^ ^ rational number (by , 
ill) • 

We have Just seen that between any pair of rational numbers, 
there Is at least one other. But, then there is a rational between 
this new one ariri each of the original ones; another rational 
between each these, etc. By selecting the average each time 
We repeatedly halve the differenoej and by repeatedly halving the 
difference wc can make it "as small as we like". 

Since it Is always possible to find another rational between 
any two rationale, , wc nay that the rational numbers arc "dense". 
The speoLal orMor property O^^(Q) states Just this: 

O^v^j) (Density) If a and b are rational numbers, 
a / b , then there is a national number 0 such 
that a < c < b or b <; 0 < a • Hence between 
any pair' of distinct rational numbers, there are 
Infinitely jnany rational numbers, 
[sec. 1-7] 
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Exercises l^jh 

1. Using Definition l-Zb and the fact that I has Archimedes* 
property 0^ , show that Q has Archimedes* property. 

2. Prove that a < ^ . ^ tj ^ < ^-^y^ < b for a and b in Q 
and a < b . 

3. Prove that a < -^^^ < ^^4^ < a^Jb ^ ^ for a and b 
in Q and a < b • 



V/e now study the solution of inequalities in Q[ . Because Q 
is not discrete our results are quite different from those we 
obtain in I . V/e review the situation In I in order to bring 
out this difference. 



Example l-7a: Solve 13 < 3x + 7 <; 50 for x in i . 
Solution: I8 < 3x + 7. < 50 

if and only if 11 < 3x < ^3 

If and only If ^ < ^ < . 

Now ^' < "T lU < -^t^ < 15 . 

So the ^oiutLon set is (H, b> 6, . . , , 13, ik] . 



Cur strategy in attacking this problem was to convert the 
given inequality, 18 < 3x + 7 < 50, into an equivalent one of 
the form a < x < b , where a and b are certain definite 
numbers. T^ie final inequality displays at a glance the range of 
values of X satisfying the original inequality. Since this 
range Is li.r.ited "below" (by a ) and "above" (by b ) there 
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can oniy be ^ finice nu^-nber of integers In this range; Just which 
ones we cieterminecl by finding consecutive integers on each "side" 
of a anci To find the solutions ir. Q the matter is 

dif rere?^''^ . Cup reasoning on behalf of the assertion 

l3 <; jx + 7 < 50 if and only if -i^ < x < , 

13 exact-ly r/ne same v/hechcr we want rational solutions or Integral 
solutions^. But what can v/e do to describe the solution set in Q 
In I the problem ir- easier because there are only finitely many 
members in the solution set. In Q , however, between each pair 
of cUstinct niembers are infinitely many more members. It is 
futile to contemplate any list of the solutions in Q • What v/e 
can do--and it is all that we can do^-is to specify the range, say 
a < X < b ^ containing all the solutions. Indeed every rational 
number ^^hich is a solution is in this range and every rational 
number thi^s range is a solution. 

EXgfnpig Ij^: solve -1 < 1 - 2x < 2 for X In Q . 

^iil^ion: .1 ^ 1 2X < 2 

if and only if -2 < -^x < 1 [EoC-j_ , OC^ 

if and only if 4 < < ^ • ^-SSSo ^ 



Exercisers l~7c ^ 

Determi"^^^ all rational solutions of the following inequalities; 

1. n < -f 1 < 3 ^3, H ^ 5 . c:c ^ 5 

< jy 3 < 7, -i < 6 3x < i 

o 1 11 

9. -1 < ^L^:^ < 1 

10. .? ^Lr . o 
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We return to the subject of absolute values, introduced In 
Section 1-5, and extend the definition to Q without change. 

Definition l-7c : If a is any rational number, 

iai = a If 0 _< a 

ia| =: -a If a < 0 . 

And with precisely the same proofs as In I , we may show that for 
arbitrary a in Q , 

-|a| < a < |a| , (Theorem l-5e) 

|ab| r= |a| • |b| . (Theorem l-5f) 
We examine some Inequalities Involving absolute values. 

Example l-7c : Find all solutions of jx] < 1 for x In 0 

Solution : V/e eliminate the absolute value sign by reverting 
to its definition and split our discussion Into two* cases: 
(l) .0 < X , (11) X < 0 . In case (l) we have x = |x| , so 

for 0 < X , < 1 if and only If 0 < x < 1 . [Def.l-7c 

In ^ase (ll) we have x < 0 and lx| ^ -x , so 

for X < 0, ix| < 1 If and only if x < 0 and , -x < l 

if and only If -1 < x < 0 [OC^ 

Combining these cases, we f.et 

|x| < 1 if and only if -1 < x < 1 . 

We could proceed as in Example l-.7c with other such problems. 
However the method of arguing by cases can become rather tedious 
if we rnuat use It each time we want to eliminate an absolute value 
sign. It is easier to suffer through the argument once or twice 
to prvwe general thooremo, which we may then ui:.e later without 
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resorting:: to the' two cases: * (l) 0 < x , (ii) x < 0 In each 
problem v;c race;., y^:- thio reason we prove the next two theorems. 

Theore m l-T a: Suppose 0 < a . Then 

|x| a if and only If -a < x < a . 

Proof : ("Only If") V/e show first that If jxj < a , then 
-a < X < a . V/e use two cases for the proof, (i) 0 < x , 
(ll) ^'^ < 0 , and show that in each case 

if |xl < a , then -a < x < a . 
C ase (i): If 0 < x , then |x| = x and so If |x| < a , 
then 0 ^ X ^ a , hence -a < x < a , since -a < 0 . 

Case (il): If x < 0 , then lx| -x > 0 and so if 

1x1 < a , then 0 < -x £ a , or -a ^ x < 0 . And since 0 < a , 
we can say \ -a < x < a . 

For the "If" part, we prove 

If -a < X ^ a , then jxj < a . 
Again we use two cases: (i) 0 < x , (ii) x < 0 . 

Case (i) : If 0 x and -a<;x^a, (i.e., -.a<x and 
X < a) , then from 0 < x and x < a it follows that lx| = x < 
and so | x | < a . 

Case (l_l): If x < C and -a ^ x < a , tl^en x -Ix] , and 
-a j< - I X I or |x I ^ a . 

Kxainple 1 - V d : Solve | . ' x - 1 1 < 3 1 n C . 
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Solution : From Theorem l-^Ya,, 

|2x - 1| < 5 if and only if 



-5 < 2x - 1 < 5 



[Th.l-7a 



if and only if < 2x < 6 



if and only if 



-2 < X < 3 



Theorem l-7b: 



Suppose 0 < a . Then 



a < |x| 



if and only if 



either x < -a or 



a < X 



Proof : ("Only if") Two cases: (i) 0 < x , (ii) x < 0 . 

C^se (i) : If 0 < X and a _< jx] , then a < x . 

Case (ii) : If x < 0 and a < |x| , then a -x , or x < -a 

For the "if" part: 0 < a and a £ x give 0 < x so x = |x| . 
Therefore, if a < x , then a < lx| . Also 0 < a (or -a < O) 
and X ^ -.a give x < 0 so x = -|x| . Therefore, if 
X ^ -a , then -|x| ^ -a or a ^ |x| . 

Example l-7e : Solve 2 < |l - 2x| in Cu 
Solution ; From Theorem l-7b, 

2 < |1 ~ 2x| if and only if 1 - 2x < -2 or 2 < 1 - 2x 
if and only if 3 < 2x or 2x < -1 



Using Theorem l-7a, we may give a proof, devoid of case- 
arguments, for the so-called "triangle inequality" 

|a 4. b| < |a| + |b| . 

(Cf. Exercise l-5b) 



If and only if < x 



or X < 



1, 

2 
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Theorem l-7c : |y+z|<|y|+|2|. 
Proof ! By Theorem l-5e, vje have 

-|y! < y < lyl 

-|z| < z < |z| 

hence, adding, 

-(|y| + iz| ) < y + z < |y| + |z| , 

and, usin-5 Theorem 1-7 a with x = y + s , a = |y| + \z\ , 

\y + z| < |yl + tz| . 



Exercises l-7d 

1. Solve the following for x in Q . 

(a) |x + 1| < h (d) |5 - 3X| ^ _^ 

(b) |2x - 1| < 1 (e) |2x -1| < -3 

(c) |1 - x| > 3 >(f) 2 < |x + l| < 3 

2. Prove: If a _< b ^ c and d _< e < f , then 

a + d<;b + e<c + f. 



LIST OF BASIC PROPERTIES 
OP THE 
RATIONAL NUMBER SYSTEM 
For arbitrary a, b, c in Q: 

(Dichotomy) Either a = b or a / b . 
E,-, (ReflexivLty) a = a . 
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(Symmetry) If a = b , then b = a • 
E2, (Transitivity) If a = b and b = c , then a = c • 
(Addition) If a =-- b , then a + c = b + c • 
(Multiplication) If a = b , then ac = be , 

A-^ (Closure) a 4- b is a rational number. 

A^2 (Conirnutativity) a + b = b + a • 

A^ (Associativity) a + (b + c) = (a + b) + c . 

Aj^ (Additive Identity) O + ar^a + O^a. 

A,^ (Subtraction) For each pair a and b of rational 

nurnoers, there is exactly one rational number c such 

tnat a '+ c = b , 



(closure) ab Is a rational number. 
(Commutativity) ab = ba 
(Associativity) a(bc) = (ab)c . 
Mif (Multiplicative Identity) 1 • a = a • 1 = a • 

(Division) For each pair a,b of rational numbers, 
0 7^ 0 , there is exactly one rational number c such 
tliat be =: a • 



D (DLstributivity) a(b + c) = ab + ac . 



0^ (Trichotomy) If a and b are rational numbers, 
exactly one of the following holds: 

^ h , a<b, b<a. 

0^, (Transitivity) If a < b and b < c, then a < c, 
0^ (Addition) If .a < b , then a -f- c < b 4 0 . 

Oj^ (Multiplication) If a < b and 0 < c , then 

ac < be ; but if a < b and c < 0 , then be < ac • 
0,: (Archimedes) If a ^nd b are positive rational 

numbers and a < b , there is a positive integer n 

such that na > b . 
CK_(Ci) (Density) If a and b are rational numbers, 

a ?6 b , then there is a rational number c such that 
c < b or b < c < a • Hence between any pair of 

distinct rational numbers there are infinitely many 

rational numbers. 
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DEFINITIONS FOR THE 
RATIONAL NUMBER SYSTEM 

Definition l->6a : If a, b, c, and d are Integers, b 0 
and d 0 , then -| -g; If and only If ad = be . 

Definition l->6b : If a, b, c, and d are Integers, b 0 
and d 0 , then 

a , c ad + be a , c ac 

b d = — ana ^ ^ . 



Definition l->7a : If a and b are Integers, b 0 , then 

b' 



0 < -I If and only if 0 < ab . 



Definition l-7b : If a, b, c, and d are Integers, 0 < b 
and 0 < d , then < If a^'^^d only if ad < be . 

Definition l-7e : If a is a rational number, |a| = a if 
0<a;|a|=-a if a< 0-. 



SOME THEOREMS OF THE 
RATIONAL NUMBER SYSTEM 

If a, b, and c are Integers, b ^ 0 and q -4 0 , then 
^ = ^ . (Theorem l-6a) 

If a and x are rational numbers and 0 < a , then |x| < a 

if and only if -a _< x £ a . (Theorem l-7a) 
If a and x are rational numbers and 0 < a , then a < |xl 

if and only if either x j< -a or a < x . (Theorem l-.7b) 

If X and y are rational numbers, then 1^ + y I < |x | -i- |y | . 
(Theorem l-7e) 
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1-3. Decimal Representa tion of Rational Numbers, 

The lone division algorithm is a procedure for converting any 
rational number ( 1 • e -quotient of integers) into a decimal ex- 
pression of the form 

aQ • a-j^ a^^ a -j • • • 

where a^ is an inte^;er and a^ , a^, a. , are decimal di gits 

(C,l, 2, J,ii,:),6,7,3,9) . V/e say that a^ is the digit in the 
first place (after the point), a^ is the digit in the second 
place, ... , a^^ is the digit in the place . 

Some rational numbers have "terminating" decimal expressions: 

I = 0.5 . ^ = 0,125 

^ - ^-5 ^ . 0.1 

while others have decimal expressions which do not "terminate": 
- O.J3333 i = 0, 1^^28571^2857... 



-^-0.16666..... = 0.11111. 



By a termiriatinf\ -^-:cln;al expresclor;, we mean one with no digits 
but 0 after some place. Although the decimal expressions for 

1 1 1 1 I ^ U ^ u 

1 ' 1} ' Y ' '9' terminate, chey are all repeating decimal 

expressions in the sense that at some place a block of digits 
appears which is repeated thereafter. In the case of i , the 
digit J appears in the first place and is repeated thereafter- 

i'^^" T ^^-r:-^t 0 appears \.>\ the second place and is repeated 

thereafter. TKie first six places in the decimal expression for y 
ar^e 'occupied by the digits 1 '';::8i.^;' and this bio-:: of six digits 
U repeated thereafter^. 
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V/e Indicate that a block: of digits repeats by overscorlng It 

i - O.llS 

i - 0.in28"57 




Since terminating decimal expressions are those having only 
O's after some place, they may also be considered "repeating", 
their repeated block consisting of the single digit 0 . Accord- 
ingly we shall use the description "repeating" to Include 
"terminating" as v/ell. V/ith this understanding we state the 
following theorem. 



The orem l-Sa : Each rational number has a repeating decimal 
expression . 

We shall prove this theorem in general below, but first vie 
examine a numerical example for a clue to the general proof. V/e 
carry out the division algorithm to obtain the decimal expression 



1 . 57 1'' g8 
^/ll.OOOOCOC 
_7 
4 0 
3 5 
50 

10 
7 
~30 
28 
20 
1'' 
-^0 
56 
~40 
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We need go no further. The expression repeats since the remainder 

has appeared twice, each time followed by a 0 "brought down" •- 
from the dividend. This means that the digits in the quotient will 
come again in the same order as before. 

Suppose a given remainder occurs after all the non-zero 
digits of the dividend have been "brought down" so that this re- 
mainder is followed by a zero. If this same remainder ever occurs 
a second time, again it will be followed by a zero; and from this 
point the decimal expression of the quotient repeats. 

In view of these observations, our theorem will be proved if 
we can show that at least one remainder must appear more than 
once after all the non-zero digits of the dividend have been 
"brought' down" . 

But this is easyJ Our divisor is a natural number, say n . 
All the remainders are less than n , they are natural numbers 
selected from the set 

" (o, i, 2, ... , n - i) . 

There are n numbers in this set. Hence any list containing more 
than n remainders contains at least one of them twice. The 
division algorithm can be made to produce a list of remainders as 
long as we wish. If we therefore carry out the process until we 
have "brought iown" more than n zeros, where n is the divisor 
we shall have a list of remainders which contains at least one 
repetition. Because any such repeated remainder has a zero 
"brought down" behind it each time, we have produced a repetition 
in the digits of the quotient forcing it to i-epeat thereafter. 

Many lists of remainders repeat before we use up all of them. 
For example, all the i-ornainfiers obtained in converting i into a 
decimal oxpreasior; are I's . 
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Not only have we fourid that the decimal expression for a 
rational number must repeat, but we can say more. The number of 
digits in its repeating block, which is at least one, never 
exceeds the divisor. As a "matter of fact it is always less than 
the divisor, for if any remainder is zero the decimal expression 
of the quotient terminates zhen and there. So if it does not 
terminate, then there are only n - 1 possibilities for each re- 
mainder. Hence the number of digits in the repeating block is at 
least one and at most one less than the divisor. Note that in 
the case of i , there are 6 digits in the block. 

We next prove (Theorem l-8b) that each repeating decimal ex- 
pression represents a rational number. As before, we begin v/ith 
examples. Let a = 0.TT3 . Then 

lO^a - 123.1^3 = 123 + =-123 + a 

and (10^ - l)a = 123 or 999a = 123 , 

a. if. 

Let b = 321.052T51 . Then 

lO^b 321, 052. = 321,052 + a . 

T^"^ = 17^(321,052 +^) , 

and we can see that b is rational. V/e refrain from writing it 
as a quotient of integers. 

These examples Indicate how we may construct a general proof. 



Theore m 1 - 3 b : Each repeating decimal expression represents 
a rational number. 
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Pvoo V: '^Ic divide the proof into three cases. In the first 
tv/o 'ja:K;:'. , v/e tr-eat decimal expr'e::i3iLij v/hoae "integral parts" 
are zero. In the first case we coniUder such a decimal expression 
which repeats "from the bei^inning". Let 

1 m 

T^^^-'fi ICA; b..b..^..,b .BT^""^" 

i rn 1 <r: m 

- b.b b^ + 0.1)~:TKT71Yr 

■-.t: b. b,.. . . , b -I- b 

1 rn 

so (10^'^ - ])b - b,b.,...b , 

where b^b^^,..b^^^ is an iriteger whose digits are b^ , b,.. , • . . , b^ 

Let as call this integer ' Then 

b . ^ 



10^^ - 1 

and b , being a quotient of integers, is a rational number. This 
concludes the :ir3t case. 

For our second case, ::.et us suppose that v/e have a decimal 
expression whose repeating block appears first Just following the 
n^^ place. Let 

a - 0.a.a^,,.a b, b b • 

1 ^ n 1 rn 

Then lo'^a ^ a^a^ . _ a^ , F^u^ 
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Here a,^a.....a^^ L:; some Inlo^-er, and our arcument ir; the first 

••jasc tellr. uv. that 0 .TJ^1)7T7T¥^ represent g a rational number 

(bein/r. a jecirnal exrrression v;hich repeats "from the beginning"). 

IG 1.3 the :;u;n of an inte^^er and a rational and hence is 
ratior:al. 3if;ue 10^^ is an integer it rollov;s that a Itself is 
rational. Thl.3 ^-onclu'.les th.e second case. 

The orily remaining case is that of a decimal expression of 
trie Torm 

a^, . a-, a ... a "5713^ . . .b" , 

Ox.. n 1 2 m ' 

v/hcre a^ Is an integer not necessarily j^ero. But 

a..a^a....aj.^^~15; - ^0 ' O.a^a^. . .a^l3^b.. . . b^^ , 

the first term being an integer (by hypothesis) and the second 
representing a rational number (by the argument in the second case) 
We therefore conclude that a^.a^a^. • -a^^b^b^,. . .b^ represents a 

rational number. This ends the proof. 



Exercises l-8a 

Fir\d a decimal expression for each of the following rational 
numbers: 



30 
7 

63 

11 ~ 



(a) i (d) 



^) TT (e) 



/ X 11 

it; 

,Find the rational number reprc . ;nted by each of the following 
den I ma I expressions : 

(a) 0.*^ (d) 1.29"^ 

(b) O.TU (e) 3.3137? 
(o) 0.^^ 112 
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2hov! that Thoorems l-8a, l-3b are converses of each other by 
ropru^aslrir;; thc::\ in the form "If A , then B" • 
^t. Pr-ove that 1* 9 ^ ^: • 0 by the iTiethocl used to prove Theorem 
1-ja, 

J. Obtalr: iecimal exprossior.s for the follov/inrr rational numbers: 

"■^ 10^- 10^^ 10^ 



Describe in v/ords a decimal expression for , v/here n 



is 



any natural number. 

1-Q- In fin L te Dec Lriial Expressions and Real Numbers, 

In Section 1-8 we examined the decimal representation of 
rational numbers. In this section we consider the collection of 
all decimal expressions 

aQ • a^a/-,, • • • a^ • • • ^ 

where a^^ Is an integer and a-^ , a^. , . , , , a^ , • _ are deci- 
mal digits (0,1, 3, ^1,5,6,7,3,9) . We found in Section 1-3 that 
such a decimal expression represents a rational number if and only 
if It repeats (or terminates). 

Our first observation is that some decimal expressions neither 
repeat nor terminate. Consider, for example, the non- terminating 
decimal expression 

0.1010010001000010000010000001. . . 

formed using only the digits 0,1 ; after the first 1 is one 0 , 

after the second 1 there are two O's , after the third 1 there 

are three 0*s , ... , for each natural number n , there are n 

t h 

zeros following the n 1 . This decimal expression does not 
repeat since no block of zeros is as long as any other block of 
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zeroLi. Variat I.or. iL) of thio patlern v/111 produce any number of 
other i;o!.-r'upea';.u.^; deoi.r.ai expressions. There are many non- 
repea'. ir.,.-: -.i-;:: Lr-al e/:pr'e::3ioriS whose sequence of digits cannot be 
deocrl.bo.l \yj ar.y juvh ::l.rnple rule, however. V/e snail 'meet some 
of them later. (o^^Jtion 1-10.) 

The real nu;:;ber syste ::^, which v;e shall call R , may be con- 
strue; ted wit.h ^.ne decimal expressions playing the role of its 
number::. To .vonstruct such a system, it is necessary to define 
relatLc: "equality", "order", and operations "addition", "multl- 
plicatior" for^ the '.-.iecimal expressions. Having made satisfactory 
deririLtlons of thiese rt^latlons and opei^ations, we should be 
obli^?:ed to 'ietermii^c which of the i:;,A.,M,D,0 properties of the 
rational r. umber system ml^^ht be valid in R . This is no mean 
task. Indeed It. is quite formidable. It required several 
thousanvi years of human thought to accomplish the transition from 
the natural number system to the real number system. This fact 
alone should ccr.vLrve anybody that the proble.:: is not an easy one. 

A real number which Is not rational is called an irrational 
(real) number. In "calculations" involving irrational numbers, 
it is eusto.v.ary to use rational "approximations" to them. 
Ratlor.al apprcximat ions to Irrational numbers may be obtained by 
t run_catir;r (or' chopping off) their decimal expressions: 

a^.a^a, . ..a^..a^^_.^... Z . a^a^ . . . a^^ . 

The slgr. is the sign for "approximate equality"; the rational 

decimal on the right is obtained by truncating the'-inflnite 
decimal expression on the left "after the n^^ plaie". 

V/e define equality Itself for irrational decimals as follows: 

Def Irrltio r: l-Qa: Tvro irrational decimals are, equal if FOR 
EVERY^ n the rational decimals obtained by truncating them after 
the n ' place are eq.ial . 
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This definition bases our new equality relation on the 
equality relation v/e already have for the rational numbers. Using 
the same idea, we may extend the order relation to R : 

De fin it ion 1 - 9_b : One irrational decin. . .'^-3 than 

another if FOR SOME n the rational truncati^... of the first after 

the n place is less than the rational truncation of the second 
t h 

after the n place. 

Let us compare these definitions. If the truncations are not 
equal for EVERY n , they must be fjifferent for SOME n . Thus if 
two irrational decimals are not "equal", one of them must be "less 
than" the other, for given a pair of rational numbers which are 
not equal we know that one is less than the other. Thus our 
definitions have been constructed in such a v/ay that the properties 

(Dichotomy) and 0^ (Trichotomy) hold in R . The fact that 
E]_ f 0^ Void in R follows from the fact that thoy hold in Q • 

Using the sequences of truncated rational decimal approxi- 
mations formed from pairs pf irrational decimal expressions we may 
define "sum" and "product" in R by reducing the problem to 
operations already defined in 0 • We omit the details and merely 
announce that such definitions produce a number system R with 
all of the E,A,M,D,0 properties of Q . (We restate all these 
properties at the end of this section.) The logical structure of 
R differs from that of Q only in the fact that R has one new 
order property, O^^(R) , in addition to all six of the order 
pinoperties which Q has. This new order property is stated at 
the end of the list of basic properties of R . Its full 
significance will appear when you study advanced calculus. 
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LIST CF BASIC PROPERTIES OF 
THE REAL rrjMDER SYSTET/l 

arbitrary a, b, c in R : 

(Dichotomy) Either a - b or a b , 
E... (Reflexivity) a := a . 

(Symmetry) If a = b , then b ^ a • 

(Transitivity) If a = b and b = c , then a = 

E,^ (Addition) If a = b , then a + c = b + c . 

(r4ultlplicatlori) IT a - b , then ac = be . 

A^ (Closure) a + b is a real number. 

A^^, (Comrnutativity) a + b = b + a . 

A^ (Associativity) a + ( b + c ) = (a + b ) + c . 

A). (Additive Identity) 0 + a= a + 0 = a. 

A.-- (Subtraction) For each pair a and b of real 
numbers, there is exactly one real number c such 
that a + c - b • 

M-j^ (Closure),,, ab is a real number. 
M^, ( Comrnutativity) ab b^* . 
. Mj (Associativity) a(bc) = (ab)c . 

(Multiplicative Identity) 1 • a = a • 1 = a . 

(Division) For each pair a, b of real numbers, 

b ?^ 0 , there is exactly one real number c such . 

that be = a • 
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D (DiDtrLbutlvlty) a(b + c) ^ ab + arj , 

Oj_ (Trichotomy) If a and b are real numbers, 
exactly one of the rollowin^;;^ holds: 

B- ^ , a<b, b<a. 

0., (Transitivity) If a < b , and b < c , then a < c . 

G. (Addition) If a < b , then a + c < b + c . 

•J 

(Multiplication) If a < b and 0 < c , then 

ac < be; but ir a < b and c ^ 0 , then be < ac . 

0;.- (Archimedes) If a and b are positive real 

numbers and a < b , there is a positive integer n 
such that na > b . 

0^ (Density) If a and b are real numbers, a b , 
then "there is a real number c such that a < c < b 
or b < c < a . Hence between any pair of distinct 
real i.umbers there are infinitely many real numbei'S. 

a^(R) If [a^ , a^ , a,^ , . . . , a^^ . . . } and 

1^0 ' ^1 ' ^2 ' ' ^n ' • • * ^^"^^ sequences of 

real numbers with the properties 

( i ) ^0 < ^1 < < . . . < a^ < . . . 
(11) > 'J^i > > . . . > > . . . 

(ill) a^^ < b^^ ^ for every natural number n 

(Iv) b - a < • , for every natural number n 

then there is one and only one real number c such 
that a^^^ < ^ < ' e^/e^Y natural number n . 
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Exorcises l-9a 

1. Arrange trie follov/ing in order; 

v/here not all of the unv/ritten dibits in the second and 
third are zeros. 

2. State the property of the real numbers illustrated by each 
of the follov/ing statements: 

(a) X -f z £ y or y < x + 2 . 

(b) If 0 < X 4- y and x + y < 2 , then 0 < z . 

(c) (x - y)(x -f y) ^ (x + y)(x - y) . 

(d) If ' X + y 4- z X + - .f. 7^ ^ then y =3 2 . 

(e) If 0 < -X , then ' x < 0 . 

(f) If X - y < x + y , then there Is a z such that 
'< - y < z < X + y . 

(s) ^ / - z or X + y 2 . 
(h) X + y + 2 = X + 2 + y . 
(1) h{2Y) = 8y . 

(J) If X + y = X - y and x + y z , then x - y = 2 . 
>(k) (x - y) + (y - x) 0 . 
(1) (x + y)2 = (x + y)x + (x y)y . 

1-10. The Equation x^ ^ a . 

As stated In Section 1-9, the real number system R has all 
of the algebraic properties of the rational number system Q . 
(It has one more order property which It does not share with Q .) 
Thus any algebraic operation vfhlch can be performed In either can 
be performed Ir the other. From the point of view of structure 
they are Indistinguishable except for very deep properties of 
their order re,lations. However, from the point of view of the 
nujTibers they contain they are vastly different: R contains 
many number:? not in Q . Because of this it is possible to solve 
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Ir. H 3o;ne equatioriS v;hich cannot be solved in Q • In 
Coroliar'y 1-lCa vie exhibit a class of equations which cannot be 
3oi7'--i In Q . Theorem 1-lOb asserts that some of them can be 
solved Lr. H . However, extensive as it is, R is not vast 
e:.ou»-/i to contain solutions for all of thern. Another extension of 
our r.ia::^ber' i^ystem Is required for this; it will be made in 
C nap tor 3. 



h eore^n 1-lOa: If n is a natural number, if a^ , a-j^ , a^ , 

P 

q 



, ci^.. -j^ are integers , and 1^ is a rationa l number satis 



Vy the r-qua'^ion 

r; ,fi-l n-2 2 ^ 

X r a,.__-j^x -I- a^_^-,,x 4- . . . + a,^;X + a-j_x -f a^ = 0 , 

then ^ i3 ar. integer, 
q ^ — 

Procf : oincc any ratior^ial number may be written in "lov/est 
T.er'::i3'' (Theor-em 1-Oa) , v;e may suppose that p and q are 
i-iuer,er3 naviru;, no common integral factor greater than 1 , and 
that q is positive. It follov;s, then, that and q have no 

commor: integi^al factor f^reater than 1 . By hypothesis 

Mult i.ply Lri[^ both sides by q"'"^ v;e get 
ar.d 



q " -^^T-lP + ... + a^q ) 
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But the expression on the right is an integer . Hence J^!!. gxi 
integer and so q is a factor of . Since tho only positive 

comrnoh integral factor of' q and p^ is 1 , q = i , 
Therefore ^ is an integer. 

Corollary l-lQa : If a is an Integer and n is a natural 
number, the equation ^ a has a rational solution if and only 

if a is the n^^ power of an integer* 



The integers which are "squares" of integers are 

0, 1, ^ 9, 16, 25, 36, i\g, 64, 81, 100, ... . 

Thus if a is any integer not in this list, there is no rational 
number satisfying the equation x^ = a . The integers which are 
"cubes" of integers are 

0, 1, 8, 27, 64, 125, 

and their additive inverses. Thus if a is any natural number 
not in this list, there is no rational number satisfying the 
equation x =: a . We may make similar statements about fourth 
powers, fifth powers, sixth powers, etc. 

It is the case however--although we shall not prove It 
detail--that if a is any non-negative real number (integral, 
rational, or irrational) and n is any natural number, then the 
real number system R contains exactly one non-negative number 
satisfying the equation = a . (This is Theorem 1-lOb.) 

Perhaps the simplest case of any interest is 

x'^ = 2 . 

We indicate the general lines of an argument which, by filling 
In some details, can be used to prove that there is a real number 
satisfying this equation, 
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We know that is between 1*^ and 2f'~' ^ so we are after a 

number between 1 and 2 • Hence its decimal expression starts 
out I.*-- . In order to fitid the digit in the first place after 
the poirit, we calouJate 

1.0^, LI"", l*^'""', , 1-9", 2.0"^ 

and find that 

l.n'"' = 1,96 < 2 < 2.25 = 1.5^ . 

So the first digit after the point is k , and our number is iJl*** 
Now 

1.^11^- = 1.9881 < 2 < 2.01bil = l.il2^ 
and v/e have another digit: 1.^1* . Continuing, 

l.^l^l"-' = 1.999396 < 2 < 2.002225 = l.ill5^ 

which gives us another digit. And so on. 

The fact that this procedure can be carried out as far as we 
may care to carry it'-no matter how far that may be--and that each 
step produces another digit means that this procedure produces a 
decimal expression and therefore describes a real number. 

It remains to be seen, however, w^: r the square of this 
riur;ber is . Let us call this number c , and write 

1.5 

1.^2 
l.ill5 

for the (rational) numbers produced by our procedure. Since 
a^,. < c < b^ , for each natural number n , 

it follows that QQ 



a^, lA\ 



= i.in 



^0 = 



^1 = 
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2 2 
^r; ^ "^n ' each natural number n. 



Now 



1.9331 , b£ ^ 2.016^1 , ~ a^' = 0.0283 < ^ 



10 

= 1.99929^ , 2.002225 , bX - ao = 0.002829 < 

10"^ 

and it can be proved that 
'21 

^ < " < — IT > ^^'^^ tural number n . 
10" 

Mow a^(R) (Section I-9) tells us there is only one real number 

^'ireater than every a^ and less than every b^ . But both 2 and 

c" are there 1 Hence c""' = 2 , and we are through. 

The general proof may be carried out along similar lines. We 
omit it entirely and simply announce the theorem. 



Theorem 1-lOb : Given any natural number n and any non- 
negative real number a , the equation = a is satisfied by 
one and only one non-negative real number. 



Definition l~10a : The \-.nique non-negative real number^ satis- 
fying ^ a , n ^ natural, a real and non-negative, is called 
the non - negative n^^ root of a and is denoted by . In the 
special case n = 2 , v;e write simply ^/a , and call J7\ the non- 
negative square root of a . 

Note that for any c in R , 0 ^ . Hence if a < 0, 
the equation x := a has no solution in R . 
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V/e emphasize: ^'a is nor. -- negative ♦ It is an easy conse- 
quence of the theorems on products of additive inverses that 

and :ie':-'^e, v;hen C < a , trie equation x" r= a has two solutions 
in R . The positive solution is the one we call ^/a! . The other 
solution is tne additive inverse of J it is -ya and Is 

negative. For a = C , x" = a has only one solution. It Is 0 . 

Thus C . 

For any real number a , v;e have 

T 



a =N/a 



for if C < a , i.e., a is non-negative, then s/df' = a ; while 
if a < C , then -a and s/a are both positive and because thei: 
squares are equal. Theorem 1-lOb tells us they are equal. 

Theorem 1-i Oc : If a and b are non-negative real numbers, 

then 

yaib = y/E >/b I 

if a is a non-negative real number and b is a positive real 
number, then 

]a"_ ya 

b 'IT^ • 
/d 



Proof: yab , /a , and /b are, respectively, the non-negative 
roots of 

2 2 P ' 

x=ab, x=a, x =b. 



If v/e write 



x^ = /ab , x^ = ya , x^ = yF , 



we can say ^ < ^'^ ' ^ < ^2 * ^ ^3 
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and we want to shov; that = X2X3. From x^ = a and b 

. x2x2 . ab . 

Si"^^ 44 = (X2X2)(X3X3) 

we can =;ay x^x^ . (x2X3)(x2X3) = (x2x02 

°° (X2X3)2 = ab . 

This proves that the product X2X3 satisfies the equation 

x~ = ab . 

However, 0 < x^x since C < Xg and 0 < x, , and x, is the 
only non-negative solution of x^ = ab . Thus x^ = X2X3 and we 

have proved that Vao = v a v/b . We leave the proof of the other 
half of the theorem as an exercise. 

Exa^ipj^ l^,a: = • 3 = v^l-^ \k\y3 = 

li" a ?^ 0 , then v/a ?^ 0 , <so 

r- a 1 /K 

va \/a a 

These two equalities are each equivalent to the defining equation 
for yi : 

(v/a) = a , ' 0 £ \/'a . 

They are useful whenever one wishes to move the factor from 
the numerator of a fraction to its denominator, or vice versa, as 
Examples l-lOb, c show. » - 96 
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Example l-lOb: |. ^7 2 . J_ ^ l4 



v/7 9 77 



Example l^lOc: _JijL = il • 1 ^ II ^ ^ 17 v/2 

a/2 3 v/2 3 2 6 



Example l-lOd ; Suppose a, b, and c are rational numbers, 

Express the reciprocal of a + b/c in the form A + Q/c , where 

A and B are rational numbers, determining A and B in terms 
of a, b, c . 



2 2 

Solution : We observe that x - y = (x + y) (x - y) and 



nence 



Therefore 



because 



Note also that 



Thus 



(a 4- b/c) (a - b/c) = a -be. 

1 a - b/c 

a + b/c a^ - b^c 



^ = if and only if ps = qr 

q S 



a - b/c 1 a - b/c 

a -be a + b/c a - b/c 



a ^ -b 

a'^ - b^c a"" - b'^c 



Example 1-lOe : Remove the radicals from the numerator of the 
expression 

v/x 4- h - \/x 
H • 

(This question is important in elementary calculus.) 

[sec, 1-10] 



;■ 97 



Solution ! We multiply nunierator and de:;ominator both by 
\/x + h + x/X : 

\/x + h^- y/x ^ \/x + h + \/x ^ _1 ^ (:< + h) - x 

v'x + h + \/x " v/x + h -(- \/x 



X + h + v/x 



Exerclsec l-lQa ' 
Express each of the following in the form a where a Is 

rational and b is a natural number without square factors: 
1. s/H , Ih. y± 26. 

4. v/27 /T 28. -|- 

6. v/72 yT ^ 

J ' 5 

7. v/192 ^ 30. 



10. 21. 73 . vT2 



-'7 31. \/2 + .3j/2 



9. 

32. 3/2 -v/H 

33. 7^^^ - 5/^ 
^ • ^ 2k. 11/Eo - 3^ 

.12. s/| ^ 35. 2/20 . 

/l2 (72)2 
1^- V 2! 25. \/2 - v/H 
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Express each of the following In the form a + li/c where a and 
b are rational numbers and c is a natural number without square 
factors. 

j6. (l+v^)(l-y2) hi. ^- ^ 

J7. (1 h2. 



.0 - 1 



39. (1 +\/2)(2 - 



1 +^"2 



ho. (5^/2 + 2/3) (n/2 + 3/3) 3 - 



115. - 



5 +/T92 



Express each of the follov/ing numbers and their squares in the 
form a -i- b/c where a, b, and c arc integers . 

'^6- 2 ;/3 

1 

9 + it/5 



1 


2 


-f 


v/3 




1 




3 


-f 


a/2 




1 




5 




2\/o 




1 





17 + 12/2 



7 + 't/3 



1-11. Polynomials and Their Factors . ( Review ) 

By a polynomial in x we mean an expression such as 

2x + 1 , 

3x^ - X + 2 , 

3 2 

or x-^ - x"^ + 1 , 
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which Is a siun of terms of the form 

2 3 
a , bx , cx , dx , • • . , 

a, b, c, d, being numbers. The numbers are called the co- 

efficients of the polynomial. Thus the coefficients of the 
polynomials written above and on the preceding page are 

2,1 ; 3,-1,2 ; 1,-1,0,1 ; respectively • 
By a polynomial In x and y we mean expressions such as 
X + y , x^y - xy^ , 2x + 1 , 
which are sums of terms of the form a , bx , cy , dxy , ex^ , 
fy , gx y , hxy , . . . ; a , b , c , • • . , g , h , . . , being 
numbers, called the coefficients of the polynomial. We may 
define, in a similar way, polynomials In any collection of letters 

When the numbers appearing as coefficients in a given poly- 
nomlal belong to a given number system we say that the polynomial 
Is a polynomial over the given number system. Often a given poly- 
nomial may be interpreted as being "over" several numbers systems. 
We list some examples, naming number systems containing their 
coefficients. 

^ + 1 N , I , Q , R 

" 1 I , Q , R 

+ I" Q , R 

x^ - v^x + 7 R 

We "add" polynomials by combining terms in accordance with 
the commutative, associative and distributive properties. Thus 
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{:C + Jx - 1) + (2x^ - Jy:'^ + x) 

= 2x^ + (x'"^ - 7x^) f (3x + x) - 1 

= 2x^ - 6x^ + 4x ^ 1 , 

(x'^y - xy + y^) (x^ ^ 2x^y + xy + 7) 

= x^ + (x'^^y - 2x^y) + y^ + (xy - xy) + 7 

"^2 3 
= x - xy + y + 7. 

The set of ill polynomials- in a given set of letters is 
closed under addition. 

We "niUltiply" polynomials just as we multiply numerical 

expressions. For example 

2 2 
(x 4- y) (x - y) = (x + y)x - (x + y)y 

3 2 2 
= x +xy-xy-y . 

The set of all polynomials in a given set of letters is 
closed under multiplication. 

Indeed, the set of all polynomials in a given set of letters 
possesses all the S,A_,M,D properties of the number system I as 
well as ^ ^^2^*^) ' ^^^^^^^ they are "over" I , Q , or R . 

Thus all of the E,A,M,D properties listed at the end of 
Section 1-5 as well as (Theorem l-4h/ page 29) and C^g^*^) 

(Theorem 1-^i, page 30) may also be interpreted as valid state- 
ments about polynomials if the symbols "a^' , "b" , "c'* , 
occurring in them are interpreted as polynomials instead of 
integers. 

Corresponding to the problem of expressing the product of two 
or more polynomials as a polynomial, we have the "reverse" problem 
of resolving a given polynomial into "factors". Thus, for example, 
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- 2x^y + xy - liy""' = x^(x - 2y) + y(x - 2y) 

= (x . 2y)(x2 + y). 
In this example, v;e have resolved the given polynomial "over I" 
for its factors are both polynomials over I . As another example, 
v;e have 

x' - y?^ < 2xy^ + 2y^ x(x2 . gy^) ^ y^Cx^ ^ 2y2) 

- Cx - y^^)(x2 . 2y2) 

= (x - y^)(x + y2y)(x - v/2y) , 

Whiere in the second line we give a factorization over I (or Q ) 
and in the third line, it is further resolved into a product of 
factors over R • 

The problem of factorization is the problem of expressing 
polynomials in factored form» The technique used to solve 
factorization problems amounts to reversing the steps used in ex- 
panding products. Fortunately there are only a few general types 
into which most factorization problems fall. VJe give the names of" 
these types and their formulas in the following list: 

Common Factor : ab + ac = a(b + c) 

Difference of Squares : - b^ = (a + b)(a - b) 

Binomial Product : acx^ + (ad + bc)x + bd = (ax -f- b)(cx + d) 

Binomial Square : + 2ab + b^ = (a + b)^ 

Sum of Cubes ; a"^ -f b"^ =r (a + b)(a^ - ab + b^) 

Difference of Cubes: a^ - b"^ = (a - b)(a"' + ab + b^) 

Unless a and b , b and c , or c and d themselves 
have common factors, each factor in the right members of these 
formulas cannot be factored using polynomials with real 
coefficients. 

102 

[sec- 1-11] 



90 



Each of the formulas may be proved using the properties 
^,A,M,D by starting with the right member and expanding It. When 
the formulas are used for factorization we work the other way--from 
left to right. 

We Illustrate the use of these formulas In factorization 
problems v;lth several examples. 

Example l-lla : Factor 2a - 2b - ac + be . 

Solution : The common factors of the first two and last two 
terms suggest the "Common Factor'' type (Dlstrlbutlvl ty) 

2a - 2b - ac + be = 2(a - b) - c(a - b) . 

The expression on the right now consists of two terms which have a 
common factor, so 

2a - 2b - ac + be = (a - b)(2 - c) . 

Example 1-ll b: Factor 2 (a - b)^ - l8c^ . 

Solution : Using the "Common Factor", 

2(a - b)^ - I8c^ = 2[(a - b)^ - 9c^] . 

The second factor In the right hand expression has the form of the 
"Difference of Tv/o Squares", hence 

2(a - bf I8c^ = 2[(a - b)^ - (3c)^] 

= 2[(a - b) - 3c)][(a - b) + 3c] 
= 2(a - b - 3c) (a - b 4- 3c) . 
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Exercises l-lla 
Factor each of the following polynomials over the integers. 



1 

1 . 


5x - 


11. 


ax + ay + 


bx + 


by 


o 

c. • 


-6a - Id 


12. 


bx - by + 


cx - 


cy 


3. 


5p - 3q + 15r 


13. 


bx - by - 


cx + 


cy 


4. 


lOy - 5x + 20w - lOz 


14. 


3a^ + 3a^ 


- 4a 


- 4 


5. 


12ab + 6b - S'^bc 


15. 


ifm^ - 9n^ 






6. 


a(x + y) + b(x + y) 


16. 


a'^ - 16 






7. 


x(a - b) - y(a - b) 


17. 


7c^ - 63 






8. 


2u(x + y) - u(x + y) 


18. 


x^ - (a - 


b)^ 




9. 


b(x - y) + (x - y) 


19. 


(a + b)2 . 


- (c + 




10. 


3(a + b) - (a + b) 


20. 


(x - y + 1)2 - 


1 



Example l--llc : Factor lOx + 7x - 12 . 

Solution ; If this polynomial can be factored, it must have 
the binomial product form 

2 

acx + (ad + bc)x + bd . 

Inspection of the polynomial to be factored shows that a, b, c, d 
must satisfy the conditions 

ac = 10 , ad + be = 7 and bd = -12 . 

A set of values for a, b, c, d can be chosen as 

a = 5 , c =: 2 so that ac = 10 , 
b = 2 , d = -6 so that bd = -12 , 

and then tested for the third conditon. Since 
ad + be = -30 + 4 = -26 ?^ 7 , 

this set is not acceptable. 
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Try Instead: 

.a = 5 , c = 2 

b = 4 , d = -3 • 

Then, 

ad H- be = -.15 + 8 = -.7 / 7 j 
but since 15 - 8 = 7 , the set can be adjusted: 

a = 5 , c = 2 

b = -4 , d = 3 



and 
Hence, 



ad + be ^ 15 + (-8) = 7 , 
lOx^ + 7x - 12 = (5x - 4)(2x + 3) . 



Example 1-lld : Factor + 12y + 9 , 

Solution : This polynomial has the form of a Binomial Square 

2 P 
a"" + 2ab + \) , 

Thus 2 

4y + 12y + 9 = (2y)2 + 2 • 2y • 3 + (3)^' 

= (2y 4- 3)2 . 



Example 1-lle : Factor Sx"^ - 4x - 12. 
Solution ; Noting the common factor 2 , 

- 4x - 12 2(3x2 2x - 6) . 

The second factor on the right can be factored if it is the Bi- 
nomial Product Form 

acx 4- (ad + bc)x 4- bd . 
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A possible set of a,b,c,d values Is 

a = 3 , • c = 1 so that ac = 3 , 
b = 2 , d = -3 so that bd = -6 . 

But, ad -h be = -9 -h 2 = -7 ^ -2 . 

If other Integral values of a,b,c,d are chosen so that ac = 3 
and bd = -6 , It will be found that none of them v/ill satisfy the 
condlton ad -h be = -2 . In this case the pol;:,nnomial can not be 
factored over the integers. (We shall see In Chapter 4 that this 
polynomial can be factored over the reals). 

Exercises 1-llb 
Factor each of the follov/ing polynomials over the integers'. 



1. 


x2 4- 


8x + 15 


11. 


1 2 

4u + 12uv + 9v^ 


p ^ 


_ 


llw + 24 


12. 


49z2 + l4z + 1 


3. 


3a2 - 


- 4a - 15 


13. 


cx^ - 2cx - 8c 


h. 


- 


- 5x - 6 


14. 


2 - 6a - 8a2 


5. 




lOy + 25 


15. 


9 + 6c - 8c2 


o. 


33^ + i}a - 4 


16. 


15y + ^^2 - 3y2 


7. 


w:c2 - 


- 12wx + 36v/ 


17. 


7x - 6x2 ^ 20 


8. 


o 

dy- - 


■ lldy + 30d 


18. 


ka^h^ + 4ab + 1 


9- 


2 


- 30xy + 9y2 


19. 


2 0 o 
a + 2ab + b~ c 


10. 


2 

9aw 


+ 5aw - 36a 


20. 


+ + 2ab - 2a 



Example 1-llf : Factor l6x^ - 54y'^ . 
Solution : Noting the common factor 2 , we have 
16x2 : 54y3 ^ 2(8x2 _ 2yy3) ^ 
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Since 2=8 and 3 = 27, the second factor on the right can be 
written as a Difference of Two Cubes, so 

a"* - b^ = (a - b)(a^ + ab + b^) applies. 

Hence, l6x^ - 54y^ = 2(8x^ - 27y^) 

= 2[(2x)2 - (3y)2] 

= 2(2x - 3y){Hx^ + 6xy + 9y^) . 



Exercises 1-llc 



Factor 


each of the 


following 


polynomials 


over the 


integers. 


1. 


c + a 


6. 


8a^ + x^ 


11. 


27r''y + y 


2. 


w^ - 64 


7.- 


r^ - 64s2 


12. 


4x^ - 32 


3. 


x3 + 1 


8. 


64 - 27x^ 


13. 


128 + l6y 


h. 


- 8u^ 


9. 


ac^ - 64a 


14. 


^6 6 
X - y 


5. 


27r'' + y^ 


10. 


' 3 4 
a^b - 125b 


15. 


6 6 
m + u 



3 



Exercises l-lld ( Nlscellaneous Exercises ) 
Factor each of the following polynomials over the Integers. 



1. 


12m^ + 8m - 15 


9. 


m^ - 8u^ 


2. 


3 2 
a - a - a + 1 


10. 


2 P 
6y - yz ~ 12z 


3. 


4xy^ - 13xy 


11. 


kr - ks + wr - ws 


4. 


d^ + 2dh + h^ - f^ 


12. 


8x^y'' - aOx-^y^ - 12x'^y; 


5. 


2am + 3bx + 3bm + 2ax 


13. 


l6r^ - 54 


6. 


6a-^ + 9a^b - 12a'^b^ 


14. 


2 2- 2 

c'' + d + 2cd - h 


7. 


3x - 3y - 5xz + 5yz 


15. 


4 2 
X + 2x'' + 1 


8. 


a^ - b^ + 4a - 4b 


16. 


2 

ay - lOay + 25a 
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17. 


k 

100 - t 




2H, 




2 2 
- y - Z ■ 


f 2y2 




13. 


:nr ~ ms + 


pr - ps 


25. 


- 


l6a 






19. 


2 , 2 
a 4- D - 


c + 2ab 


26. 


lb - 








20. 






£7. 


4x2 . 




- 1 




21. 


1 4- ^^9z~ - 


■ l^z 


28. 




x(x + y) • 


- 20 (x 








- 5c - X 


29. 


(X + 


yf + 3(x 


+ y) - 


28 


2 i> • 


•-^1 - -L — Z3 




30. 


6st • 


2 2 
- 9s + r 


- t2 - 


lOr + 



1-12. Rational Expre sslons . (Review) 

A rational expression is a quotient of tv/o polynomials. 
Examples are 

1. X - 1 X~ + X"^ 4- 

Note that the numbers used In forming the polynomials may be any 
of the kinds we have studied, whether Integral, rational, or real. 
In the name "rational expression" the adjective "rational'* refers 
to the way the letters x,y,z appear and not to the type of 
numbers used. 

Using the formulas Introduced In Section 1-6 

ad 4- be a c _ ad - b e 

b d "b " d ^ 

a £ __ ac_ 1 _ ^ 

b * d - bd a a 

b 

and interpreting the letters as representing polynomials we have 
definitions for the sum, product, difference and quotient of 
rational expressions. The set of rational expressions Is closed 
under these four operations and has all the E,A^,M,D properties 
of the number system Q . 
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Ir*terpreiirig a/D,c to be polynomials, the formula 



ac _ ^ 



enables us to "simpliry" rational 7 removing common 

factors from numerator and denom.' common factors are 
found using the methods of Section 1-il). 

Example l-12a : Simplify the rational expression 

(x^ ^ ox + 9)iyi^ + 3x + 9) 

(y^^ - 27) (x - 3) 

Solution : ' (^'^ + + Jx + 9) ^ (x 3)^(x^ + 3x + 9) 

(x-^ - 27) (x - 3) (x . 3)(x^+3x+9)(x-3) 

- - 3) yr + 3x + 9 

(x - 3)"" X + 3x + 9 

= 1 . 

A useful version of the last formula is 

at , ,c _ £ ^ ^ _ ^ 
b 'a b * a" ^ b 

which can be used to simplify products of rational expressions. 

2 

Example l-l^£ b; Write the product ^ • — t^'^ as 

x^ - 1 9x^ - ^ 

a rational expression in simplified form. 

Solullon: ^4^-2 . l^sl+JLj-i . . . (3x--,.---^ 



9x' 



3x + 2 3x - 2 X + 1 1 
JX + 2 * 3x - 2 ' X + 1 ' X - 1 

1 

• 
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The phrase "complex fraction" (or compound fraction) is used for 
the quotient of two rational expressions, or the quotient of a 
rational expression cuid a polynomi;: , Examples of these are, 

2x ^ \ 1 ^ 1 

X + 1 30"- 2c^:^. 1 X 

X - 1 ' jc 1 - '"mi " 

X + 1 c - 1 X " y 

These expressions are sometimes written more compactly by using 
" -r " to replace the quotient bar, as 

2x . X - 1 2 o T\ • 3c-l /I Iv . /I In 

A complex fraction can be changed to a rational expression 
by use of the formula - • 

ax"^ - X - 2 

— 5r^ni 

Example l-12c : Write v^- ^ as a rational expression. 

■ - ' — ■ — ■ ■ - ■ — C- "T* oX 

' X 

3x^^ " ^ " ^ (3x + 2)(x - 1) 

Solution I X - 4 _ X "- 4 

2 + 3x " ■ 3x + 2 • 

X x 

Then x(x— ^0 is selected as a new factor in numerator and 
denominator and 

( 3x^+^2^^ (x -1) . _ 4) 

■^^V-^ . x(x - 4) 

x(3x + 2)(x - 1) 
(3x + 2)U - ^) 

x(x - 1) 
X - 4 * 



3x - X - 2 
X - 4 - 
^ + Jx 

X 
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Exercises l-12a 
Simplify each of the following rational expressions: 

(a) ^ (k) ,^ - 

x'^ + lOx + 25 

^ (1) - 



(e) 
(f) 



2y^ + 8y2 + By 



' = > ^ , P=-P-6 



2p^ - p - 10 



12m ''p'^ ) 
3x - 9 

9x - 9 (n) + 3c - 10 



10 - 5n 



c + 2c - 15 



10 + 5m ' x^ - 1 



(0) 



xy + xz + yw + wz x + 4x - 5x 



y + z 2 

, s ab + 2ac - 2b - he 3 , 

B-TTc ^ + ^ 

2 

y"^ - 2y2 + z'=^ ^ X - X 

v2 v2 rr.^ - ab - 2b^ 

FtV^ 4b^ - a^ 

(J) is) -',Vy : f ^ 



(t) 



2 2 
x+y^-2xy 



3x - 3y + b 

Write the product or quotient in simplified form, 
(a) 1^ . ...c (0) . 

/h\ X + y . 12 , ,x x^ - 2x - 15 , x^ - 6x + 

Jm - 9u X + y ^'^^ x^~^^~9 3a - ax 
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(e 

(f 
(g 
(h 

(1 

(J 

(k 

(1 
(m 

(n 

(o 

(P 
(q 



x3 
7 



X 



xy - y 
X + xy 



X" + 1 
2m - 3 



3a' 



m- - 1 

^ - 
7Z 



(x - if 

2m^ + m - 3 
- 9 



a 

2 



5p + 6 



27d^ 



c + 3d 
2 



8 



2m 

2xy + y 



y 
e 



3m - 10 
2 
2 



3a^ + 4ab + b' 



P + lip + 18 

— 2 

-p'' - 2p - 3 



-"2 ^ 

c + 3cd + 9d 

• - 6m + 5 

m - 3in + 2 

_ X + y 



X 



xy + 2x 



a^ + 1 



a + 4ab 



a - 1)' 

,2 



3b' 



2 2 
a'^ + b'^ 



2ab 



4x 



• b- 
5x - 6 



a + 3b 



a + b 
.2 



tx'^ + 6x 



a 



'i 






c 






a 




b 


0 


a 


-f 




a 



12x^ + 5x - 2 . ■ 2x'' + X - 6 
8x'^ - 6x - 9 3x'^ _ 4x + 4 
_2x 



X + y 



(3) C^)-^'^ 



2x' 
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Addition (and subtraction) of rational expressions Is based 
upon the formula 

a . c ad + be 

*F *^ " — M — 

which can be proved In a manner similar to that used In this for- 
mula with rational numbers. In practice the two formulas 

a^a^ and ^4-^^ t " , 
0 DC b b B ' 

are used as shown In the next- example. 

Example l-12d; Write + -gsl- _ 1^ as a rational 

expression. 

- 2 2 

Soluti on; — ^ + -3^. ^ _ x 5x 1 

^ ^ z- - q ^ - ^ ~ X qnj + (x+3)(x-3) - jcT 



= ( --^ - - ) . 5x^ X + 3 

- - ..:< - 3; + (X + 3)(x - 3) - (x - 3Ux + i') 

- ''^ ^ - H + Sx^ - (x + 3) 
— =" J(x - 3) ^ 

- - - 3 



L- some Instances -ihe fcsr-nulas 



-1 - ^ and -(b - a) = a - b . 



can be used to advs/ i 



ExaiTiple l-12e : ..ri- -3—-^ - L ! 5a ^ r^Tional expression. 



113 



[sec. 1-12] 



101 



Solution : Since -(b - 3a) = 3a - b , 

2a a '^a, a( -l) 

3a - b b - 3a " 3a - b - 3aH-.i; 

2a -a 



3a - b " 3a - b 
3a 

3a - b • 



Exercises l-12b 

Write each of the following sums or differences as . a rational 
expression . 

X + 2 . 5x - ^ 2a - 1 . a^ 



1. + ; ^ 11. 7 t + 



3 2 a + 3 3a - 1 

2 

2a-la+3 c^5c 



2. 5— + 



mn 



c - 9 

, , 3 
2x + 4y X + 2y 



U '^y .+ 5 y - o 111 2 , ci 

f . — 5- 2 2 ~2 

xy + y X + xy 

6. 16. -^-^5 



a" - a a+a b+3b + 2 b -1 

1 - x'^ ^ - 1 x" - 5x + 6 x^ - X - 6 
8. —P-^ - 18. ^Jt7 



P - P 



y 1 n 3X X^ 



.X - .'y 2x + Jy x^ + 4x + 4 x^ 2x + 1 

2 

m-3m + J,m on y ,3 



+ ^ ^ - 9 - m-^ y"^ - 2y + 5 
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Exercises l-12c ( Miscellaneous Exercises ) 

Write each of the following as a rational expression in simplified 
form. 

1. 4^ _ _2_ a^ - 2a - 15 . - 6 a + 9 " 

0 5a • " 3 - a 

2 2x 15y^ TO . x^ + xy 

y xy - y 

-, 2< - b . 2a - 3b , ^ 1 t 

+ t-t: 1 o . 



2x'' + 7x - 15 x'^ + 6x + 5 



k X + y 12 ,^ ^ 

• :ix - 9y -5-— — r - 



5. 

6. 

.7. 

8.- 



w + w - 2 w"^ + 7w + 10 
X + 5 X - 5 K 
X - 5 ~ X + 5 15. 



3c . 2b^ - 4b X 



4bc - be 



1 



2 2 

16. a - b - ^ + g 

a + b 



2 2 — m - ^ - (m - j) 

X - xy m - J 

^ 2 

"2 2~ 18 X X + 3xy 

- 2xy + y^ ^ - X 2y + ^y 
8 — 

a 1 + a 

m - n . m - 1 t „ 1 - a a 



-r ■ — n rr 19« — 1 — 

- 1 - n^ ^IZJ + _iL_ 

a ^ 1 + a 

in X - 1 X + 2 
xu. - — _ 

2x^ - 18 'dTi + 9x 
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1-13. Additional Exercises for Sections 1^1 through 1^7 , 
Exercises 1-la^ : 
!• Form the converse of each of the following statements. 

(a) If 2x + 1 = y , then x Is less than y , 

(b) The sum of two numbers Is even If they are each ' i 
numbers. 

(0) :cy = C cnly if x = 0 . 

(d) If a + c = b + c , then a = b . 

(e) If the sum of two numbers Is a multiple of 10 , then It 
Is an even number. 

(f) \/a^ ^ b^ = a + b If (a ^ b)2 = a^ + • 

(g) 3x + 2 = 8 only If x = 2 . 

(h) If a(b + c) = ab , then c = 0 • 

(1) If 2xy +3=1, then xy Is negative, 
(j) (a - b) - c = a - (b « c) if c = 0 . 

2, Rephrase each of the following in the form of "If A , then 
B" ; and if B , then A 

(a) 3x - 2 = 10 If and only If x = if , 

(b) y = z If and only If y + :c= 2 + x . 

(c) m Is less than n If and cnly If m - a Is less than 
n - a . 

(d) abc = 0 If and only If c =r 0 . 

(e) r + s =5 0 If and only If r = -3 . 

(f) p(r + s) = ps If and only If r = 0 • 

(g) X Is negative If and only If -x Is positive. 

(h) a = b If and only if (a - b)(a + b) = 0 . 

(1) X + (y • z) = (x + y) • (x + z) If and only If x = 0 . 
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Exercises l->2b^ ; 

1. Which of the natural number properties Is Illustrated 

each of the following statements? kl^. letters represent 
arbitrary natural numbers. 



(a) 


If X + 2 = 6 , then x = 4 


• 


(b) 


(x + y)(x - y) + (x + y)2 = 


(x + y) . 2x , 


(.c) 


2(3a) = 6a . 




(d) 


(x + 2y) . X = x(x + 2y) . 




(e) 


5+(4+p)=9+p. 




(f) 


2x + (x + 3) = 3x + 3 . 




(g) 


a + 2b = (a + Sb) . 1 . 




(h) 


If 3x = 6 , then x = 2 . 




(1) 


w + 3(z + 1) = 3(z + 1) + w 


• 


(J) 


(a + b) • c + (a + b) • d = 


(a + b)(c + d) 



2. Prove the following statements true for all natural numbers. 

(a) x(y + z) = zx + yx . 

(b) (x + y) + z = y + (z + x) . 

(c) (x + y)(u + v) = y(v + u) + x(v + u) . 

(d) xy + y = y(l + x) . 

(e) 2[x + (y + 3)] = 2y + 2(x + 3) . 

Exercises l-2c': 



1. Using the natural number properties, remove all parentheses 
from the following products and list the properties used. 

(a) (x + l)(3x + 2) . (];) 2(x + l)^ . 

(b) (2x + l)(x + 2) . (g) 15(2x)(3y) . 



(c) 2x(x + y + 3) . 

(d) 3x(2x + y + 4) . 

(e) (x + 2)2. 



(h) 3x(2y)w . 

(i) (x + l)(x + y + 2) . 
(J) (x + y + z)2. 
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Using natural number 




L.npllfy the 1 -'xlowlng to 


single term. 






(a) 6x + 3xy . 


(f) 


x(a + 2b) + x(a + 2b) . 


(b) hyz + 2z . 


(g) 


y + 3xy . 


(c) 3(m + 2ri) + ^(m + 2n) . 


(h) 


5pq + p . 


(d) 2(3x + 1) + 5(3x + 1) . 


(1) 


ab + ac + ad • 


(e) a(x + y) -f a(x + y) . 


(j) 


ab + ac + bd + cd « 


Prove the following statements 


for 


all natural numbers 



(a) (x + y) + (w + z) = (x + y + w) + z • 

(b) xy + xz + yv/ + wz = (x + w) (y + z) . 

(c) (xy) (uv) = xyuv . 

(d) (a + b)(x + y + z) = x(a + b) + y(a + b) + z(a + b) . 

(e) x'^' + 2xy + y^ = (x + y)^ . 

Exercises l~2d' ; 

Find natural number solutions for the following equations and list 
the ^iii>^,^,C^ natural number properties used. 



1. 


X + 3 = 


4 . 


6. 


3 + 8z = 


27 . 


2. 


y + 5 = 


12 . 


7. 


2a + 5 = 


a + 8 . 


3. 


2a = 16 


m 


8. 


3p + 9 = 


? + 23 . 




72 = 21 


• 


9. 


4w + 5 = 


6 + 5w . 


5. 


3x + 6 = 


18 . 


10. 


3x + 15 = 


: 6 + 5x . 



Exercises l-_3a|_: 

1. List the members of the set of natural numbers such that 
X < 4 . 

2. List the members of zhe set of natural numbers such that 
X < 2 . 

3. Form an equation using natural numbers and having the same 
meaning as 2 < 3 . 



[sec.. }-X3] 

118 



106 



Form an equation using natural numbers and having the same 
mesmlng as 5 > 1 • 

Using the symbol " < " , write true statements using the 
following pairs of natural numbers, 

(a) 3 and h . (e) (3x + 1). and (2x + h) . 



3 and 

( b ) 7 and 

(c) X and 

(d) a and 



12 . 
2x . 

(a + 2) 



(f) (^m + 3) and (5m + l) • 

(g) X and y , where x = a + 1 
and a - y + 2 . 



Reivrlte the following statements using x ^ y , x < y , or 
X < y < 2 . 



and 



X 



(a) X is less than y 

(b) X Is greater than 

(c) X is less than 9 

(d) X Is less than 5 , 
equal to y . 

(e) X Is less than 2 

(f) 1 is less than x 

(g) 2 is less than 3 
less than 5 . 

(h) 4 Is greater than 
(l) 2 is less than x 

less than 5 or x 
(j) X Is less than or equal to 
or equal to z . 



or y Is less than x • 

y or y Is greater than x 
and 9 Is less than y . 

5 Is less than y or ^ 



is 



or 

and 

or 



Is equal to 2 

Is less than 
Is equal to 3 



and 3 Is 



X or 
or 2 



h Is equal to 
Is equal to x 
Is equal to 5 • 
y , but 



X 



and X Is 



y Is less than 



Exercises l-3b ^ : 
1. Solve the following 

(a) 3x < 9 . 

(b) 2h > 6y . 

(c) 3m -f 2 < 23 . 

(d) l6 > 5w + 1 . 

(e) 7x -f 3 < 17 . 



natural numbers. 

(f ) 23 > 6c + 5 . 

(g) 5z + 1 < 2z + 7 . 
'-(h) 4y + 3 > 6y + 1 . 

(i) 5 < 2x + 1 < 7 . 

(J) 26 > 7x + 5 > 19 . 
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2. Prove the follov/ing for natural numbers, 



ERIC 



(a) 




< 


y 


J then X < y + z . 


(b) 


If 


x(y 


+ 


2) = wz J then x < w . 


(c) 


If 


x(y 


+ 


z + w) = a J then x(z + w) < a . 


(d) 


If 


X > 


y 


and w > z J then x + w > y + z . 


(e) 


If 


X = 


a 


+ b and a < y j then 2a < x + y 



1. Find additive Inverses for the following Integers, 

(a) 6-2 . (d) -X + 1 . 

(b) ^ - 9 . (e) 0 - y . 

(c) X - 2x . (f) .(-x) . 

2. V/hlch of the theorems or definitions for I are Illustrated 
by each of the following? All letters represent arbitrary 
integers, 

(a) If a + X = b and a + y = b , then x = y . 

(b) 2m + 0 = 2m • 

(c) If m + n = 0 , then n = -m . 

(d) If p + (-p) = 0 , then -p = 0 - p . 

(e) (x + 2y) + [-(x + 2y) ] = 0 . 

(f) If s = -a , then a = -s . 

(g) 0 - (-4) = k . 

(h) If p ^ 0 and p is not a natural number^ then -p is 
a natural number, 

3. Prove that (a + b) - c = a + (b - c) • (Hint: Let 

X = (a + b) - c and y = b - c and show that c + x = a + (c + y).) 
h. Prove that a-.(b - c) = (a^ b) + c . (Hint: Let x = b - c , 

y = a - b , and show that y + c = a - x . ) 
5. Prove that a -(b + c) = (a - b) - c . 
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Exercises l-^tb ' : 

1. Perform the Indicated operations and list the properties or 
theorems used. All letters represent arbitrary integers. 

(a) (X + y)(-l) . (f) (-x) + (-2) . 

(b) (-3)(-x) . • (g) -2(3)(4) . 

(c) 6 - (-2) . (h) (-8) + 12 . 

(d) (-3) . h (1) (-4) - (-7) . 
'(e) 5(0)(a - b) . (j) (-5) - (-9) • 

2. Solve each of the following equations in I and state the 
E,A,M,D,£ properties used. 



(a) 4x - 2 = 


8 . 


(f) 


7y + 3(2y + 3) 


= 17 . 


(b) 6m + 1 = 


13 . 


(s) 


4(a + 7) +. 3 = 


6 + 3(2a + 5) 


(c) 5y - 3 = 


2y + 6 . 


(h) 


5 - 2(3x + 4) = 


= 3(x +2) - 18 


(d) 3p + 7 = 


P + 9 . 


(1) 


3(y - 1) + 2 = 


6 - 2(y + 3) . 


(e) 4x - 2(x 


+ 1) = 6 . 


(j) 


13 - (3w - 4) = 


: 1 - 2(1 - 3w) 


Prove each of 


the following 


statements for all 


integers. 



(a) a - (b - c) = a - b + c • 

(b) a(b - c) = ab - ac , 

(c) (a - b)(a + b) = a^ - b^ , 

(d) (a - b)^ = a^ . 2ab + b^ . 

(e) (a - b)(a^ + ab + b^) = a^ - b^ 



Exercises l-5a ^ : 
!• Use the symbols " < " and " < " to form true statements 
of order for the following Integer pairs: • 

(a) k and -6 , (f) 2v/ and 3v/ If w < 0 • 

(b) -2 and -j , (g) -.3z and z If z'"< 0 . 

(c) -5 and 2 , (h) (y - 1) and (y + l) If 

(d) K and -x If x < 0 • y < 0 . 

(e) y and 1 if 0 < y • (i) 2x and -2x If 0 < x . 

(J) (2p +.L) and (2p - 1) if 0 < , p . 
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2. Prove for arbitrary Integers x^y,w, and z 

(a) If 0 < X and 0 < y , then x < x + y . 

(b) If X < y , then 2x < x + y , 

(c) If X <'y , then x _ y < 0 , 

(d) If X < y and z < w , then x - w < y - z . 

(e) IT 0 < X < y , then y - x < x + y . 



Exercises l-5b»: 
1. Solve the follov/ing inequalities. 



(a) 


2x - 3 < 11 , X 


In N . 


(b) 


- jy > - 21 , 


y in N . 


(c) 


5z - 4 < 2z + 5 , 


z in N . 


(d) 


6m + 10 > 8m + 6 


, m In N . 


(e) 


2(c + 1) - 3 < 8 


- c , c in 


(f) 


Ml - 2c) + 7 > - 


3 - 3(c + 2) 


(s) 


-1 < 2x + 1 < 1 , 


X in I . 


(h) 


-5 ^ 3x + 1 < 10 


, X In I . 


(1) 


-1 < 3 - 2y < 1 , 


y in I . 


(J) 


2w - 1 3w + 1 < 


4w + 3 , V/ 



N . 

, c In 



in 



2. Find solutions for each of the following v;here all letters 
represent Integers. 

(a) |x| = 3 . (f) -|i _ 2x| = 5 . 

(b) |y| + 4 = 0 . (g) )| + 3|2x - ll < 13 . 

(c) Iz + 3| < 2 . (h) 13 - |6 - 3x| = 4 . 

(d) |m - 5| < 6 . (i) 18 - 2ly + 31 ^ 12. 

(e) |2a + 1| = 7, . (j) 4 - |2x - l| > -i . 
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Sxerclaes l-6a' : 

1. Solve each of the following equations if all letters 
represent arbitrary integers. 

(a) 3x - 1 = 6 . (f) 3x + a = b . 

(b) 5y + 3 = 5 . (s) ay + 2 = 3b , a / 0 

(c) 2(rn + 1) = 3 - (m + 2) . (h) 2(x - a) + 1 = 3a + 4 . 

(d) H - 3(w - 2) ='5w + 1 . (i) a - bx = c , b / 0 

(e) 5x + 3(1 - x) = 6 . (J) ax + b(c - x) = d , a / b 

2. For what 'values of K will each of the following pairs of 
rational numbers be equal? 

h^- (d) 

(b) f , I , K ^ 0 . (a) f , ^ . K / - . 

M i . . ^ 0 . (f) , , K ^ -1, 

Exercises l-6b ' : 



1. Find each of the following sums; all letters represent 
arbitrary integers. 

(f) f+f , b/o 

(b) a-T-^ + -|, a/b,d/0 

, b ^ 0 (h) 4- -^..^ . 

' ^ 0 (i) + (a - 2) , b / 0 

(J) + ' a / b 



(a) 


3 
IT 


-1 


(b) 


x 
2 


*i 


(c) 


5. 

7 


+ 1 


(d) 


_3 

x 


•^f 


(e) 


a 


-1 
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2- Find each of the following products; all letters represent 
arbitrary integers, 

i ' h ' a ^ b , d ^ 0 . 

(b) f • ^ . (g) ^ . ^ . . . ■ 

(c) f • 1 , b ^ 0 . (h) ^-+-2 . (a - 1) . 



3 — T 
(o) .b/0. (J) a^b. 



Exercises l-6c ' : 

1. Find solutions for each of the following and list the 

properties of the rational number system used. All letters 
represent arbitrary rational numbers. 



(a) 
(b) 


5x 

~J ~ 

7 ^ 


h . 

1 = 


6 . 


(f) 

(s) 


|(y - 1) 

3(x + 5) 
4 


2(3x - 

5 


• 

- 1) 


(c) 


£w + 


o 

T = 


1 . 


(h) 


2y + 3 
5 


y + 1 

2 


6y . 


(d) 
(e) 


5n - 

2x - 

3 


2 

3 ~ 
1 


h .' 

1 = . 


(1) 

(J) 


3 2x - 

2 3 


- x) X 

. t' — 

1 = X . 


+ 2 
3 



2. Prove each of the following where all letters represent 
arbitrary rational numbers except as noted. 



(a) 


If 


(b) 


If 


(c) 


If 


(d) 


If 



SL ^ ^ a + b c+d 

b " d 



then ^ = 2^ . b, d ^ 0 



a c . , b d y 

-b = d ' a = c • a,b,c,d ^ 0 

ac,, a + bc+d , ,/ 

^ = - , then = . a,b,c,d^O 

a c . , a-b c-d 

^ = -g- , then = . b,d ^ 0 
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Exercises l-7a^ 



1, Determine the order relation between the following pairs of 
rational numbers. 

IT ' m • (e) , , ^ ; a < b , a,b ^ 0 



2. V/rite a chain of Inequalities using the following: 
1 15 13 26 25 53 12 



3. Prove < 0 If and only If a < 0 , a 0 , and a In I . 

h. Prove: If and ^>f , then 'f > | when a,b,c,d,e,f 

m I , b,d,f ^ 0 . 



Exercises l-7b' 



1. Find five rational numbers between y and y . 

■ 2, Write a chain of Inequalities using the following: 

3. Prove - 1 a | _< a _< | a | for a in Q . 

U. Prove lab I = |al • |b| for a,b In Q . 

Exercises l-7c ' : 

1. 6 < 3x + 2 < 10 . 6. 2 < 3 - 2ra _^ 3 . 

2. < 2y + 7 < ^ . 7. -5 < - 2a < '3 . 

3. -2 < ^ ^ < 2 . a. - ■ 1 . 1.1 
^. -1 < 3 - X < 1 . 



^ - 3x 



5 - 3v 9. -1 < — < 1 • 

10. -1 ^ < 1 . 
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Exercises l-7d' 

1 



Solve the _i.;w.. for x 

(a) |x ^ . , dv - p| > . 

(b) U ^ . (g) > . . 

(cl) |2y : ', .. ^1 > 1 . 

(e) |4 - m ;> . (i) 1 < |x + 2| < 3 . 



(J) -1 < |2x - 3| < 1 . 
2. Prove Theorem:. --7a, b for a =^ 

l-l'** Miscellaneous Exercises . 

1. In which Of the number systems, N, I, Q, or R , does each of 
the following equations have a solution? 

(a) 2x + 6 . c . (f ) 23x - 5x = 7x + 6(1 + 2x) + 1 . 

Ti^ = 5 . (g) 3.5x + 14 = 2.1X + 60.2 . 

(c) 2 + X = 3x + 6. (h) - 2 = 0. 

1 + ^ = 1 • (1) 6x + 7(4 + x) - 6(3 - hx) ^ 0 , 

x^ = 4 , (J) iL+5 _ 2x+jf ^ ^ ^ 

2. Identify each of the following statements as being true or 
false. 

(a) [-1, 0, 1] Is closed under addition. 

(b) The set of natural numbers contains a greatest element. 

(c) The set of integers contains a least element. 

(d) The sum of a number and Its additive Inverse Is zero. 

(e) For each rational number x / 0 there Is a rational 
number — . 

X 
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(r) 


Ever- ^v;. -.r 


er the real numbers 


(s) 






(h) 


0 < X- .- 


■ real number. 


(i) 






V/hlch of the .l. 


;,D^_ properties of the 


Illustrated : : 


'oliowing? 


(a) 


3[h{x + 


— - + . 


(b) 


If 5 = :■■ 


■■-r-i 2y - E = 5 , then 


(c) 


If m < . 


2 3 
r mn < n 


(d) 


p + 2 = + 


1 . 


(e) 


If f f ^ . 


- c , , a + c a 

— ' -T -b + 


(f) 


(x + y)(;-: - y 


= (x - y)(x + y) . 


(g) 


(r + s) + .^^r 


- s) = (1 + q)(r + s) . 


(h) 






(i) 


If X + 3 y 


-r 2 , then x < y - 1 . 


(J) 


-a + b = b - . 





(b ^ 0) 



Determifce which ~ 
those which are 
involved. 



r follov;ing statements are true. For 
list the natural number properties 



(a) 6(4 + 5) = J . 4 + 6 • 5. 

(b) 6 + (4 . 5) = (6 + 4) . (6 + 5) . 

(c) 73 + 7 = 7 + ~'J . 

(d) 6(7 + 4) ^ 6 • 7 + 4. 

(e) 6 • 19 = 19 • 5. 

(f) 5(20 . 17 ^ = (5^ . 20) . 17. 
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(lO io - 7) - 6 = (7 + 5) + 6 . 

(i) (i; - 7) - 6 . o + (5 + 7) . 

(J) (j • 'i) - (3 • 6) = (it • 3) + (5 • 6) . 

(k) (12 + 8o) . (100 + 10) = (12 + 88) • 100 + (12 + 

(1) (3 • 7) + (8 • 2) = (8 • 2) + (3 • 7) . 

E:<;plaln why you get the same answer whether you add a 
of figures up or down. 

Use the symbol " < " to state order relations for each 
following pairs of real numbers. 

(b) -2, -5 . , . 5 12 

(c) , 0 . . 2 

(k) a,a^ for 1 < a . 

(d) 872536 , 8.2535 . ■ n ^ . .2 ' , , 

(1) a, a for |a | < i . 

(e) -0.1 , -0.001 . / > 

U) a, -a for a < o . 

^ ' ' . (n) a,a'^ for 0 < a < 1 . 



(f) 



"TTi' ~ '§3 ' (°) a,a'^ for -i < a < 0 

(h) ^ -i.- 

^ ^ 7 ' 13 • 

Solve the Inequalities as noted, 
(a) 2x + 3 < 7 ^ X in N . 
(-) 3y - ^- < 10 , y in N . 

(c' - 5 < :-P + 2 , p in N . 

/ j 2m 

^ ~ + 1 > 3m - 1 , m in N . 

(e) 2 < 5x - J| < 6 , X in I . 

(f) f - 1 < 3 - G , c in N . 
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it) r 1 P^'- I , c .,,n M . 

(n) : , y : N . 

(i) — < H , X ir, . 

( j) . < ...w + 5 < 10 , w in Q . 

(k) - < 1^ - 1 < 10 , y in R . 

(1) d + 3 < 5ci - 4 < 10 , d in I . 

(m) : ■ ■"■ ^ < 1 , X in R . 

S. Solve the following inequalities or equations as indlcc 

(a) lx| < 4 , in I . 

(b) y\ > ^ , in Q . 

(c) ol < -L , c in R . 

(d) l2p| < 8 , p in N . 

(e) i3n| > 5 , n in I . 

(f) 1|| + 1 = 4 , X in I . 

(g) l3m - 1| 3 < 2 , m in N - 

(h) - X = 6 , X in Q . 

(i) t ^ 1 = y - 1 , y in Q . 
(J) ^ + i- " "] I < 6 , c in Q . 

(k) llm - 1| < -1 TT ir I . 

(1) z - If 1 = 4 , in n . 

(m) . < ; _^ + l| < 5 , z _i R . 

(n) |:-:! 3 or lx| > 5 , x in Z . 
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9. Prcv the : i-...-,;:-^ statements :':r . il numiors. 

(a) - {:/ - ;: . (x - y) - z . 

(b) - :■ - : - z) = (x + w) - ' - + z) , 

(c) J < X ..... only if -x ■; 

(d) < 0 1: only If 0 < -:: , 

Prove -he fG..J.c: ;ir. - statements for - atural numbers using only 
the E,A,M,D j.. r ertles for naturc_ numbers. 

(a) ::(y + n = + y)- , 

(b) (x + y) - z ^ (;- + s) + y . 

(c) (x + y)z = xz -r ys . 

(d) X ^ (y + z) = y + x) + z . 

(e) (x + y)(v/ + z = xw + xz + yw -f yz . 
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i Chapter 2 

AN IMTRODUCTION TO COORDINATE GZ:Mr"HY IN THE PLANE 

2-1. The Coordinate System. 

Although you may have encoun -=re,: coordinate systems befoz-e, 
the Ideas of thi:s section are so iundar:;er.tal and so useful tha^ 
we shall state -.nem again. 

Coordinate jeometry, or analytic r-ometry, provides a mesns 
of treating geonietric problems by algebra. It was first Invented 
by a French mathematician named Rene Descartes (I596-I650) in 
1637. One very jreat advantage of anal—lc geometry over syn- 
thetic geometry is that it does ncr. deDsnd so rauct on Ingenuity. 
You will recall how very clever yciz neeried to be solve some of 
the so-called "original problems" of pisne geometry. Coorciinate 
geometry enables one to attack snch problems by a stralghtilorward 
method. The resulting algebra may be Irmg and involved, but leads 
iTievitably to the desired result.. Another important use cf 
analytic geometry is in the Illumination of algebraic wcrk. Ws 
Shall see, for exariple, ir: Chapters T and 8 how the algebra In- 
volved in solving 3ii-:J.taneous ec mt-ions takes on mare meaning 
when viewed in connecti.on with tr .reonretric curves or surfaces 
which the equations represent. 

You will recalL that the can:?f ct::.on ber;veen plane geomsrry 
-and algebra is made by the 1- •-odjcrtiicn ci' coordinate a^ces xri a 
plane. These are tv^ perp^-ciicula • s-rra-.^ght lines Inxer sec ting 
m a point 0, callea the o^^in (l^.g. 2-la) . The lines are 
■usually placed parallel to u: e ecges of the paper so that th-x- 
can be described in azi o'zvlot.^ way as horizontal and vertical. 
Let us call the horizontal one the x-axl s, the vertlcal~one the 
and label them wi:::h letters x and y, as indicated. 



131 



120 



Recall that on each axis we introduce a nur-oer scale, usually 
using the same unit on each azcis,.. wlxh the pclnr 0 as the zero 
point on each scale. In statistical graphs, f:r example, it is 
often desirable to use different scales on tn- two axes to distort 
or to emphasize. But for our purposes the sciiles will be the same. 
The scales are to be so chosen --trat points to -r::e rJ-ght of 0 on 
the X-axis and points above 0 cr the y-axls correspond to positive 
numbers. Such terms as "right" and ''above" have meaning if we 
agree to the position of the a^is described earlierc 

Now comes the vital point- iVe establish a one -to- one c orr e-- - 
spondence between the set of .^11 points in the Tlane and the 
of all ordered pairs of real numh-rrs. This mear.3 that each pclnt 
P of the plane will have corr-:t3.pcridinb to Ix: a r.-j2gle pair of real 
numbers, a first and a second (and hence orderecii; and convera^y 
that each such ordered pair, of rnumoers will hav^ c or r e spor dlin g 
it Just one point of the plane. How Is th_s ccrrs3p:onds::::::re tr: be 
establLlshed? If P is given, prc^ ecr 11: perpeOidlCTiLHrly Srs^ on 
the X— axis, second on The y-axis ^-d. r^ead aff r:^e corresponifcrg 
numbers from the scales. (The per^peEzLlcular zrrojecliion oZ a. 
point P on a line L Is the poln-t cl' liixev'sectzian of L and 1:h:e line 
through P perpendicular to L.* ) I> tne nu:n±:enr psLlr Is given., -erect 
perpendiculars on the axes at trn- j^ropr'^Hlje 5x::lnts. .Tlhsr potrrt P 
associated with the n'omber pair i:' t±ie un"-::que irn:ersectl.ar oj 
these perpendiculars. The two nuininiers c o r r e spon^^'n g to P are 
called the coordinates of P, the first its x-ooornilnate or 
abscissa , the second its y -coordinate or ordfaate . We place t;hes:e 
trwo coordinates in parentheses ordering tb;^^ from left to rlgnt.. 
In Pig. 2-la the point P, f rr er^^rnle, corre£?:'T:r:is to the -palrr 
(-2.5,2); -2.5 is the abscis:rE;\ _ and 2 : ordinate. 
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Pig. 2-la- 
Example 1. Plot the point P(-3,-2). 
Its projections on the 
two cLXes? 

Solution ; The projection 
M of P on the x-axis has 
coordinates (-3,0); the 
projection N of P on the 
y-axis is (0,-2). 



V/hat are the coordinates of 



y 

-2 



-1 



M(-3,0) 



0 



p -2 -1 

I ™ 

^ 

P(^r2) 



-1 



2 

IZ 



n-2 

N(0,-2) 
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Notice that the coordinate axes divide the plane into the 
four regions labeled I, II, III, and IV in Fig. 2-lb. The region 
I Is called the first quadrant, the region II the second quadrant, 
etc. Points on the axes are considered to be on the boundary lines 
and not In either of these quadrants. 

Exercis es 2-1 

1. Locate the follov/lng ordered pairs on one set of a^es: (1,5), 
(-3,2), (^4,-7), (5,-3), (13,2), (-6,2), (-10,-1). '(Be sure 
to label each point by means of Its coordinates.) 

2. Give the coordinates of the following points. 



y 





































































C 








,B 












































































































































































































































,D 












— 1 


A 










































































-10 
















F, 












5 








10 


























































































































































































































E, 




















H 























































































































3. Locate points (5,0) and (1,6) and connect them with a straight 
line. Locate points (-2,-12) and (5,9) and connect them with 
a straight line. What are i.i'K' coordinates of the point of 
Intersection? 

^. P(4,4) lies on a circle with its center at the origin. 

(a) I?raw a line from P(4,4) through the origin. Find the 

coordinates of a second point of the circle on this line. 
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(b) Draw perpendiculars from P(^,^) to both axes. Locate 
(i.e., give coordinates of) points on the circle other 
than P(^,^) which lie on the Intersection of the circle 
with each of these perpendiculars, 

(c) Can you give the coordinates of Intersection of this same 
circle with the axes? 

(d) Indicate the location of points whose number pairs 
satisfy: 

(1) x^ + y^ > 32 

(2) x^ + y^ < 32 

(3) + y^ > 32 

Repeat Problem 4 for the point P(x-j_, y-j_) . 

Draw through the origin the line L which bisects the first 
and third quadrants. 

(a) Find y for each of the following points on L: (2,y), 
(8,y), (-^,y), and (0,y). 

(b) Write an equation in x and y which v/lll be true " for 
every poln't (x,y) on L. 

One vertex of a square is the point A(6,6). The diagonals of 
this square pass through the origin. 

(a) Draw the square and find the coordinates of its other 
vertices. 

(b) Where do the sides of the square cross the coordinate 
axes? 

(c) What Is the length of its diagonals? 

P3ot the points A(6,o), B(0,6), C(0,0). What is the length of 
each side of triangle ABC? What is its area? 
Draw a line segment through 0(0,0) and A(6,8) extending into 
the third quadrant to A» chosen so that length OA = length OA". 
What are the coordinates of A»? What is the length of 'AA»? 

135 



[sec. 2-1] 



124 



10. Drav/ -^^e line segnen: conn-:tlng A(0,10) and B(l2,0). Let 

M be .\e midpoint of AB. Draw perpendiculars MA» and I^©' to 
the v dnd x axes r^^-.^pec::lvel'-. 

(a) hat are the : ocrcilnat--.:: of A*? 

(b) v.hat are the 2 0ordinat;e3 of B^? 

(c) ViTiat are the coordinates of M? 

*11. Plot A(-3,l) and B(5>lK Draw segment AB, Letter the pro- 
jection of B on The x-axls as C, the projection of A on the 
X-axis as D, 

(a) Give the coorcil; .-.tes of D. 

(b) Give the coordlr 'tes of C. 

(c) Give the lengtn of segment DC. 

(d) Give the coordlr:^tes of the projection of the midpoint- 
M of segment ^E: :Dn the x-axis. 

(e) Give the cc:crr±ijn£tit:e£' of M. 



2-2. The Distance Be:r-^ve^ I!wo Points. 

In this section we derive a fundamental formula which is 
useful in formulating ar.c Sulvrng many problems in analytic 
geonetry, the formula fcr rne distance beti^een two points. 

Suppose the two pclnts are called and P^. Let us denote 
the coordinates of uj {yz^,y^) and the coordinates of P^ by 
(x^rZ-^g)* "^^is notati-on i:5 extremely useful in analytic geometry. 
The use of letters with subscripts for the coordinates implies 
that the points may represent any pair of points in the plane, but 
at the same time allows to fix our attention on a particular 
pair for this discussiLcr.- Xeu us also denote the distance between 
P-j_ and by d(P^,P2). Unless otherwise stated, distance will 
always be non-negative;: tha.t is d(P^,P2) > 0. 

If the two points nappen to be on the x^axis, the problem is 
rather eas::. In this rase the coordinates of P^ and P^ become 
(x^,0) amd (x^^O), respectively* Suppose first that P^ is to the 
right of E^; that is x^ > x^. Then dCP^,^^) = x^ - x^. 
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The following diagram illustrates the three possible cases. 

d(P^,P2) = x^^^ = 2-(-l) = 3. 
d(P^,P2) = ^2~^1 = -l-C-'^) = 3. 



L .1 II 1 












If ?2 is to 
11 III 


1 1 1 1 

V 
A 

the left of P-j_; 

P(X ,0) P(X, ,0) 


. , .?^^). 


X 

y 

— ' 1 1 i « 




X 




X 



d(P^,P2) = x^-X2 = 5-2 = 3. 
d(P^,P2) = x^-X2 = l-(-2) = 3. 
d(P^,P2) = x^-X2 = -l-(-4) = 3. 



In either case d(P^,P2) can be written 1x2 - x^ ] . 
Similarly if P^ and P2 had been on the y-axis 

d(Pi,P2) = lyg - yil. 

We are now ready to return to the original problem, in which 
P-,^ and are any two points in the plane. To find d(P^,P2) we 

use the Pythagorean Theorem which- asserts that in a right triangle, 
the square of the hypotenuse is equal to the sum of the squares of 
the legs. First we construct a right triangle having P^P2 as 

hypotenuse as in Pig. 2-2a. R is the point of intersection of the 
line through P2 parallel to the y-axis and the line through P^ 

parallel to the x-axis. Its abscissa then is the same as the 
abscissa of N, the projection of P2 on the x-axis, namely x^. 
Its ordinate is the same as S, the projection of P^ on the y-axis, 
namely y^. Its coordinates then are (Xgjy^^). 
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T{0,ViJ 






M(x,p) ^ 


0 




N(X2,0) 




1 






X 




S(o,y,) 







Pig. 2-2a 
Then d(P^,R) = d(M,N) = jxg - 
and d(R,P2) = d(S,T) = jy^ - | . 

Since P^R and RPg are the legs of the right triangle P^^RPg, 
the Pythagorean Theorem tells us that 

[d(P^,P2)]2 ^ [d(P^,R)]2 + [d(R,P2)j2. 

Substituting Ixg - x^l andjyg - y^ | for d(P^,R) and dCR^Pg) 
respectively, we have 

[d(P^,P2)|2 = Ixg - xj2 ^ ly^ - yj2 

or 

^(Pl>^'2) Vl^s - ^ _ y_^|2^ 

since all distances are non-negative. 

Since Ixg - x^|2 = (x^ - x^)2 and - yj^ = (yg - , 
we have . 

d(p^,P2) =/(^2 - ^iTMya^^yi)^, 

and we have proved the following theorem. 
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Theorem 2-2a : The distance between P^(x^,y^) and P^ix^,y^) 
is given by 



2-2a 



d(Pl,P2) =A^2 - ^1^^ + (^2 - ^l)^- 



Example 1: Find the distance between the points 

(a) Pi(3,-2), ?^{7,-5) 

(b) ?^{-ll,7) 

Solution : (a) Take 3, = J, = -2, = -5. 

d(Pi,P2) =l/(7-3)2 ^ (-5+2)2 ^ 5^ 
Note that we could have taken x^ = 7, X2 = 3, y-j^ = -5, and = -2. 
That is, d(P^,P2) = d(P2,Pi). 

(b) Take x^ = -h, X2 = -11, y^ = 7, y2 = 7. 

d(P^,P2) =y(-ll + kf + (7 - jf 
= 7^7? = 7. 

Since = y2, the segment P^Pg is parallel to the x-axis. 

We may now use the distance formula to prove another useful 
result in coordinate geometry. 

Theorem 2 -2b; The coordinates of the midpoint M(x,y) of the 
line segment Joining the points P-j^(x^,y^) and P2(x2,y2) are given 

by the formulas: 



2-2b 



X = 



^1 + ^2 



y = 5 — 



Proof: It is enough to show that 
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By the distance formula (2-2a), 

^i^>^2) ~- - -2)' - - ^2)' - iy(-2-i)'-(y2-yi)^ 

Xn+x- y-,+yp 

Therefore M( — ^ — , . g . -) is the midpoint of '^{^2' 

Example 2: Find the midpoint of the line segment Joining the 
points (-2,5) and (0,-7). 

Solution ; Substituting in the midpoint formula (2-2b), we see 
that the required midpoint is (-1,-1). 

Exercises 2-2 

1. Compute the distance between the following pairs of points: 

(a) (4,-3), (-6,2); 

(b) (6,-3), 

2. The end points of a diameter of a circle are A(-2,4), b(4,2). ^ 
Find the coordinates of the center of the circle. 

3. Find the perimeter of a triangle whose vertices are A(5,7), 
B(l,10) and C(-3,-8). 

4. A(0,8), B(-3,2) and C(10,2) are the vertices of a triangle. 
Find the area. 

5. Find the midpoint, M, of the line segment Joining the points 
P-^(3,-5) and P2(0,-8). Check to see if the length of the 
segment P-^M is equal to i the length of the segment P^Pg* 

6. The vertices of a quadrilateral are P(4,-3), Q(7,10), R(-8,2), 
and S(-l,-5). Find the length of the diagonals. 
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7. Plot the points A(2,3), B(-l,-l) and C(3,-4), Prove that 
trlamgle ABC is Isosceles, 

8, A circle whose center Is at (^,-3) passes through point (9,9). 
Find the length of the. radius. Does the circle also pass 
through (0,0)? 

9» A line segment has a midpoint of M(3,-5) and one end Is at 

A(2,-4), What are the coordinates of the other end of the 
segment? 

10. A(-1,o) and B(-1,5) are the vertices of the base of an 
Isosceles triangle. What are the coordinates of the third 
vertex C? Explain. 

11. Develop a formula for the length of a line segment Joining 
P-|_(x^,y^) and the origin, 

12. Plot the points A(l,3), B(5,-1), and C(3,-3). Draw segments 
AB, BC, and AC. What are the coordinates of the midpoints 
N, P of these segments respectively? Find the perimeter of 
the triangle formed by connecting the points N, P. 
Compare the perimeter of A MNP with that of A ABC. 

13. Show that the points A(-4,-6), B(l,0) and C(ll,12) lie on a 
straight line, 

14. Determine the coordinates of the midpoint of the line segment 
Joining the points P^(x^,y^) with the point P2(2x^,2y^). 
Find d(P^,P2), 

15. A quadrilateral has as its vertices A(2,l), B(12,3), C(6,9) 
and D(4,7), 0, P are the midpoints of Its sides AB, BC, 
CD, and DA respectively, 

(a) Plot the points, 

(b) Find the perimeter of the quadrilateral MNOP, 

(c) Prove that the quadrilateral MNOP Is a parallelogram. 

141 



[sec. 2-2] 



130 



A square whose sides are parallel to the coordinate axes and 
one vertex is (a,b) and the length of a side is c. V/hat are 
the other vertices? Also, find the coordinates of the mid- 
points of each side of the square. 
*17. Shov; that the points A(l,l+b), B(3,3-fb), and C(6,6+b) are 
collinear . 

(NOTE: Other problems applicable to this section may be selected 
from the problem-set at the end of this chapter.) 



The Slope of a Line . 
In plane geometry we assumed that every pair of distinct point 
determines a line. However a line may also be determined by one 
point and the direction of the line. In coordinate geometry it i& 
useful to give the direction of a line in terms of the coordinates 
of any two distinct rroints on the line. For this purpose we 
define the slope, rn, of the line determined by P-j^(x-j_, y^^) and 

Fp(^'-;,yQ) to be , ^ , ^ 



However the slope of a given line, L, does not depend on the 
particular pair of points P-j^ and used to .determine the line. 
For, suppose P-^ and P^ are any other two points on L. Then we 
construct lines through P^^ and | | to the x and y axes 
respectively rr.eeting in R; similarly Tines ' through P^ and P^^ 
meeting in 3. See Figure 2-3a, 



2-3a 



m = 




(^1 ^ x^) 




S(x4.y3) 



f?(xpy 




R(x2.y,) 



X 



Fig» 2-3a 
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Triangles ^jR^2 ^3^^k similar. Why? Therefore the 
corresponding sides are in proportion. 

But this means m = ^ — = which shows that the slope 

^2 " ^1 n " ^3 

of a line is independent of the points used to determine the line. 

If we consider the absolute value of m, we see that it is the 

quotient of [y^ - y-j_| and [x^ - x-j^ | . But from Figure 2- 3a 

lyp - y^l is d(R,F2) ^ Ix^ - is d(P^,R). 

Hence the ar^solurte value of m measures the magnitude of the steep- 
ness of the line segment ^1^2* drop the absolute value 
symbol, the resulting quotient, zi., may be positive or negatl-ve. 

The slgr. is an important feature of the slope, for It enables, 
us to tell vinether a line rises or falls as we proceed from left 
to right. Let. us examine the various possibilities. If the 
numerator and the denominator are both positive (y^ > y^, > x-j^) 
then P2 is above and to the right of P-j^; if both are negative 
(y2 < ^1* ^2 -^1^ then Pg is below and to the left of P^. In 
either case m > 0 and the line rises to the right. (See 
Figure 2-3b.) 




Fig* 2^3b 
[sec. 2-.3] 



132 



A similar discussion holds for m < 0. The line Is horizontal 
If and only if = y-j_, and in this case the slope m = 0. The lln 
Is vertical If and only if = x-j_, in which case m is undefined, 

V/e may summarize the preceding results as follows: 



If 


m 


> 


0, the line 


rises to the right. 


T 


m 


< 


0, the line 


falls to the right. 




m 




Cy the line 


i^ horizontal. 


If 


m 


Is 


undefined, 


true line Is vertical. 



Example 1: Draw a line segment "^-^P^ through P^(2.6,-3) and having 
slope, 

(a) m - I • 

vd) m = - 3 
Solution : 

(a) Plot the point P^, Starting at P^ go three units to the 
right and then up 2 to reach: a second point P. Note that 
Pg Is not uniquely determined. For, the slope may also 
be written ^ and we could have gone 3 units to the left 
and down 2 units, thus arriving at a point satisfying 

the problem, in either case the line rises as we pro- 
ceed from left to right. 

(b) Go three units to the right and up (-4), that Is, down 
4 units. Note that the slope is negative and that the 
line rails as we proceed from left to right. As In the 
above, - may be written ~ or and P^ Is again not 
uniquely determined. 
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V/e nov; use the def ii.iti /- ■ of slope and the distance formula 
"to establish tv;o useful facts about parallel and perpendicular 
lines. 

T heorem 2-33. : Two non-vertical lines are parallel or the 
same if and only if they have the same slope. 

This theorem necessarily leaves out of consideration all 
vertical lines. But, of course, any two of them are parallel. 

Theorem 2-3b > Two lines neither of which is vertical are 
perpendicular if and only if trie product of their slopes is -1. 

The following proofs of these theorems may be used as review. 
Even if you have seen proofs in earlier work (by similar triangles) 
you may enjoy reading the follav/ing alternative forms. 

Proof of Theorem 2-3a : Let L-j_ and be two non-vertical lines. 
If they coincide there is nothing to prove. Both are horizontal 
if and only if they are parallel to each other and to the x-axis, 
and hence have the same slope, namely, zero. Thus, the theorem is 
proved in this special case. 

Assume now that neither line is hori^iontal. Choone any two 
distinct points P3_(x^,y^), T^2^''^2' ^^2^ ^1' ^^^^^^ 2-2b. 



y 



0 




X 
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Draw horizontal lines through and intersecting In 
Qli^l + h,y^) and Q2(x2 + kjy^), respectively. Now the liner 

and L2 are parallel If and only if d(P^,Q^) = d(P2,Q2). But 

d(Pi,Q3_) = d(P2,Q2) If and only If h = k. By the slope formula. 2-3a 

the slopes of P-j_P2 and Q^Q2 are 

^2-^1 X2+k-x^-h' 
respectively. These two numbers are equal If and only If h = k. 
Therefore, It follows that and are parallel If and only if 
they have the same slopes. 



Let us now turn to the proof of TKeorem Two lines, 

neither of which is vertical, are perpendicular if and only if the 
product of their slopes is -1 . in the proof of Theorem 2-2h we 
shall need the full statement of the Pythagorean Theorem. Al-tfaoush 
it may not have been emphasized to you, the Pythagorean Theorem 
works both ways. Its full statement Is: Th£ sum of the squar es of 
two sides of a triangle is equal to the square of a third side 
if and only if the triangle l_s a right triangle . _ 

Proo^ of Theorem 2- 3b : Suppose we are given two non-vertical 
lines and with slopes m^ and m2 , resp:eE±lvely . 

Either these lines intersect or are parallel to each other. If 
the latter is the case, they are certainly not perpendicular and, 
by Theorem 2-3a their slopes m^ and m^ are equal so that 

m^m2 cannot be equal to -1 . Thus we need only consider the 

case in which and intersect. Draw lines ' and Lg» 

(if necessary) parallel to and and such that ' and 

Lg' intersect at the origin. See Figure 2-3c. By Theorem 2-3a 

the slopes of ' and L^' are then m^ and m2, respectively. 
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/I 

/' 

^>i(1,m,) 




A, 


0 














^(l.mj) 







Pig. 2-3c 

Consider the points P^Cl^m^^) and ?^{l,m^). By Formula 2-3a the 
slope of 0?^ is m^^ and that of OPg is m^. That is, and ?^ are 
on L-,^ and L^, respectively. Hence, the triangle Pj^OPg is a right 
triangle with right angle at 0 if and only if 

[d(P^,P2)]^ [d(0,P^)]2 + [d(0,P2)]^ (by Formula 2-2a. ) 
[d(0,P^)]2 » (1 _ 0)2 + (m^ - 0)2 = 1 + ni^2 
[d(0,P2)]2 = (1 _ 0)2 + (mg - 0)2 = 1 + 

[d(P^,P2)]2 = (mg - m^)2 + (i . i)2 ^ „^2 _ ^ ^_^2^ 
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Hence [cKp^.P^)]^ = [d(0,P^)]2 + [d(o,P2)]^ If and only If 

2 2 2 P 

- 2m-j^m2 +m-j_ = l+m^ +1 + 



-.2m-j^m2 



2-3b 



m-j^m2 = -1 



Hence, by the Pythagorean Theorem, OP-j_ must be perpendicular to 
OP^ and, therefore, the lines L-^ and are perpendicular. This 
proves Theorem 2-3b, 

^^Ple 2: Given Pi(l,0), P^C^,^), P3(5,-3), P^CS^l). Show that 
P^P^ Is parallel to P^P^^ and perpendicular to P2^P3. 

Solution : m^ for P-j_P2 Is !^ = ^ 

^2 = 1 

^3 "^^^ ^1^3 ^ = - I 

m-j^ = nig and ni-j^m^ = -1. 

Example 3: By the Pythagorean Theorem show that P]_P2?3 
Example 2 Is a right triangle. 

Solution : [dCP^.P^)]^ = - O)^ + (4 - 1)^ ^ 25 
[d(,P2,P3)]2 = (_3 - 4)2 + (5 .. 4)2= 50 
[d(P3,P^)]2 = (_3 _ o)2 + (5 - 1)2^ 25 

[d(P2.P3)]2 = [d(P^,P2)]2 + [d(P3,P^)]2 

Example 4: Prove that the diagonals of a square are perpendicular 
to each other. 

Solution : This is our first example of the proof of a geometric 
theorem by coordinate geometry. We consider a square whose sides 
have length a. Here a is an arbitrary positive number. We use 
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the letter a instead of some specific number, such as 5, 
because we wish to prove the theorem for all squares. We now 
locate the axes so that two sides of the square lie along the 
positive axes and the vertex between these two sides is at the 
origin. The opposite vertex is then the point (a, a). See 
Figure 2-3d. 




Pig. 2-.3d 

By Formula 2-3a the slope of P-^P^ is = «1; the slope of OP3 is 
a-0 

= 1. The product of these slopes is -1. Therefore, the 
diagonals are perpendicular by Theorem 2-3b. 

Exercises 2-3 

1. Determine the slope of each line which passes through the 
following sets of points: 

(a) (10,5) and (6,8) . 

(b) (2,-2) and (U,2) . 

(c) (10,-2) and (l6,l) . - 

(d) (0,3) and (0,-2) . 

(e) (0,0) and (5,3) . 

(f) (-2,0) and (3,0) . 
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2. (a) On the same coordinate axes draw lines through P(5,6), 

each having a slope of -j; -3; ^; 1; 0. 

(b) Which line is ti-te steepest? 

(c) As the absolute value of the number for the slope 
increased, how do nhese lines compare? 

(d) What do you obser^-^ about the lines having slope of 
and -3? 

3. (a) Plot: and connect the points (3,2) and (7,-1); plot and 

connect the points (-4,1) and (0,-2). 

(b) Find the slope of each line 

(c) What can one say 3:bout these lines? 

4. (a) Find the slopes and the lengths of the sides of a tri- 

angle having the following vertices: A(3,2), B(6, 5), 
and C(3,8). 

(b) What do you notice about this triangle? 

(c) Find the midpoints M-j_, and of the sides of the 
triangle ABC. 

(d) From the data you now have in this exercise and knowledge 
of geometry, give the slope of MgM^, M^M^ and M^M^. 

5. Use the slope formula to show that the points A(-il,-6), 
B(1,0) and C(ll,12) lie on a straight line. 

6. Determine b so that A(b,5), B(l,3) and C(-2,l) are collinear. 

7. ,The line Joining (p,2) and (l,0) is parallel to the line 
Joining (2,3) and (-2,1). 

(a) Find p. 

(b) Substituting the word ''perpendicular" for the word 
"parallel", find p. 

8. Plot the points B(3,2), C(4,6), and D(2,8). 

(a) Show that ABCD Is a parallelogram. 

(b) Is ABCD a rectamgle? 
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9. Plot the points A(.3,6), B(2,^3), C(ll,2) and D(6,ll). 

(a) Show that ABCD Is a rhombus, 

(b) Show that ABCD Is a square- 

10. A square has Its vertices located at A(l,3), B(4,3), C(4,6) 
and D(ly6). Show that Its diagonals are perpendicular. 

11. If a line L has a slope ^, what Is the slope of 

(a) a line parallel to L? 

(b) a line perpendicular to L? 

12. (a) Find the slope of a line through the points Pj^(a,b) and 

P2(b,a); 

(b) Find the slope of a line perpendicular to the line 
through P]_P2' 

13. In the right triangle whose vertices are A(-12,l), C(9,3), 
and B(ll,-l8), which vertex Is the right angle? Explain. 

1^. The slope of a line through the point (2,3) Is 

(a) Give the coordinates of two other points which this 
line passes through. 

(b) Determine whether the line passes through the point 
(62,23). 

*15. A square has its vertices at A(a,b), B(a+c,b), C(a+c,b+c), 
D(a,b-fc). Prove that the diagonals are perpendicular to 
each other. 

*l6. If a^ b, and c are any real numbers, show that the points 
A(a,b-fc), B(b,c-fa), and C(c,a-fb) are collinear. 

•*17. A triangle has for its vertices: A(a,b), B(a+c,b), and 
C(a+c,b+d) . 

(a) Verify that this is a right triangle. 

(b) Determine the coordinates of the midpoint M of the 
hypotenuse. 
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Sketching Graphs of Eq uation s and Inequalities. 

V/e have established a one-to-one correspondence be'tween all 
ordered pairs of real numbers (x,y) and all points of the plane. 
Suppose we wish to fix our attention on only a part of the plane 
and hence on a subset of all number pairs. This will impose some 
restriction on the numbers x and y. It may appear as a condition 
upon X or upon y or upon both through some relation between them. 
For example, every point on the y-axis has its abscissa zero, 
and no point off the y-axis does. Hence, the equation x = 0 is a 
restricting relation on the set of all ordered number pairs which 
restricts the corresponding points to lie on the y-axis. The 
y-axis is called the graph of the equation x = 0 or x = 0 is the 
equation whose graph is the y-axis. In a similar way the graph 
of the f Juation y = 0 is the x-axis._ 

Another type of restricting relation is an inequality. For 
example, the inequality y > 0 holds for those points and for only 
those points which lie above the x-axis; the relation x < 0 
specifies the points to the left of the y-axis and those on the 
y-axis- 

The most frequent' ty:^ of restricting relation on the number 
pairs (x,y) is an equation oetween them. For example, the graph 
of the equation x = y is evidently the line L which bisects the 
first and third quadrants. See Figure' 2-4a. 
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The set notation gives us a convenient v;ay of describing briefly 
the restricting relations mentioned above. For example, the 
y-axis can be described by [(x,y) : x = O). That is, it is the 
set of all ordered number pairs (x,y) the first of which is zero. 
The line of Figure 2-4a is ((x,y) : x = y) . We now define formally 
what we mean by the graph of an equation or an inequality. 

Definition 2-^a. The graph of an equation or inequality in 
x and y^ i^ the set of all points whose coordin ates satisfy the 
equation or inequality . 

Example 1: Sketch the graph of the equation 

X - y - 1 = 0. 

Solution ; Let us choose a number of values of one of the 
coordinates, say x, -and compute the corresponding value of the 
other by use of the given equation. For example: 



X 


-2 


-1 


0 


2 


k 


y 


-3 


-2 


-1 


1 


3 



We may now plot the corresponding set of points as sample points 
on the graph. 
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2 
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-4 -3 -2 -\ 0 


■y / 

v4 3 4 ^ 
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Pig 
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We sketch the graph as well as possible from the sample points. 
In this simple case the points seem to lie on a straight line. 
When we make a systematic study of specific classes of equations 
and their graphs in Chapter 6, we shall show that the graph of 
every equation of the first degree is a straight line. 
E:< ample 2: Sketch the graph of the equation 

+ y^ = 4 

Solve for y to obtain y = --^A - x^. A table of sample 



2-4b 



Solution : 
points is 



X 


0 


1 


1.5 


2 


-1 


-2 


y 


:±2 


ii.7 


±1.3 


0 


±1.7 


0 




Pig. 2-.i|c 

We have sketched in the graph as if it were a circle. By use of 

the distance formula (2-2a) we may check that every one of the 

sample points is a distance 2 from the origin. In fact, the 
2 2 

equation x + y = 4 makes it clear that every point will have 
this property, and we see that the graph must be a circle. 
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Sketch the graph of the equation 

2 



y = X 



2x. 



X 


-1 


0 


1 


2 


3 


y 


3 


0 


-1 


0 


3 




Pig. 2-'^d 

We have connected the sample points by a '^sn^ooth, unbroken" / 
curve. If we wanted to check that this curve actually Is the 
graph, we might plot additional points. However, even then we 
would not be sure about what happens between any two points on 
the curve. Better techniques than simply plotting points will 
be developed in the remainder of this chapter and In succeeding 
chapters. 

Example k: Sketch the graph of the equation 
2-lld (x - y)y = 0. 

Solution; We noticed in Chapter 1 that the product, of two numbers 
is zero If and only if at least one of the numbers is zero. Hence 
the graph of Equation 2-4d Is the combined set of points satis- 
fying either . x - y = 0, ' 

or y = 0. 

We have seen at the beginning of this section that the graph of 
X - y = 0 is the line bisecting the first and third quadrants and 
that the graph of y = o is the x-axls. 
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Therefore, the graph of the equation (x - y)y = 0 Is the 
pair of Intersecting lines X. and X given In Figure 2~4e. 





y 












0 X 



Fig. 

Example 5: ^//hat Is the graph of 2x^ + 3y^ = -1? 
Solution : If we add 1 to both sides, we may rewrite the 
equation In the form 

2x- + 3y^ -f- 1 = 0. 

p p 

For any real numbers x and y, x and y are greater than or 

p p 

equal to zero and accordingly 2x + 3y + 1 Is certainly greater 
than or equal to 1 and therefore greater than zero. Hence there 
are no points on the graph of this equation; that Is, the graph 
Is the empty set. 

E xample 6: Graph the Inequality 0 ^ y < x; that is, 
{(x,y) : 0 < y < x). 

Solution : Suppose we first consider a fixed value of x, say x = 5. 
What is [(5,y) : 0 < y < 5)? The set of all points with 
coordinates (5,y) with no restriction on y is the straight line 
parallel to the y-axls passing through the point (5,0). (The 
equation of this line is x = 5.) See Figure 2-4f. However we 
are only Interested in those points (5,y) on this line for which 
0 ^ y < 5. But this, is just the line segment PQ with P Included 
and Q excluded. 
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Thus for each fixed value of x, ((x,y)' : 0 < y < x) consists 
Just precisely of the points on the line segment Joining the 
points (x,0) and (x,x), the first point Included and the second 
excluded. Therefore the graph of the inequality is shown in 
Figure 2-4g. 



V Q(5,5) 



P(5,0) X 




Fig. Pig. 2-4g 

In Figure 2-4g the graph includes points on the x-axls for which 
X > 0, but does not include any points on the line y = x. 

Intercepts , The abscissa of a point of a graph for which the 
ordinate is zero is called an x-lntercept of the graph; the 
ordinate of a point for which the abscissa is zero is called a 
y-intercep t. In sketching graphs it is helpful to obtain these 
special number pairs, if feasible. To obtain the x-intercepts, 
set y = 0 in the equation of the graph and solve for x; for the 
y-lntercepts, set x = 0 and solve for y. In the equation 
X + y = 4 of Example 2, the x-lntercepts are +2 and -2; the 
y-intercepts are +2 and -2. In the equation y = x^ - 2x of 
Example 3, the x-intercepts are 0 and 2; the y-intercept is 0. 
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Sym/netry* In Example 2, when we solved + y^ = 4 for y we ob- 
tained y = ^-i/l - x"^;, that Is, for every x between -2 and 2, we 
found two values of y wl- ich differed only in sign. A similar 
statement could be made if we had solved for x In terms of y. 
More Important, we notice that If (a,b) is on the graph, so Is 
(-a,b), and also (a,-b), and even («a,-b). If a curve has these 
properties we say that It Is symmetric with respect to the y-axls, 
the x-axls, and the origin, respectively. 

We now formulate these definitions more precisely and give a 
few examples of the kinds of problems in which they are helpful. 

Definition 2-4b: Two points are symmetric with respect to a 
line if the line is the perpendicular bisector of the line segment 
Joining the points . Each point is called the reflectio n of the 
other in the line . 

For example, if two points have the same abscissa and 
ordinates which differ only in sign, then one can be obtained from 
the other by a reflection in the x-axis. Thus, the points (a,b) 
and (a,-b) are symmetric with respect to the x-axis. Similarly, 
if two points have the same ordinate and abscissas which differ 
only in sign, then they are symmetric with respect to the y-axis; 
e.g., (c,d) and (-c,d). See Figure 2-4h. 



^(c,d) 



Fig. ^ 
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We shall say that a curve is .symmetric with r_espect to a line 
If every point on the curve goes into another Pplnt'on the" curve" 
when it is reflected in the given line. Thus the" circle'In 
Example 2 is syrcmetric with respect to any diameter, and the curve 
y = X - 2x in Example 3 is symmetric with respect to the line 
X = 1, which is the line parallel to the y-axis passing through 
the point (1,0) . 

The following rules are worth noting. If in an equation 
replacing x by -x results in an equivalent equation, whenever (x,y) 
satisfies the equation, so does (-x,y). Therefore, the graph of 
such an equation is symmetric with respect to the y-axis. 
Similarly if an equation equivalent to the original one is obtained 
when y is replaced by -y, then the graph of the equation is 
symmetric with respect to the x-axis. 

Definition 2-4c: Two points are syrmnetric with respect to a 
point if the point is the midpoint of the line segment Joining them. 

In particular the points (-a,-b) and (a,b) are symmetric with 
respect to the origin. And we say that a curve is symmetric with 
respect .to the origin if every point on the curve goes into 
axiother point on the curve when it is reflected in~the origin. 
Accordingly a test for symmetry with respect to the prlglrTis to 
replace x by -x and y by -y in the equation and if it~can"be made 
to assume its original form, the cux-ve is symmetric with respect 
to the origin. For example, the equation y = x becomes -y = -x 
which can be rewritten y = x by multiplying both sides by -1; 
the graph of this equation is therefore symmetric with respect to 
the origin. 

Similarly y = becomes -y = (-x)- which is equivalent to 
y = X and the curve is symmetric with respect to the origin. 

On the other hand y = x + 2 is not symmetric with respect to 
the origin, since (;^x,-y) is not on the graph whenever (x,y) is. 
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It is not always simple to discover symmetries with respect 
to general lines or points. But whenever they are easily dis- 
covered, they should be used to simplify curve sketching. This 
discussion of symmetry may be summarized as follows: 



The graph of an equation is symmetrical with respect to the 



X-axis 
< y-axis 
origin 



if an equivalent equation is ob- 
tained by replacing (x,y) by 



(-x,y) 



Exercise s 

Make a table of some number pairs which satisfy the following 
sentences. Use these to sketch the graph of each. 



(a) 


2x + y - 1 = 0 


(g) y 




(m) X 


> 2 


or y > 3 


(b) 






(h) X 


= |y - 2| 


(n) X 


> 2 


and y > 3 


(c) 


y - = 2 




(i) y 


> X 








(d) 


(x - l)y = 0 




(J) y 


< X + 3 








(e) 


xy 4- 3x '= 0 




(k) X 










(f) 


2 

y r= 2x'' - X 




(1) y 


> Ul 








Plot 


the point P(3,2). 












(a) 


Reflect it in 


the 


origin. 










(b) 


Reflect it in 


the 


X-axis. 










(c) 


Reflect it in 


the 


y-axis. 










(d) 


Reflect it in 


the 


line y = 


X. 








(e) 


Reflect it in 


the 


line y = 


-1. 








(f) 


Reflect it in 


the 


line X = 


2. 








Give 


the X and the 


y intercepts 


of the graph of 






(a) 


2x - y = 6. 






xy = 25. 








(b) 


x2 4- y^ = 1. 




(6) 


y^ + 9 = 


X. 






(c) 


y = §x. 




(h) 


X = ly|. 








(d) 


X 4- y 1. 




(i) 


|x| + 15 


= y. 






(e) 


y := x^ - ^, 




(J) 


x-^ + 2xy 


+ 3y + 


27 


= 0. 
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. Test for symmetry with respect to the origin and the axes. 



5. 



(a) 


2 ^ 

X + y - 9 


(g) 


x = y2 


(b) 


y = x^ + 5 


(h) 


X^ - y2 ^ 16 


(c) 


y = (x + 2)2 


(1) 


y = |x| 


(d) 


xy = 1 


(J) 


2 3 

^ = y^ 


(e) 


X + y = 3 


(k) 


3xy +6=0 


(f) 


2 2 
X = y 


(1) 


6 4 p. 
y = X - X + 2x^ 






(m) 


2 2 

.X y - xy + 6 = 0 


Use 


the Intercepts 


and symmetry to sketch the graph 


(a) 


y = 2x + 3 


(1), 


2 2 

X + y < 9 


(b) 


X = 2y + 3 


(m) 


x < -y2 + li 


(c) 


y = x2 


[n) 


(x"- 2Hx - y) = 0 


(d) 


y > X 


(o) 


xy + x2 = 0 


(e) 


y"-x2 


(P) 


x2 + 4y2 = 4 


(f) 


y = Ix| 


(q) 


(x - y)(xy) 0 


(e) 


■ y < |x| 


(r) 


x2 + y = -4 


(h) 


y = 1 - x^ 


*(s) 


xy + 6 = 0 


(1) 


X = y2 . 


*(t) 


9x2 ^ i^y2 ^ 3g 


(J) 


2 

X = y'' + 2 


*(u) 


x'' + 2y'^ < 16 


(k) 


2 2 
X'^ + y'^ ^ 9 


*(v) 


y = -x3 - 



*2-5. Analytic Proofs of G eometric Theo rems, 

In Section 2-1 It was mentioned that coordinate geometry 

provides a powerful and direct means of proving geometric theorems. 

A simple example was given in Section 2-3. V/e shall give some 

additional ones here. All our proofs are based on the three 

formulas of Sections 2-2 and 2-3. 

The first step in an analytic proof is the selection of the 

position of the coordinate axes in relation to the figure being 

discussed. Logically, no position of the axes is preferable. 

Practically, an appropriate choice of axes will simplify the 

coordinates of some points and reduce the algebraic work in a 

proof. \Ql ' 
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The next step is the assignment of coordinates to points 
which determine the figure. The positions of some points may be 
chosen arbitrarily, and these points must be assigned general 
coordinates; that is, letters unrelated to each other. Other 
points are then determined by the shape of the figure, and their 
coordinates must be expressed in terms of the previously chosen 
general coordinates • 

After this has been done, the geometric relations being 
discussed can be expressed algebraically. The proof then 
proceeds algebraically. 

Example 1: Prove that the median of a trapezoid is parallel to 
the base. 



y 



C (fac) 



B(d,c) 





X 



0 



Pig. 2«5a' 
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Solution : We Introduce axes so that one of the parallel sides of 
the trapezoid lies on the x-axls and one vertex Is at the origin. 
Figure 2-5a. The vertex A can lie anywhere on the x-axls so 
that Its abscissa must be general. Accordingly A Is assigned 
coordinates (a,0). Similarly, C can be any point In the plane, 
so It Is assigned general coordinates (b,c). Now, however, the 
coordinates of B are restricted by the requirement that the side 
CB is parallel to the side OA. This will be true if and only if 
the slope of CB is the same as the slope of OA by Theorem 2-3a 
(slopes of II lines are equal). Since the slope of OA is 0, the 
ordinate of B must be c. The abscissa d of B is general* 
By the midpoint formula 2-2b, the midpoint M-j_ of 6c is 
the midpoint of AB is |) . By the slope formula 2-3a the 

slope of M-j_M2 is 0. By Theorem 2-3a, is parallel to OA, and 

the theorem is proved. 

Example 2: Show that the diagonals of a parallelogram bisect each 
other, 

\y 




X 



Pig. 2-5b 
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Solution : V/e place the axes as in Example 1, and again assign 
general coordinates (a,0) and (b,c) to A and C, Figure 2-5b. 
Now, however, the coordinates of B are determined by the two 
conditions that CB is parallel to OA and tha't BA is parallel to 
CO.. The first condition requires, as before, that the ordinate 
of B is* c. If we let d c-snote the abscissa of B then, by 
Theorem 2-3a, the second condition requires that 

c-0 _ c-0 

that is, d = a + b. 

Now, the midpoint of the diagonal AC is (—5-*'^) and that of 

OB is i^^,^) by the midpoint formula 2-2b. Since these midpoints 

coincide the theorem is proved. 

Example 3: Show that "the midpoint of the hypotenuse of a right 
triangle Is equidistant from the three vertices. 
Solution: Choose the axes as in Figure 2-5c. 





y 






«B(Qb) 
















0 


(QO) 


A(aO) 



Fig. 2-5c 
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The ir.idpoint M of AB han aoor'dinates . Hence 

■d(M,A) .v^a-f)^ + ..ly^^T^ 

d(0,M) 0)" + (|.of = i/a2 + b2 

^ ^ 

Exarnple ; Prove that the perpendicular bisectors of the sidef^ of 
a triar.j'le meet in a point. 

Solut Lon: Choose the x-axis along one side of the triangle and 

the y-axis as the perpendicular bisector of this side (Figure 2-5d), 




Pic. ^-'-'jd 

We c;hoo.:.u f.oneral c:oor,\,linatos (a,0) and (b,c) for D and C, 

The coordinates of A arc (-a,0) since 0 is the midpoint of AB. 

The <,joor'nnali.\,'> oT Ihu riiLdpolntn M-j^,M, of DC and AC are determined 
from the .nMpolra I'oriirjla .'-.'U. 



.1 6 5 
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Let us find the coordinates of the point P at which the two 
perpendicular bisectors PO and PM^ Intersect. Since this point 
lies on the y-axis, it has abscissa zero. Its ordinate is an un- 
Knov;n number y which we have to determine. By the Formula 2-3a, 

Slope of BC = 

Slope of PM = ^—-^ 

By Theorem 2- 3b, concerning slopes of non-vertical perpendicular 
lines, the product of these slopes is -1. Thus 

Solving this equation for y, we have 

y - ~2c 

That is, the point of intersection of the two perpendicular bi- 

r 2 «2 , 2 1 

sectors at and at 0 is (o, ^ — ^ — ^"^^ proceed in 

exactly the same v/ay to find the Intersection of the two perpen- 
dicular bisectors at and at 0. The data are exactly as 
before except that a is replaced by -a throughout. Con- 
sequently, v/e need not do the algebra again but have only to 
replace a by -a in the result. But since a ^ (-a) , that 
result is unchanged and we see that the second point of inter- 
section cQincides with the first. 

V/e emphasise the importance of assigning coordinates so that 
the fii:jure determined is the most general one of its kind. There 
are two requirements here. The figure must have all of the pro- 
perties stated in the theorem, and it must have no additional 
propcrtlen. Thus, in Example 1 the figure is a trapezoid, that 

1 0 0 
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is, a quadrilateral v/ith tv/o sides parallel. It would be wrong, 
therefore, to assign to the point B in Figure 2-5a the general 
coordinates (d,e), since then the points 0, A, B, C would be the 
vertices of any quadrilateral. It would be equally wrong to 
assign to B the coordinates (a,c), since then the trapezoid would 
have a right angle at A. 

Exe rcises 2--5 

,Use coordinate geometry to pro\'e the following theorems: 

1. The line Joining the midpoints of two sides of a triangle is 
parallel to the third side and its length Is one-half the 
length of the third side. 

2. If the diagonals of a parallelogram are perpendicular, it is 
a rhombus. 

3. If the diagonals of a quadrilateral bisect each other, it is 
a parallelogram. 

^. The lines Joining the midpoints of the sides of a rhombus 
form a rectangle. 

5* The sum of the lengths of the perpendiculars drawn from the 
midpoints of two sides of a triangle to the third side equals 
the length of the altitude drawn to the third side. 

6. The lines Joining the midpoints of the sides of a triangle 
divide the triangle into four congruent triangles. 

7. The lines Joining the midpoints of the opposite sides of a 
quadrilateral bisect each other. 

8. If one of the equal sides L of an isosceles triangle is 
extcr ded by its own length through the vertex opposite the 
base to P, the line from P to the vertex not on L is 
perpendicular to the base. 

9. Lines Joining the midpoints of the sides of an isosceles 
trapezoid form a rhombus. 
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S^^s Satisfyin g Geometric Conditions. 
In Section 2-^ we considered the question of determining the 
set of points whose coordinates satisfied some restricting 
relation. In fact v/e concentrated on sets whose coordinates satis- 
fled an equation. In this section we reverse the question and ask 
for an algebraic description of the set determined by some 
geometric condition. Ilie machinery of analytic geometry is 
ideally suited for this task. V/e use the results of the preceding 
sections to write algebraic descriptions of geometric conditions. 
Example 1: Descrloe the set of all points at a distance 1 from 
the origin. 

Solution ; Geometrically, the set of points on a circle with 
center at the origin and radius 1, satisfies this condition. This 
is a perfectly good description of the set. However, we could still 
describe the set algebraically by using an equation to express the 
given geometric condition. 

Let P(x,y) be any point satisfying the condition. 

Then d(0,P) = 1. 

Using the distance formula (2-2a) 



This algebraic condition is simply a straightforward algebraic 
translation of the geometric condition. 

Example 2; Find the set of all points which are twice as far 
from the origin as from the point (2,0). 

Solutio n ; In this case, we may have no idea what the geometric 
description of the set is. However, it is still easy to write out 
the algebraic description. 




or 



X -f y 



= 1. 
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Suppose P(x,y) is any point of the set and let A be the point 



Simplifying we get 3x - l6x + l6 + 3y = 0, 

In Chapter 6 v;e shall show that this set is actually a circle; 
however the fact that we are able to describe the set algebrai- 
cally even though we are unable to guess the geometric description, 
shows the power of the methods of analytic geometry. 
Example 3: Describe the set of points the siim of whose distances 
from two perpendicular lines is 1. 

Soluti on: Choose the perpendicular lines to be the coordinate 
ajces. Let P(x,y) be any point with the required property. 



(2,0). Th»-n 



d(0,P) - 2d(P,A) 




or- 



x^^ + y^ = M(x ^ 2)2 (y . of]. 



y 



Pjx.y) 



N(0,y) 



X 



M(xP) 



0 



Fig. 2«6a 



Then the distances of P from the perpendicular lines are 



d(N,P) =\/(x ^ of + (y ^ yf = = |x|. 



d(M,P) ^\/(x ^ x)^ + (y ^ 0)^ - Vy^ - |y|. 
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The geometric condition can now be written 



d(N,P) + d(M,P) 



/2* 



or 



|x| + |y| 



If we want to sketch the graph of the set of points whose 
coordinates satisfy this equation, v/e might use the methods 
developed in Section 

The intercepts are (0,1), (0,->l), (l,0), (-1,0). 

The. tests for symmetry tell us that the graph is symmetric 
with respect to both axes and the origin. Hence if we plot the 
part of the graph in the first quadrant we can sketch the rest 
by symmetry. If x > 0, y > 0, then the equation can be written 
X + y = 1. The part in the first quadrant is shown in Figure 2-6b. 
The complete point set is shown in Figure 2-6c. 



We shall use this algebraic technique for describing sets 
satisfying geometric conditions extensively in Chapter 6 when we 
make a systematic study of equations of the first and second 
degree in x and y. 





Fig. 2-6b 



Fig. 2-6c 
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Exercises 2-6 
In each exercise the point set should be plotted. 

1. Write the equation describing the set of points which are at a 
distance 2 from the origin. ^ 

2. Write the equation of the set of all points which are at a 
distance 1 from the point C(l,0). 

3. Write the equation of the set of all points which are at a 
distance 3 from the point C(0,2). 

Write the equation of the set of all points which are at a 
•distance 5 from the point C(2,3). 
3. Write the equation of the set of all points which are k units 
from the point C(-l,3). 

6. Write the equation of the set of all points at a distance r 
from the point C(h,k). Describe this set geometrically. 

7. Write the equation of the set of all points which are equi- 
distant from the points A(3,0) and B(5,0). 

8. Write the equation of the set of all points which are equi- 
distant from the points A(-2,t5) and P(3,2). 

*9- Write the equation of the set of all points which are equi- 
distant from the points Pi(x^,y^) and ?2^^2'^2'^' Describe 
this set geometrically. 

10- Write the equation of the set of points each of which is 
• twice as far from A(-2,0) as it is from B(l,0). 

11. Write the equation of the set of points each of which is the 
vertex of a right triangle whose hypotenuse is the line 
segment Joining (-1|0) and (l,0). Describe this set 
geometrically. 

^12. Wr-ite the equation of the set of points each of which is the 

midpoint of a line segment of length 2 having its endpolnts on 

tv;o perpendicular lines. 
13. Write the equation of the set of points each of which Is the 

center of a circle which 1'. ' angent to the x-roxis and which 

passes through the point (0,l). 
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14. . Write an equation whose only solution is x = 0, y = 0; that 

tfl, give an equation for the origin, 

15» Write an equation for the semicircle of radius 2 with center 

at (0,0) and lying to the left of the y-.axls. 

16. V/rlte an equation of the set of all points (x,y) such that 

the area of the triangle with vertices (x,y), (o,0) and (3,0) 

is 2. 



2-7. Supplementary Exercises for Chapter 2, 

1, Discuss the symmetry and the Intercepts of the graph of each 



equation 








(a) X = 


5y - 2 


(1) 


y2 - x2 = 16 


(b) 3x2 


+ 3y2 = 12 . 


(J) 


y = -2x + 3 


(c) 2x2 


- y = 3 


(k) 


X = |y| 


(d) 2x2 


+ 3y2 = 18 


(1) 


y = 2x2 ^ ^ 










(e) 




(m) 


16x2 + 9y2 


(f) y = 


-x2 + 7x - 6 


(n) 


2 2 
X + 6x + y 


(g) y = 


2 

X - 1 


(o) 


y =■• (x - l)(x 


(h) X = 


o 

+ y 


(P) 


|x + y| =0 



2. Sketch the graph of each of the above equations, 

3. (a) Describe a line parallel to the y-axis in terms of 

coordinates, 
(b) Similarly, for the x-axls, 
Sketch the graph of the following: 

(a) ((x,y) : x^ + y^ - 9) • [Read "x and y such that x^n-y^ = 9 

(b) [(x,y) : x^ + y^ > 9) . 
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(c) [(x,y) 

(d) [(x,y) 

(e) [(x,y) 

(f) ((x.y) 



2 



X" + y" < 9) . 
ix| 4- |y| = 9) . 
|xi + |y| > 9} . 

(x > 0 and y > 0) and (|x| + |y| < 9)]U.. 



((x,y) : (x < 0 and y < 0) and ( |xi + |y| < 9)]. 
(s) ((x,y) : |x| + |yi < 9)0 ((x,y) : x^ + > 9] . 

5. (a) Plot the points A(0,-3), B(-2,l) and C(6,5) and connect 

them with lines, 

(b) Show that the triangle formed is a right triangle. 

■ (c) Find the slope of the hypotenuse, 

(d) Find the;, area of the triangle. 

6. Given the points A(6,2), B(8,-6) and C(10,0) 

(a) Find the distance between the midpoint of AB and Xc. 

(b) Find slope of line through the midpoint of AB and BC. 

7. Given the points A(2,M), B(4;-.2) and C(-3,-l). V/hat kind of 
triangle is ABC? 

8. Given the points A(2,-.3), B(-l,2) and C(a - 1, a - 3), D(2a,3a) 

(a) Find the value of a for which the line CA will be J_ 
to the line CB. 

(b) Find the value of a for which the line CD will be 
parallel to the line AB. 

Q. Find the equation of the set of all points equidistant from 
A(0,0) and B(6,3). 

10. Find the equation of the set of all points whose distance from 
point A(2,0) is 3 units and for which y > 0. 

11. Prove the diagonals of a rectangle are equal in length. 

12. Find the other end of a line segment if one end is (-^^,8) and 
the midpoint is (-^,1--). 

13. Plot the pol.ntL: A(-3/j), B(5,-2), C(10,10). Show that the 
line nefr,ment joininf:; the midpoints of AC and BC is parallel 

and it:' len^sth Is equal to one-half the length of AB. 
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l^r. Determine y so that the point P(l,y) lies on the perpen- 
dicular bisector of the line segment Joining the points 
A(3,2) and B(7,6). 

15. V/rlte the equation of the set of all points 

(a) a distance 7 from the x-axis. 

(b) a distance 7 from the y-axis, 

(c) a distance 7 from the origin. 

(a) a distance 7 from the x-axis and a distance 7 from the 
y-axis» 

16. Show that the point C(6,3) is on the perpendicular bisector 
of the line segment whose endpoints are A(3,2) and B(7,6). 

17. ■ A circle with center at the origin passes through the 

point (a/o). vmich of the following points is on the 
circle? 

(a) (-a,-.b) 

(b) (a,-b) 

(c) (-a,b). 
Explain. 

18. Write a set description of the set of all points 3 units from 
the origin in which the set is restricted to 

(a) zhe first quadrant. 

(b) the second quadrant. 

(c) the second or third quadrants. 

(d) the first or third quadrants. 

19. Write a set description of the set of points inside the 
triangle formed by the axes and the line 2x + y = 3, 

20. Write the equation of the set of points which is the vertex 
of an isosceles triangle whose base is the line between the 
points A(-3,5) and B(^,-l), 

21. A line segment of variable length has its endpoints on the 
coorciinate axes, forming with them a triangle whose area is 
constant. Write the equation of the set of midpoints of the 
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22. Find the slope of the line which Is tangent to the circle 

+ = 25 at the point P(-4,3)'. 

23. Sketch the graph of the following set of points: 

(a) [(x,y) : y - 4] 

(b) [(x,y) : y < O-^and y = ^ 4] 

(c) [(x,y) : X < 0 and y = x^ ^ 4} 

(d) [(x,y) : (y > 0 and X > p) and (y = - 4] 

24. Plot the points A(0,-3), B(-2,l) and C(6,5)- Connect these 
points with lines forming the triangle ABC. Plot A', B», 
and their reflections In the x-axls. Connect these 
points with lines forming the triangle A'B'C. Compare the 
areas and, the perimeters of AABC with those of AA'B'C^. 

Challenge Problems 

1. Derive a formula which divides the line segment P]_P2 in the 
ratio r^ : rp. Use this Information to prove the medians 
of a triangle Intersect In a point that Is the distance 
from a given vertex to the midpoint of the opposite side. 

2. Given the points A(l,-2), B(5,4) end C(-3,4). Determine 
the coordinates of the centrold of AABC. 

3. Suppose that a rectangular grid Is constructed so that the 
units marked off on the x-axls are twice as long as those 
on the y-a;cls. Develop a suitable formula for the distance 

. between any two points F2(^i>y]_) and T^2^^2'^2^ ^^^^ 
coordinate system. 

Design a new coordinate system such that the first of an 
ordered pair of numbers represents the slope of a line 
passing through the origin, and the second the length of the 
lir\e. By convention + slope v;lll mean a line rising to the 
rlCht ar.:i - slope will mean a line rising to the left. 
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A + line length v/111 mean above the horizontal and a - line 
length below the horlzbntal. Let the ordered pairs of 
numbers be represented by the letters s and d such that 
any point P can be represented as p(s,d)." 
Ouestions: 

(a) Can you find the equation of a circle In this 
coordinate system? (Remember--a graph Is a set 
of points each of which satisfies the equation,) 

(b) V/hat Is the equation of a straight line passing 
through the origin? 

(c) Draw the graph of d = ks, where k is a constant. 

(d) Find the equation of a vertical line that does not 
pass through the origin. (Hint: Use the perpen- 
dicular distance p from the origin to t he lin e 
and the Pythagorean Theorem.) Ans. d = p/s^ + 1. 

(e) See if you can find the equation of any line. 



Chapter 3 

THE FUNCTION CONCEPT AND THE LINEAR FUNCTION 

Informal Background of the Function Concept , 

The function concept is one of the most basic concepts of all 
mathematics and this v;hole chapter is devoted to the study of that 
important idea. We first try to form some idea of what the 
concept is about in an Informal way. 

We base our discussion of functions on sets. Mathematicians 
studied functions long before they talked about sets but they were 
led to formulate the function idea in terms of sets in order to 
make their study of this topic as clear as possible. 

In order to have a function three things are required: 
a set called its domain; a set called its range; and a rule for 
pairing a member of the range with each member of the domain. 

' ^^"^Pl^ 3-1 : Multiplying integers by 2 gives us an example 
of a function. The domain of this function is the set of all 
integers. The range of the function is the set of all even in- 
tegerc^. . 

If you have already studied functions you have probably con- 
sidered only those functions which pair numbers with numbers. For 
the functions we are studying now neither the domain nor the range 
has to be a set of num.bers. The addition table for v/hole numbers 
defines a function whose domain is not a set of numbers. It 
assigns u v;hole number to each pair of v/holc numbers, namely 
their SU.T1. The domain of this function is the set of all pairs of 
whole numuers. Its ran^e is the set of all v;hole numbers. For 
Instar'.cc Iho acv.i It lor: I'uMclion asGi^::ns 10 to Ihe pair (11,8) 
and :?rj to Iho pair (12,1^0 . 
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Exercises 3-1 

Each of the following phrases suggests a function. Describe its 
domain, its range, and its rule. 



1. 


Areas of triangles 






2. 


The multiplication table 


for 


positive integers 


3. 


Election returns 






4. 


People's first names 








People's ages 






6. 


Population of cities 






7. 


A dictionary 






8. 


The relative nearness to 


the 


sun of the various planets 


9- 


Batting averages 






10. 


Absolute values 







Give some examples of everyday circumstances which suggest functions 



3-2, Formal Definition of Function , 

Definition 3 -2a: Let A and B be sets and let there be 
given a rule which assigns exactly one member of B to each 
member of A . Then the rule, together with the set A is said 
to be a function and the set A is said to be its domain . 
The set of all members of B actually assigned to members of A 
by the rule is said to be the range of the function. 

The word "rule" must be understood here to cover many 
differerr. kinds of schemes for making assignments. Sometimes 
a rule is an algebraic expression, but sometimes it can be just a 
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ll:.>t of arbllrary paLr.Lri{53 vM.tli lio unMerly ini; pattern. Example 3-3a 
iliuctrate-; inc rit'3t kind arui blxarnple 3--3b illustrates the second 
k.lrv.1. Both the darrialn of a l^^rictlon and the ran;:;:e of a function 
are r>et3 hut they are suh.lectod to quite a! ffereiit regulations. 
Every rriernher' of Ihe domain oV a futiction ha^ exac-tly one member of 
the r'anr.e a:3c, L;r^^e::l to It. Hov/ever an individual member of the 
ran-:e of a furiotlon can be asGir.ned to several different members 
of its domain. 

The definition of function gives no instructions about which 
sets are to be used in the construction of functions. It gives no 
clues as to how to find the assignments that it mentions. V/e have 
to <r^o beyofid the definition to show how sets are selected and how 
rules acfj made to obtair. useful and interesting functions. 

Example j-L:a: The Constant Function. Let A be the set of 
all real numbers and let b be any real number. Then assigning 
b to each real number gives a function whose domain is the set A 
and whose range is (b] . Any such function v/hose range contains 
exactly one member is called a constant function. 



Example 3-:-b: The r.dentity Function, Let A be the set of 
all real numbers and assign each member of A to itself. These 
assignments constitute a function whose domain is A and whose 
range is A . Any such function v;hich assigns each member of the 
domain to itself Is called an 1'-^ ntity function. 

^£?£Si£ 2zl£' r'^ultipli catlon Regarded as a F unct ion. Let A 
be the set of all pairs (x,y) of real numbers and assign to 
each number (x,y) of A the pi-oduct xy . These assignments 
constitute a function whose domain is A and whose range is the 
set of ail t^eal numbers. i r7 a 
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Exercises 3-2 

Kach or, the rclLov/inc defines a function., Describe its domain 
cir.'.i rari;^e . 

(a) Ar.Gl.KH to each real number x the number x -f- 2 • 
(l)) A:::',^ L,! ;n to each real number x the number -jx . 
(c) Assif-^n to 6?acli real number x the number |x| • 
(■i) A:33j.-:;n to each real number x the number x^ . 

(e) Aij55if-;^n to each real number x the number (x + 15)^ . 

(f) Assi;;;n to each real number x the number ^ . 

(r.) AssLcn to each even integer the number 0 and to each 

odd inte[./:er the number 1 . 
(h) A^.;sicn to each point in the plane the point 2 units to 
the right and 3 units down, 
-(i) Assign to each rectan^^le its area, 
(j) Assign to each pair of distinct points in the plane the 
distance betv;een them. 

Let A be (1,2,3} and let B be [^,5] . 

(a) Def Ir^.e a fiinction v/hose domain is A and whose range 

J- o L) » 

(b) Define a function whose domain is A, v/hose range is A, 
and which is not the identity function. 

(c) Define a function whose domain is B and whose range 
Is D . 

(d) Show that ther'e is no function whose domalii is B and 
whose ran?:e i s A . 



3-3.- Notation for a Function. 

It is customary to denote func ^ons by single letters such 
as f, c and h . If x is any member of the domain of 
function f, then f(x) means the element assigned to x by the 
function f , 

N£te: The expression f(x) is read "f of x" . Some people 
prefer to read it "f at x" . 
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Example 3- 3a: Let the function f have for its domain the 
set of all real numbers, for its range the set of all non-negative 
real nurnberr., and for its rule the assignment to each real number 
of its square. Then f(2) = 4, r(3) - 9, f(0) = 0, f(-3) = 9, 
f(x) . 

Sorr.etirnes this notation is used to cover more complicated 
situations. By r(g(x)) we mean the expression obtained by 
substituting g(x) for x in r(x) . 



Example j-3b: If r(x) 3x and g(x) = 2x then 

^i&M) - 3(2x) = 6x 



Example 3-3c : If f (x) 3x^ + 2 and g(x) = 4x - 1 
r(g(x)) . 3(Hx -1)2+2 



then 



" The idea here is that if it makes sense to substitute an 
expressior. E for x in f(x) then the symbol f(E) is used 
to describe the result of performing this substitution. 



E:xample 3~3d: If f(x) = x^ - 3x -f 2 then 

f(2h -f h) ^ (2h -f - 3(2h + 1|) + 2 



Exercises 3-3 

1. Given that f is the function v;hose domain is the set of all 
positive integers [1,2,3, ...} and which pairs with each 
integer x the integer 3x. (a) What is the range of f" ? 
(b) f(n) . ? ^ (c) f(6) ? , (d) f(a) = ? , (e) f(3a) = ? 
(f) r(2 x) . ? , (g) Does f(3x) = 3f(x)? 
(h) Does f(;x ^0 3f(x) -f J|? 
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2. Given that f is the function whose domain is the set of all 
positive integers, (1,2,3, •••} which assigns 0 to the 
even integers and 1 to the odd integers. (a) V/hat is the 
range of f ? (b) f(2) = ? (c) f(3) ? (d) f(l04) = ? 

(e) Does f(3) f(5) = f(3 + 5) ? 

(f) Does f(3) -f. f{4) =z f(3 + 4) ? 

(g) Does f(2) -f. f(4) = f(2 + ^) ? 

(h) Does f(3) . f(4) = f(3 • 4) ? 

(i) Does f(2) • f{h) = f(2 • h) ? 
(J) Does f(x + 2) = f(x) V 

(k) Does f(x + 1) = f(x) ? 

(l) Does f(x . 2) = f(x) ? 
3# Let f be a function v;hose domain is ^(x : -1 < x < 2} . 

If f(x) = lx|, what is the range of f ? 
^. Let f be a function v;hose domain is the set of all real 

numbers. If f(x) = |x| - x, what is the range of f ? 



3-^. Fun ctions Defined by Equations . 

Many of the functions v/e shall meet have sets of real numbers 

for their domain and range, and have rules which are expressed' by 

algebraic equations. For instance the function defined in 

Example 3-3a is such a function. These special functions are 

often 'defined only by giving the rule, with no mention of the 

domain and range. This causes no confusion if the student knows 

how to supply the proper domain and range himself. Usually in 

what follows, if a function is discussed whose domain is not 

given explicitly, its domain is understood to be the set of all 

o 

real numbers. For instance, the equation y = 3x'" + 1 
can be used to define a function whose domain is the set of all 
real numbers, whose .range is (y : y > 1} and v/hose rule is to 
pair with each real number x the number 3x + 1. It is 
customary zo express all' this information in more compact form by 
referring to "the function defined by the equation y = 3x + l" . 
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If v/e apply this agreement to the equation y = — ^ we 
see that this equation does not define a function whose domain is 
the set of all real numbers. The right member of this equation 
is meaningless for x ^ h . Nevertheless, the equation y = -l ^ 

can be used to define a function provided a se ; ^al numbers 
v/hlch does not contain the number 4 is specific. . aS its domain. 
We therefore modify our agreement. \^en we encounter an equation 
of the form y = f(x) we assume that the function it defines has 
for domain the set of all real numbers which can meaningfully be 
substituted for x in f(x), unless sorae other domain is given 
explicitly. For instance "the function defined by the equation 

y = 3 ^ ' v T i means the function whose domain is the set 

(x : X < 4 or X > whose range is {y : y < 0 or y > 0} 

and whose rule is to pair ^^^^ ^ach number x in its 

domain. 



Exercises 3- 



1. Let f b^e the function defined by bhe equation y = 2x 4- 6. 
(a) vmat is the domain of f ? (b) V/hat is the range of f 
(c) f(2) = ? (d) For what value of x does f(x) = 100 ? 
(e) For what value of x does f(x) = 0 ? 

2. vrnat is the domain and range of the function defined by each 
of the follov;ing equations 

(a) y = 3x (d) . y = 

(e) y=>^ 

(c) y 

3. Let f be the function defined by the equation y = x^ . 

(a) V/hat is the domain of f ? (b) What is the range of f 

(c) Is there a number x such that f(x) = 6 ? 

(d) Is there a number x such that f(x) = -6 ? 
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.Let f be the function defined by the equation y = . 

(a) What is the domain of f ? 

(b) V/hat is the range of f ? 

(c) Is there a number x such that f(x) = 6 ? 

(d) Is there a,numb>„:» x such that f(x) = -6 ? 

5. Let n be a positive Integer and let f be the function 

defined by the equation y = x^ . 



(a) 


What 13 the domain 


of 


f ? 










(b) 


V/hat is the range 


of 


f ? 










(c) 


Is there a number 


X 


such 


that 


f(x) 




6 ? 


(d) 


Is there a number 


X 


such 


that 


f(x) 




-6 ? 


Let 


f be the function 


defined 


by the equation y 


(a) 


V/hat is the range 


of 


f ? 










(b) 


V/hat is the domain 


of 


f ? 










(c) 


Is there a number 


X 


such 


that 


f(x) 




6 ? 


(d) 


Is there a number 


X 


such 


that 


f(x) 




-6 ? 


Let 


f be the function 


defined 


by y 


1 






(a) 


V/hat is the range 


of 


f ? 




X 






(b) 


What is the domain 


of 


f ? 










(c) 


Is there a number 


X 


such 


that 


f(x) 




6 ? 


(d) 


Is there a number 


X 


such 


that 


f(x) 




-6 ? 


Let 


f be the function 


defined 


by y 


_ _1_ 

n 


where 


positive integer. 








X 






(a) 


V/hat is the range i 




f ? 










(b) 


V/hat is the domain 


of 


f ? 










(c) 


Is there a number 


X 


such 


that 


f(x) 




6 ? 


(d) 


Is there a number 


X 


such 


that 


f(x) 




-6 ? 
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3-5- The Graph of a Function. 

Tv/c sets are needed to define a function, one to be the 
domain and one to be the rar^ge. Aftier the function is defined 
a nev/ set is created, namely the set of all those pairs produced 
by the rule of the function. This set is sometimes called the 
graph of the function. Indeed many mathematicians claim that this 
set is the function itself- 

ELx ample 3- 5a: Let f be the function d- fined by the 
— — — ~— — ' ' » 

equation y - 7 . Then its graph consists of all the ordered 

pairs of the form (x,^x - 7) . For instance (0;-7), (1,-3), (2,: 
are some of the pairs of this graph. 

Example 3-5b : Let f be the function whose domain is 
(1,2,3), whose range is [6,5}, and whose rule assigns 6 to 1, 
5 to 2, 6 to 3 . Then the graph of f is the set 
((1,6), (2,5), (3,6)] . This is a function whose rule has no 
pattern. It was constructed by making arbitrary pairings. 

If a function happens to have a domain and range consisting 
of real numbers then the pairs of its graph can be plotted as 
points. The resulting geometric figure is also called the 
"graph of the function". This implies that the expression "the 
graph of a function" can mean two differenx; things. The more 
usual meaning is the geometric figure. . The graph of a function 
defined by an equation is generally considered to be the same as 
the graph of that equation, as defined in Chapter 2- 

Most of the functions defined by algebraic equations have 
smooth curves as tneir graphs. The student almost always has to 
rely on this fact in order to draw the graph of a function. 
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li:":r£'i?J-i- 2z2^' '^^^^ '^^^^^'^^ graph of the function 



+ 1 



oolutlor. ; Choose several values of x and compute the 
r.M.T!b^-r'.:i a3:;.l;-\e'i to rhese values by the function, 

30 +y 





::x^ -f 1 








i: 


1 

— -I. 


h 


v.; 


1 


1 




ct 


13 


,J 


■j 



(-3,28). 



20 



(-2,13) • 



I0-- 



(-1,4) 



►(3,28) 



.(2,13) 



^(1.4) 



►(0,1) 



I 2 3 X. 

Fig. 3-.5a 

is assigned to ■ -3, 13 to ^2, 4 to -1, 

1, 13 to 2, 28 to 3 . Thus we knov; that 

part of the graph looks like Figure 3-5a. V/e can fill In the 

rest of graph as in Figure 3-5b If we believe that the graph 
is a smooth curve. .y 



V/e find that 
1 to 0, 



to 




Fig. 3~5b 
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•e do not now have a logical reason for excluding the curve in 
Figure as the graph. 




• Pig. 3-5c 

Later we shall prove that It Is Figure 3-5b which Is the correct 
one rather than Figure 3-5c. 



Exercises 3--5 

1. Can the pairs (1,2) and (1,3) occur In the graph of the 
Same function? Justify your answer. 

2. Can the pairs (2,1) and (3,1) occur in the graph of the 
same function? Justify your answer. 

3. Plot the graph of the functions defined- by each of the 
follov/ing equations: 

-2x + 1 

-3x - 2 ' 
X - 2 

2x + 3 

. Plot the graph of the functions defined by each of the 
follov/lng equations: 



(a) 


V = 


-x2 


+ 6 


(d) y = 3x^ + 2 


(b) 


y = 


o 

2x'- 


- 1 


- (e) y = x3 


(c) 


y = 


-x2 


- 3 
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(a) y = 

(b) y = 

(c) y = 
(cl) y = 
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Fun c t lonG D efined G eometricall y. 

V/e are ^:oinr: to uoe some of the facts of Coordinate Geometry 
to introdu'je another way of defining functions. Eve'ry point of 
the plane pair^L^ tv/o numbers, its x-coordlnate and its y-coordlnate. 
For oo.T.e setG of points; these pairings are the pairings of a 
fuMClLon. For instance if no two points in a set have the same 
x-coor'dinate then assigning the y-coordinate of each point of this 
i:et to its K-coordinate defines a function. The domain of the 
function io the set of all x-coordinatos of points of the set- 
The range of the function is the set of all y-coordinates of the 
set. It is also the case that if no two members of the set have 
the yame y-coordinate, then assigning the x-coordinate to the 
y-coordinate of each point of the set defines a function. However 
v/e follow the generally accepted practice of using only the first 
scheme for defining functions. Thus v/e shall consider that a set 
of points defines a function if and only if no two points of ^--ie 
set have trie same x~coordinate . The geometrical way of stating 
this condition is that a set of points defines such a function if 
and only if no vertical line contains more than one point of the 
set. 

Ex amp 1^^-- -Ca: In Figure 3-6a the figure consisting of the 
three pointr. (-1,3) , (1,3) and (2,3) defines a function f 





H.,3) 3 


y 


(l.,3) 


.(2,3) 


1 


2 
1 

1 








-•2 


-1 0 


i i X 



Fig. *3-6a 

whose domain is [-1,1,^0 , whose range is [3] , and whose rule 
makes the assignments f(-l) ^ 3 f(l) =: 3 , f(2) = 3 . 
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ilxarnplo 3-ub: The rrraph of the equation y = 3x" + 1 
definos a Tunc t ion v/hose domain Is the set of all real numbers 




^Fig. 3-6b 
and v/hose i^ange Is [y : y > 1]. 



P Jxample J-6c : The curve sketched in Figure 3"6c defines a 

y 




f unc t ion , 



Fig. 3-bc 
The curve has no simple equation, 
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Example 3-6d ; The part of the graph of the equation 

y 





0 



X 



Fig. 3-6d 

3y^ -f 1 sketched in Figure 3-6d defines a function. 

In each of the following examples notice that there is a 
tical line that intersects the graph in more than one point 

Example 3-6e : The graph of the equation x = 3y^ + 1 

y ^ 



0 




X 



Fig. 3-De 



s not define a function. 



190 



[sec. 3-6] 



179 



Example 3-6f : The circle whose center is (0,o) and 

y 




Fig. 3-&f 

whose radius is 5 does not define a function. 

Ex ample 3-ng: The Figure 3-6g consisting of the points 



■(3,2) 
■(3,1) 



■(3,-1) 



rig. J-cg 



(J,-1), (o,l), (3,2) does not define a function. 
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Example 3-6h: The set of points In Figure 3-6h does not 




Pig. 3-6h 



define a function. 



ERIC 



Exercises 3-6 

1. Can a circle be the graph of a function? 

2. Can a semi-circle be the graph of a function? 

3. Are there seml-clrcles which are not the graphs of " functions? 
Can a triangle be the graph of a. function? 

5. Can a line be the graph of a function? 

6. Are there lines which are not graphs of functions? 

7. Which of the following are graphs of functions? 
Justify your answer. 



/ 




Fig. 3-6(7a) 



Fig. ' 3-6(7b) 
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Fig, 



■6(7c) 
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Fig- 3-6(7g) Fig. 3-6(7h) Fig. 3-6(71) 

Prove that If n Is an odd integer then the graph of 
= X defines a function and that if n is an even 
integer then the graph of = x does not define a function. 



193 



[sec. 3-6] 



ERIC 



182 



3-7. Functions Defined by Physical Processes , 

Someone who understands the function concept can find examples 
of functions in every aspect of his dally life. Vfhlle this does 
not alv;ays nelp people to understand what Is going on around them, 
the discovery and study of such functions is an Important part of 
any scientific analysis of our world. 

Example 3 -7 a: A falling body defines many functions. For 
example, at each Instant, a falling body has a speed, and pairing 
speed with time produces a function. Physicists have discovered 
that for a body falling from rest in a vacuum, the equation 
y = 32t defines this function, where t is the number of 
seconds after the body began to fall and y is its speed in feet 
per second. Another function defined by the falling body is the 
one which pairs the distance it falls with the elapsed time. 
Physicists have discovered that the equation v;hlch defines this 
function is y = l6t , v;here t is the number of seconds after 
the body begins to fall and y is the number of feet the body 
falls in t seconds. 

Exam ple 3 -7b : The mass of a radioactive body decreases with 
time. Such a body defines a function; assign to each instant of 
time the mass of the body at that instant. Vfhen we study the 
exponential function, in Chapter 9, we shall see an equation that 
defines this function. 

Exercises 3-7 

Belov/ are some description's of physical situations which define 
functions. Try to find the domain and range for each. Express 
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the rule in algebraic form if you know it; try to make a reason- 
able guess if you don't. 

^1. If a gas is kept at constant temperature its volume and its 
pressure are dependent on each other. 

2. The time it takes a pendulum to complete a swing depends' on 
the length of the pendulum. 

3. The gravitational attraction of the earth on a body depends 
on the body's distance from the earth. 

^. If the ends of a beam are clamped and if an object is hung 
on it the distance the beam is displaced depends on the 
weight of the object. 

5. The apparent brightness of a light source to an observer 
depends on the distance of the observer from the source. 

6. The force exerted by a lever depends on the distance of its 
end from the fulcrum. 

7. If water is flowing at a uniform rate through a pipe into a 
tank, the amount of water in the tank depends on the time of 
flow. 

8. The temperature of a cup of coffee depends on the time,, it 
has been cooling. 

9. The temperature at which water boils depends on altitude. 
10. The time it takes an automobile to come to a halt depends 

on its speed. 



3-8. Functions Defi ned by Composition ; Inverses. 

Functions can sometimes be defined in terms qf other 
functions. This is so, for instance, if f and g are functions 
for which the range of f is the domain of g . 



^^Ple 3--8a : Let f be defined by y = 3x 5 and g be 
defined by y = 3x^ + 1. Then the equation y = 3(3x - 5)^ + 1 
defines a new function. 195 
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The following definition is a formal statement of this 
procedure, 

* 

Definition 3 -8a: Let A, B and C be sets, let f be a 
function v/hose domain is A and v/hose range is B, let g be a 
function v/hose domain is B and whose range is C • Then by the 
composition of g with £ we mean the function whose domain is 
A, v/hose range is C and v/hich assigns to each member x of A, 
the member g(f(x)) of C • 

Example 3-8b : Let A be the set (^,5,6], let B be the 
set (7,8] and let C be the set (9,10], let f(4) = 8, 

f(5) = 7, f(6) = 8 and let g(7) = 10, g(8) = 9 • Then the graph 

of the composition of g with f is ((^,9), (5,10), (6,9)} . 

It is sometimes helpful to imagine that the rule of a 
function describes an action which does something to each member 
of the domain to produce the corresponding member of the range. 
From this point of view it is possible also to imagine a process 
which undoes what the original function does. The function de- 
fined by equation y = x 4- 6 has the effect of adding 6 to 
each number.' The function defined by the equation y = x - 6 
has the effect of subtracting 6 from each number. Thus each of 
these functions "undoes" what the other does. The definition of 
inverse function' which follows expresses these ideas formally. 

Definition 3 -8b : Let A and B be sets, let f be a 
function whose domain is A and whose range is B and let g be 
a function v/hose domain is B and whose range is A . Then we say 
that f and g are inverse functions if, for each x of A, 
f'(g(>^)) = = • We also say that f is the inverse of 

g and g is the inverse of f- if f and g are inverse 
functions. 
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BLx ample 3- 3c : ■ Let A be the aet of all integers, let f be 
the function v/hljh a^cii^f/iS to each integer _ x the integer x 1 
amd'let g be the function which assigns to each Integer x the 
Integer x - 1 - Then f(x) = x + 1 , g(x) = x - 1 , f(g(x)) 
= (x - 1) -f 1 X and g.(r(x)) (x + 1) - 1 = x . Therefore f 
aind g are Inverse functions. 

Example 3-3d : Let A be the set of positive real numbers, 
let f have domain A and be defined by y = x^ . let g have 
domain A and be defined by y = Vx. Then g(f(x)) = Vx^ = x 
and f(g(x)) = (v/x) = x which identifies f and g as. inverses* 

Some functions have no inverse. Consider, for example, the 

function f whose domain is the set of all real numbers defined 

2 

by y = X . If this function had an inverse g , then since 
f(2) = n , f(-2) - ^ we would have to have g(i|) = 2 and 
g(H) -2 . But this is Impossible, since a function must assign 
only one member of its range to a member of its domain. Notice 
that the single equation y x was used to define a function 
with an inverse and a function \vith no inverse. 

Theorem S-Ba : Let f be a function whose domain is the set 
A -and whose range is the set B. Then f has an inverse if 
and only if for each member b of B there is exactly one a of. 
A for v;hich f(a) = b . 

Proof : Because B is the range of f , for each b of B 
there is at least one a of A such that f(a) = b . Assign 
to each b all such members a . These assignments define a 
function g , whose domain is B , if and only if, this rule 
pairs only one a with each b . if there is such a g , then 
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£(r(a)) r-(b) a for each a of A, so g(f(x)) = • Also 
for each b of B, r(s(b)) = f(a) = b, so f(g(x)) = x . This 
Identifies g as the inverse of f . 

If f and g are inverses, their graphs are closely inter- 
related. 

Theorem 3>-8b : Let f and g be inverses. Then a pair 
(p,q) is in the graph of f if and only if (q,p) is in the 
graph of g . 

Proof: If the pair (p,q) is in the graph of f, then 
q = f (p) . If g is the inverse of f then g(q) = p . Thus 
(q,p) is in the graph of g . Similarly if (q,p) is in .the 
graph of g , then p = g(q) . If f is the inverse of g, then 
f(p) = q . Thus (p,q) is in the graph of f . 

By plotting the graph of a function, it is possible to see 
v/hether the function has an inverse or not and also, if the 
function does have an inverse, to see what the graph of the 
inverse actually is. If no horizontal line has more than one 
point on the graph of a function, then the function has an inverse* 

Example 3-8e : Figures 3-8a, 3-8b, 3-8c and 3-8d are graphs 
of functions. Figures 3-8a and 3-.8b correspond to functions with 




Fig. 3-8a 



Pig. 3-8b 
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Fig. 3-8c Fig. 3-8d 

-Inverses. Figures 3-8c and 3-8d correspond to functions without 
Inverses. Notice that every horizontal line intersects the graphs 
of Figures 3-8a and 3-8b In a single point. Notice that some 
horizontal line intersects the graphs of Figures 3-8c and 3-8d In 
2 points* 

Again Figures 3-8e and 3-8f show the graphs of the Inverses 
of the function associated with Figures 3-8a and 3-8b. Notice 





Fig. 3-8e Fig. 3-8f 

that Figures 3-8e and 3-8f are obtained from Figures 3-8a and 
3-8b by Interchanging the x and y coordinates. This 
Illustrates Theorem 3-8b. 
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Exercises 3-8 



3 



Let r(x) = x*- and g(x) r= x 

(a) What is f ( ^ (x) ) ? 

(b) What is g(f(x)) ? 

(c) Does f(g(x) := g(f(x)) ? 



4- 1. 



f(x) = x^ and s(x) = x 
What is r(g(x) ) ? 
What is g(f(x)) ? 
Does f(g(x) = g(f(x)) ? 
^The function f is defined by y = 
inverse is the function defined by 

The function f is defined by 



Let 
(a) 
(b) 
(c) 



2x 4- 3. 
1. 



y = "2 X - -2 



Shov/ that its 
3 



y = 4x 4- 5 



Show that the 



function defined by 



is not the inverse of f . 



y = 4x + 5 

5. VHiich of the functions defined in Exercises 3-6, Problem 7 
has an inverse? 

6, (a) Show that the points (a,b) and (b,a) are symetrically' 

situated v/ith respect to the line y = x . Show how to 
use this fact to find the graph of a function from the 
grapli of its inverse. 
. (b) Sketch the graph of the inverse of the function whose 
graph is shown in Figure 3-8(6a) - Figure 3-8(6d). 





Fig. 3-8(6a) 



Fig. 3-8(6b) 
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3-9- The Linear Function. 

Deflnibion 3 -9a : A function is a linear function if and only 
if it is defined by an equation y = ax -f b, v/here a is a non- 
zero real number and where _b is any real number. 



Example 3-9a : Each of the following equations defines a 
linear function: 

y - 3x + (a = 3, b = ^0 

y ^ -5x + 6 (a = -5, b = 6) 

y - x - 11 (a - 1, b = -.11) 

y =r 2x (a = 2, b O) 

y = X (a = 1, b =0) 



Theorem 3-9a : Every linear function sets up a one-to-one 
correspondence between the set of all real numbers and the set of 
all real numbers. 
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Proof: Let the lir^ear funrjulon f be defined by the 
equation y r= ax + b . V/e are to show that 

(1) If r Is any real number then f assigns some real 
number f(r) to r . 

(2) if s is any real number then there is some real 
number t such that s = f(t) . 

The first part is easy to prove; the number ar + b is assigned 
by f to r . 

To prove the second part v;e solve ax + b = s for x, 
obtaining x -^--^ . Then f ^ s .because 

f(^) . a(^) + b . 

Therefore is a number' t such that f(t) = s . 

Corollary : Every linear function has an inverse. 

It is proved in Chapter 6 that the graph of an equation 
y = ax + b is a straight line. We can check this statement now 
v/lth an example. 



Example 3-9^ : Plot the graph of y = 3x + 2 . 

Solution ; We first construct a short table of values. We 
plot these points and obtain the part of the graph shown in Plg.3-9a. 

y 



X 


-2 


-1 


0 


1 


2 




y 


_Ii 


-1 


2 


5 


3 





{-l.-D- ° 
(-2-4). 



•(2,8) 
•(1,5) 
(0,2) 
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It certainly looko as thoup:h these points are collinear and it is 
not hard to believe that the line they determine is the graph of 
the function. 





y 




/(2,8) 




/(l,5) 




^ ^0,2) 


(-1-1)/ 0 


X 


(-2,-4)/ 





Pig. 3-9b 

The graph of this function is the line shown in Figure 3-9b. 

Theorem 3-9b : If f is the linear function defined by 

y ax + b, its inverse g is the linear function defined by 

1 b 
a a 

Proof : f(g(x)) = a(-ix - ^) + b = x and 
a a 

g(f(x)) = i(ax + b) - I = X . 

Example 3-9c : Let f be defined by y = 3x + 4, then 

1 ^^ ^ 
g = -jx - — and 

f(g(x)) = 3(ix - i) + 4 = X 

and g(f(x)) -i(3x + i[) _ 1 = x . 

2 03 
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T:ioore:n j-^b pr-ovidco a forrnala for flridinc inverses of 
linear' furctLons. It is probably easier not to use ^his formula 
to find the Inverse of any [^iven linear function, but rather to 
proceed as follows: If the function is defined by the equation 
y ^ ax + b 

(1) solve the equation for x in terms of y , 
(::) interchancG x and y in the answer. 



Example 3~ : (reworl:ed in the recomir.cnded way) 

y ox -f ii 
y - - JX 
- - Ji 

J J 

and Interchar-.clnf^ x and y yields the equation 

1 n 

. ^ " -J'' - 1 • 

Linear functions pair real numbers with real numbers. The 
following: two theorems show how the pairings made by linear 
functions are different from the pairings made by other types of 
functions. Theorem :j-9c states that linear functions have a 
certain property and Theorem :i-9d states thac linear functions ' are 
the only functions which have this property. 



Theorem 2^9c.: Let the linear function f be defined by 
y ax + b (a ^ 0) and let p and q be any distinct real numbers, 

Then ^^( p) - r (q) 



P - q " ^ 



P-oof • _^_(p) - r(q) _ (ap + b) - (aq + b) 

~ ' P - q " 

ap + b - aq - b 



P - q 

=: ^(p -.q] 

P - q 

= a 
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blxanpl e - 9''i : If f is defined by y - 3x - and 



r(p) 3(1961) - ^ 1^379 
f(q) - 3(jO) ~ n So 

r(p) - i-(q) - 'y[9:^ 

p - q ^ 1931 

r(p) ' r(q) 3 



p - q 

This theorem hai3 a geometric interpretation. The points 
(p,f(p)) and (q,f(q)) are on the graph of the linear function f« 
According to Formula 2-ja of Chapter 2, the expression 



is the slope of the line. Theorem 3-9c therefore has tv/o conse- 
quences. One io that the ci'S-P^*^ of y = ax -f- b has slope 3^ , 
The other Is that this slope can be computed from the coordinates 
of any pair of distinct points on the line. 

Theorem 3-9d : (Converse of Theorem 3-9^) Let t be any 

real numbeii except 2:ero, and let f be a function whose domain 
and ranr.e are the set of all real numbers. If for each pair of 
distinct real numbers p and q 



then f is a linear function, 

Pt^oof: Lot q be any real number. Then for every x 



f(p) - f(q) 



p - q 



f(p) - r(q) ^ 



r(x) - r(q„) - t 



r(x) 
r(:0 



tx - .tq^ + f(Qo) • 
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Therefore f(x) has a representation ax + b, v/here a is the 
given number t and b is the number -tq + f(q ) . 



Example 3-9e ; Suppose t = 6 and f(3) = 

Then f(x) - f(3) _ 

X - 1 

f(x) - 5 

X - 3 = ° 

f(x) - 5 = 6x - 18 

f(x) = 6x - 13 



Exercise s 3-9 

1. Which of the follov;lng equations defines a linear function? 
(a) y = 7x + 2 (g) y = x • 6 + 4 

(f) y = f.* 

(c) y = 7x 

(d) y = 2 (g) y = x*" + 4 

(h) y = 0 

2. Let f be a linear function defined by y = 5x + 6 . 

(a) f(0) = ? 

(b) f(i) = ? 

(c) f(ll) = ? 

(d) For what values of x does f(x) = 0 ? 

(e) For vr/hat values of x aoes f(x) = ^ ? 

(f) For what values of x does f(x) = 11 ? 

3. Plot the graphs of all of the following equations on the 
same set of axes. 

(a) y = 2x + 3 (d) y r= 2x 

(b) y 2x - 3 (e) y - 2x - 5 

(c) y 
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4. Plot the graphs of all of the follov;lng equations using a 
single set of axes. 

(a) y = -Ux + 2 (d) y = -X 4- 2 

(b) y = X + 2 (e) y = -2x + 2. 

(c) y = 3x + 2 

5. Plot the graphs of all of the follov/in- equations using a 
single set of ajces, 

(a) y = 5x + 6 (c) . . 5x 

(b) y = -5x + 6 (d) ' y 6, 

6. Each of the following equations defines a linear function. 
Find its inverse. 

(a) y = 2x - 1 (d) y r= -X - 4 

(b) y = 3x + 5 (e) y = 6x + ?• 

(c) ' y = -2x + 6 

7. For each of the functions of Problem 6 plot its graph and the 
graph of its inverse using a single set of axes for each pair. 

8. The function f is defined by y =: 2x - 7 • 
' (a) Find its inverse g • 

(b) f(6) = ? 

(c) g(f(6)) = ? 

(d) g(6) = ? 

(e) f(g(6)) = ? 

9. The function f Is defined by y = -3x - 4 . Predict with- 
out computation the value of 

f(lOOO) - f(lOO) 
iOOO - 100 • 

Check your prediction by computation. 
10. Plot the graph of y = -3x - 4 . Pick two points on the 
graph, measure their coordinates, and use these values to 
compute the slope of the line. 

207 



[sec. 3-9] 



196 

11. Let f te defined by y = x'^ . Show by direct computation 
that ^(3) - r(5) ^ f(iO - f(6) , 

J - P 4-0 

12. (a) If f Is defined by y = x*^, for how many values of x 

does ^(^) - ^(^) . 1(9) 9 

(b) If f is a linear fnnoi ' for how many values o.^' x 



3-10. Linear Functions Having Prescribed Value s. 

Theorem 3-lQa: Let x-j^ and x^ be ariy distinct real numbers 
and let and y^ be any distinct real numbers. Then there Is 

one and only one linear function f such that - y-j^ = fCx-j_) and 

Proof : V/e seek real numbers a and b such that 

-^1 + 1^ - ^1 
-"'2 + ^ = ^2 • 

To solve these equations cotract the second equation from the 
first, obtaining 

a(:<iL - x^) - - y2 • 

It follows that 

a 



yi - ^2 

^'■1 - ^2 



Substitute this express Lor: Tor a in -.he fL:-st equation obtaidng 

^1 - y? 

•^1 ^^2 ^ 

- 

if rem whl a ; = ■ - —t x, 

^1 " '"^2 ■'■ 

or b -±-Si t-L . 
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Then if there is a function which makes the given pairings it is 
defined by 

^1 ' ^2 ^1^2 ■ ^1^2 

Xj^ — Xj^ — x^ 

It should be chec/<ed by direct substitution that this function 
actually makes the given pairings. 



Example 3-lOa : Determine the linear function for which 
f(3) = f(5) = -1 • 

Solution : Determine a and b so that 

= 3a + b 
-1 = 5a + b • 

Subtract to obtain -2a = 5, therefore a = -| . Substitute this 
result in the first equation tr -;;talr 

^i- = 3 - ^) -r Ir, therefore 

b = 1^ . 

The required function is defines .:v ^ " "g^ + • 

Check : -|-3+|^=-4^-K-4^'-|=ii 

This theorem is closely ri:;, ated the geonietric fact that 
two points determine a line. Zf.*'r points in question are the 
points {yi^,y^) and (x^^yg) . Vh^or^m 3-lOa says that if rhi^e 

points are not on a vertical li^ z is x^^ x^) and not a: 

a hori;:!ontal line (that is y^^ :/.^\ zhen the line they are or 

is the graph of a linear functi j^. ne students will feel thaz 
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leaving out vertical and horizontal lines is a defect or even an 
injustice. These students can be reassured. It will be shown in 
Chapter 6 that every line v/ithout exception has an equation of the 
form px -f qy + r = 0 . This includes our case y = ax + b, 
because v/e can rewrite this equation as ax - y -i- b = 0 . 



Exercises 3-10 



Find the equation which defines the linear function 
that 



such 



(a) 


f(l) = 


1 ; f(3) = 


3 


(b) 


f(l) = 


3 ; f(3) = 


1 


(c) 


f(l) = 


3 ; f(-3) 


= k 


(d) 


f(T) = 


0 ; f(8) = 




What 


Is the 


equation of 


the 



(a1 (1,1) and (3,3) ? 

(b) (1,3) and (3,1) ? 

(c) (1,3) and (-3,^0 ? 

(d) (7,0) and (8,42) ? 

Find the equations of two linear functions for which 
f(l) = 2- . Try to describe the set of all such functions. 
V/hat point do their graphs have in common? 
Describe all linear functions f for which 

(a) f(0) = 0 

(b) f(0) = 6 

(c) f(6) = 0 

In each case try to interpret your answer geometrically. 



3-11. Miscellaneous Problems , 

1. Each of the following expressions suggests or defines a 
function. Describe its domain, its range and its rule. 

(a) The perimeter of a hexagon. 

(b) The length of the circumference of a circle depends on 
the length of its diameter. 
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(c) The pairings (1,9), (2, 4), (3,9) • 

(d) Hourly temperature readings. 

(e) To each number x is assigned x + hx - 2 . 

(f) The pairings (l,a), (2, a), (3, a) . 

(g) Assign to each real number x a number x + 3 • 

(h) The distance an automobile travels depends on Its 
speed and the elapsed time. 

(i) To each odd positive integer assign -1 and to each 
even positive xnteger assign 1 . 

(j) Distances to the nearest mile of each state capitol 

from Washington, D. C. 
Given that f is the function v/hich assigns 3x - 5 to 



each 


real number 


X . 








(a) 


l^/ha~ Is the 


domain of 


f ? 






(b) 


V/ha" is the 


range of 


f ? 






(c) 


f(C) = ? 




(f) 


f(a) = 


= ? 


(d) 


f(-l) = ? 




(g) 


f(a - 


1) 


(e) 


f(5) = ? 




(h) 


f(7r) = 


= ? 



Given that f is the function whose domain Is the set of all 

integers which assigns +1 to all non-negative Integers and 
-1 to all negative integers. 

(a) What is the range of f ? (g) r{k) + f(2) = ? 

(b) f(-3) = ? (h) f(4 + 2) = ? 

(c) f(0) = ? (1) f(-6) = ? 

(d) f(3) = ? (j) f(-6) + 3 = ? 

(e) f(2 - 6) = ? (k) f(3 • 6) = ? 

(f) f(2) - f(6) = ? (1) 3f(6) = ? 

Plot the graphs of the functions defined by the following 
equations . 

(a) y = 5x - H (d) y = (x - 3)^ 

(b) y := -x^ + 1 (e) y = 2x^ 

(c) y = 3x'^ - 6 
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Let f(x) = X +3 and r;(x) = 2x + 5 . 

(a) f(g(x)) = ? 

(b) g(r(x)) = ? 

Each of the follov;lng equations defines a linear function 
Find Its Inverse g and check that f(E(x)) = g(f(x)) . 

(a) y = x + 5 (c) y -3x + 7 

(b) y = -2x - 1 (d) y = 5x ^ 6 
Find the linear function f such that 

(a;^ r(3) = 5 , r(5) = 3 

(b) f(l) = 0 , f(-3) = 1 

(c) f(-2) = 3 , f(3) -2 

(d) f(0) = 5 , f(5) - 2 

(a) If f Is a constant function doea 

f(x + 1) = f(x) ? 

(b) If f is a function such that 

f(x + 1) = f(x) 

must f be a constant function or a linear function? 

(a) If f Is a linear function does 

f(x + 2) - f(x + 1) = f(x + 1) - f(x) ? 

(b) If f is a function such that 

r(x + 2) - f (x + 1) = f (x + 1) . f (::) 

must f be a constant or a linear function? 

Let f be the function defined by y = y? + 1 . Does f 
have an Inverse? If so, what Is the equation V7hlch defines 
the Inverse of f ? 

Let A be the set of real positive numbers and let f be 
the function with domain A defined by v = L_ . 

X 4* 1 

(a) vmat Is the range of f ? 

(b) V/hat Is the equation v/hlch defines g, the Inverse 

of f ? V/hat Is the domain of g ? Wiat Is the range 
-f G ? 
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Given that f is a function for which 

f(x) = ec^" -f bx + c , a ?^ 0 . 

Prove that if 

g(x) = f(x + 1) ^ f(x) 
ther; ^: is a linear function. 

(a) Find an equation which defines a linear function th 
is its own inverse. 

(b) Describe the set of all linear functions which are 
rheir own inverses. 
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Chapter h 
QUADRATIC FUNCTIONS AND EQUATIONS 



4-1. Quadratic Functions . 

Definition 4-1: Let a, c be any real numbers. Then If a 7^ 0 
we call the function defined by the equation 

2 

y = ax + bx + c 

a quadratic function . 

We are going to study quadratic functions by examining a 
succession of special cases. We begin with the function defined 
tiy y = X , and then progress to the function defined by 



y = ax^. 



by y = a(x - k)^, 
by y = a(x - k) + p 
and eventually arrive at the general case of the function defined 

• . 2 

y = ax + bx + c. 

In each case we shall try to see what the graph of the function 
looks like . 

Exercises 4-1 

Which of the following equations define a quadratic function? 
2 

1. y=x 6.y=2x+l 

2. y = 2x 2 

^ 7. y = X + X 

3. y = 2x 8. y = x(x - 1) 

4. y = 9. y = x(x - i)(x - 2) 

X Y 

2 , 10. y = 2^ 

5. y = x"" + 1 

For what values of t do the following equations define a 
quadratic function' 

11. y = tx^ + 3x + 4 

12. y = x^ + tx + 4 

13. y = (t - 2)x^ + 1 
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14. y = i + 2x + 3 

15. y - 2x + 3 

Each of the following equations Is equivalent to an equa- 
tion of the form y = ax^ + bx + c. For each find a,b and c. 

16. y = 3x^ 19. y = (x + 2)(x 3) 

17. y = 3(x-'.)' y-(''x + 7)(3x-2) 

18. y = 3(x - kf + 5 



4-2. The, Function Defined by y = x . 

The equation y = x^ defines a function whose domain is the 
set of all real numbers. We recall some facts about real num- 
bers to help us sketch the graph of this function. We saw in 

p 

Chapter 1 that the equation x = k has no solution if k < 0, has 

one solution if k = 0, namely 0, and has two soliations if k > 0, 

namely yic and - yF. We also know that if y. and yp are positive 

2 

numbers, then the positive solution of x = y^ is less than the 

positive solution of - y^ if and only if y-j_ is less than yg. 

If we use only these facts 

to sketch the graph of the 

2 

function defined by y = x , 
we could obtain a graph 
which looks like 
Figure 4 -2a. This graph 
has a single lowest point 
(0,0). For positive values 
of X, y increases indefin- 
itely as X increases in- 
definitely. The graph is 
symmetric with respect to 
the y-axis. Actually the 
graph of the function defined 

by y = does not have the Figure 4-2a 

wobbly appearance of Figure 4-2a. It really looks like the 
curve shown in Figure ^-2b. We accept this fact now, without, 
proof, , on the understanding that jthe proof will be supplied 




[sec. 4-2] 



later. The curve of Figure 4-2b 
is called a parabola ^ the point 
P is called its vertex and the 
line X = 0 is called its axis. 
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Example 4-2a: Plot the graph 
of y = x^. 

Solution: Draw up a table of 
values . 



X 


-3 


-2 


-1 


0 


1 


2 


3 


y 


9 


4 


1 


0 


1 


4 


9 



Plot these points and draw a 
smooth curve through them. 



P{0,0) 
Figure 4-2b 



\(-3,9) 


y / 

(3,9) 1 


\(-2,4) 


■ (2,4)/ 


1 1 1 


1 1 1 ^ 


0 


X 



Figure 4-2c 



Exercises 4-2 



Plot the graph of y = x . For the following values of x, 
determine the corresponding values of y by' calculation 
and also by measuring on the graph. 



(a) 
(b) 

(c) 



X - 3 



(d) 
(e) 
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2. Choose several points on the graph of y = x , measure their 

coordinates and check that these numbers satisfy the 
2 

equation y = x. 

2 

3. What is the graph of y = x 

(a) if only points whose coordinates are integers are 
considered? 

(b) if only points whose coordinates are rational numbers 
are considered? 



^-3 • The Function Defined by y = ax , 

^ 

For each value of a the equation y = ax" defines a 
function. These functions are best studied in two cases: 
Case I: a > 0 

(1) ^or y < 0, there are no values of x which satisfy 
y = ax^. 

(2) For y = 0, there is one value of x which satisfies 

2 

y = ax namely 0. 

(3) For each y > 0, there are two values of x which satis- 
fy y = ax^, namely ^ and . 

(4) For any given x, as a increases, y increases. 

p 11 
Figure 4-3a shows graph of y = ax for a = -j^ , , 1, 2, 5. 




Figure 4-.3a 
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Notice that all these curves have the same vertex (0^0), the 
same axis x = 0 and all open upward. Notice also that the 
smaller values of |a| correspond to the "flatter" curves. 

Case II: a < 0, 

The graph of y - ax^ with a < 0 can be obtained from the 
graph of the equation where a > 0 by a geometric construction. 
For instance., suppose we wished to draw the graph of y = -4x^. 
First observe that a pair (x,y) satisfies the equation y = 
if and only if the pair (x,-y) satisfies y = -4x^. Next ob- 
serve that (x,y) and (x,-y) are symmetrical to each other with 
respect to the x-axis. Therefore to plot' the graph of y = -4x^, 
all we have to do is 
"reflect" the graph 
of y = 4x^ in the 
X-axis . 





/y=4x^ 

Ax7y) 


0? 










\(x,y) 










Figure 


4 -3b 
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Figure ^-3c 

Figure h-3c shows the graph of y = ax^ for a = -5, -2, -1, - ^ 
' T3" • 

Exercises ^-3 

1. Plot the graph of each of the following equations: 

(a) y 2x^ 

(b) y = -2x^ 

(c) y = I x2 

(d) y = - 1 x2 

2. For each of- the following determine a so that the graph 
of y ^ ax^ contains the given point. 

(a) (1,1) (d) (1,-1) 

(b) (1,2) (e) (-2,1) 

(c) (2,1) (f) (-2,2) 
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3. -For each of the following pairs of equations, given that 
(u,v) is on the graph of the first and that (u,w) Is on 
the graph of the second, which of the following Is correct? 
V > w, V - VJ, V < V/, 

(a) y - ^ ^ ^^2 ^ ^ ^^^2 



k-k. The Function Defined by y = ax^ + c . • 
Let us novf consider the graph of the function defined by 
the equation y = ax^ + c. 
The figure h-Ka shows the 
graphs of four functions 
wHich are representative 
of this case; these are: 
2 



(1) 
(2) 
(3) 
(^) 



y = X" + 1 

y = x^ + 2 
2 



y 
y 



= X 



1 

2, 



So that you may compare the 

graphs of the new class of 

functions with that of the 
2 

familiar y = x , the graph 
of the latter has been 
sketched in with a dashed 
line. By studying the 
figure you can see that 

2 Q 

the graph of y = x + 2 is congruent to the graph of y = x , 
but that for the same x the ordinate of y = x^ 
units more than the corresponding ordinate of y ■ 




Figure 4-4a 



+ 2 is two 
2 

X . Similarly 



for the same x 



the ordinate of y = x - 2 is two units less 

2 

than the corresponding ordinate of y = x . Thus the lowest 
point on the graph of y = x + 2 is (0,2) and the lowest point 
of y = X - 2 is (0,«-2). ' Note that each of these graphs has 
a minimum point. 2.20 
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Figure 4 -4b shov/s the graph of y = -x + c for various 
values of c. Notice that 'in this case each of these graphs has 
a maximum point , 




Figure 4 -4b 

The graphs of all functions defined by equations of the 
form y = ax s- c are each symmetric with respect to the y-axis, 
regardless of the particular values of a and c. As before, 
the smaller values of |a| give "flatter" curves. 



We may summarize by saying that the graph of y ax 



2 



+ c 



p 

Is congruent to the graph of y = ax , but has a position which 
Is |c| units up or down according as c is positive or negative 
In each case the curve cuts the y-axis at (0,c). 

■ Exercises 4>-4 

1, Find the vertex and axis of the graph of each of the follow 
ing equations. 

. . . 2 , 221 

(a) y = 5x^ + 1 

(b) y = -5x^ + 2 
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3. 



4. 



5. 



(c) 

(d) 
(e) 
Ske'c 



y = 3x' 



1 

To ^ 



1 

3" 



the graph of 
For each of the :'ol 
graphs using a slr.5 



the equations ^.roblem 1. 
pairs of equations, plot the 
of coordinate axes. 



(a) 


y 


= 2x^ + 3 


(d) 


y 


= -x2 + 1 




y 


= 2x'^ - 3 




y 


2 


(b) 


y 


= •J X +3 


(e) 


y 


= -2x2 . 1 




y 


= 1 x2 - 3 




y 


=2x^-1 


(c) 


y 


= -2x^ + 3 


(f) 


y 


= -3x2 _^ ^ 




y 


= -2x^ - 3 




y 


=3x^+1 



Which of the functions In problem 1 have a minimum value 
and which have a maximum value? What are these values? 
For each of the following pairs of equations, given that 
(u,v) is on the graph of the first equation and that (u,w) 
is on the graph of the second, which of the following Is 
■ " V > w, V = w, V < w. 

2 



correct? 
(a) y 



= 3x2 _ 



(b) y = 3x' 



y = -3x' 



y = Sx'^ + 6 



^■5 • The Function Defined by y = a(x - k:)^ . 

In this section we study functions defined by equations 
of the form 

y = a(x - k)^ 

where a and k are non-zero constants. We proceed by con- 
sidering several examples. 
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Figure ^-5a 

2 

Example 4~5b: Make a compo:£ilte ts'ole of values for y = 2x and 
o 

y = 2(x - 3) and plot the grnnrir of the trwo functions on the 
same set of axes. 



X 




-2 


-1 


1 


2 


3 


k ■ 


5 


• • « 


2 


• • • 


8 




0 


2 


8 


18 


• « • 


• • « 




y = 2(x - 3)2 


• • • 


• ■ « 


• • ■ 


18 


8 


2 


0 


2 


8 


• • • 
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Figure 4-5b 

p 

The graph of y = 2x Is symmetric with respect to the line x = 0, 
and the graph of y = 2(x - 3)^ is symmetric vdith rjspect to the 
line X := 3 . 

Summar y of properties of the graph of y = a(x - k)^ . 

1. The graph is congruent to trie graph of y = ax^, but has a 
position |k| units to the right or left of the graph y = ax^ 
according as k > 0 or k < 0. 

2. If a > 0, the graph opens upward .and has a lowest point 
(k,0)] if a < 0 the graph opens downward and has a highest point 
(K,0), 

3. The graph is symmetric with respect to the line x = k, and 
this line is called the axis of the graph. 

Exercises 

1. Find the vertex and, the axis of the graph of each of the 
following equations. 

(a) y = (x 2f (b) y = ~2(x +• l)^ 
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1. (c) y = f(x ^ 1)^ (e) y . 3(x ~ y " 

(d) y = - y - 2 " (^) y -5(x - 1) ■ 

2. Sketch the gr :n o each of the equc._.ons :n problem 1. 

3. For each of tne fc_ov/lng pairs of equatlcrj:^ riot the 
graphs using a sirigXe set of coordinate axr:S, 

(a) y = (x > 3)^' (d) y = |(x ^ l)^ 
y = -(x - 3)"^ y = ^(x + l)^ 

(b) y -(x - if (e) y = i(x - 1)^ 

y = -(x - 1)^ y - |(x - 1)^ 

(c) y = -2(x 4- 4)2 (f) y := 2(x + 

y - 2(x - 4)2 y := -2(x + 

4. Which of the graphs in problem 1 have a minimum value and 
which have a maximum value? What are these values? 

5. For each of ^^he following pairs of equations, given that 
(u..v) is on zhe graph of the first equaticn and that (u,w) 
is on the graph of the second determine tiie values of u 
for which v < w, v = w, v > w.. 

(a) y = 3(x - 4)2 (b) y = 3(x - 4)^ 

y = -3(x - 4)2 y = 3(x + 4)2 



4-6. The Function Defined by y = a(x -» k)2 + p . 

2 

We know that the graph of y = hoc + p has a ^TDSition which 
is IpI units up or down the graph cf y = ax , and from the last 

o 

section we know th=Lt the graph of = a(x - k) has a position 

that is jk| units the right zrr _eft of the graph y = ax , 

Hence, the graph cr* y = a(x - k:'^ — p Is congruertt to the graph 
2 

of y = ax but is [p| units up or ciown and |k| units to the 
right or left of tne ^gr^ph of y = ax . Zrie exprssssions "up" 
and "to the right" are associated with jpo ait ive T3J.ues of p ana 
k, and "down" and "to tne left "are assasiated witirr negative 
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Example ix-ia: Plo" the grarns ;.f y = 2(x + 3)^ + ^ and 

y = 2(x - :) + 1 : :ing a ^ilni;:- set of axes. 




Figure 4-6^ 

The graph of y = 2(x - ..i^ + 1 has a >3Wesi i:.; — (3,1) and 
has the line x = 3 .^.c :zs a^cis. The grapir: :,f r = 2(x + 3)^ + 1 
has a lowest point '-2,:r ai-r has the line x = --3 as Its axis. 
Notice That both c-.:^-es r^L. i:^ward. 

Summary of propen^ie^ a: rr^tpj-. of y ^ a(x - .c) ^ -r — , 

1. If a > 0 th^ graph g^jzh:: upward -ca^; curve has a lowest 
point (k,p) . If a < 0 i:hzz: rmph opens acTfTnwara . and has a 
highest point (k.^p) . 

2, The graph has the linn, r: = k as -r:3 axis., 
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Exercises 4-6 

F:nd the vertex and the axis of the sriiijh of each of the 
r_J.lowinr; equations. 

(a) y = 2(x -3)2+4 (d) - = - | :: - 1 ) ^ . i 

(b) y = .2(x - 3)^ - h (e) = - i)-~ + 2 

(c) y - (x + (f) y = -fi::. -2)^-3 
Sketch the gnaph of each of the equations in Problsm 1. 
For each of t:ie following pairs of e::::aatlons plot the 
graphs using i single set of coordinate axes. 



y = 


2(x - 


1)2- 


3 


(d) 


y = 


--2(x + 1)2 - 3 


y = 


2(x - 




3 




y = 


2{x - 1)2 _ 3 


y = 


-2(x 


- 1)2 


- 3 




y ^ 


3(x +1)2-2 


y = 


2(x 4- 


1)2* 


3 




y = 


(x +1)2+2 


y = 


-2(x 


+ 1)2 


+ 3 


if 


y = 


-3(x - 1)2 ^ 2 


y ^ 


-2(x 


+ 1)2 


- 3 




y = 


.X - 1)2 _ 2 



Wliich of the exercise:;: In prc-iem 1 have a minimum value | 
and which have a maxirnoi valu .? What are these ^^lues? 
For each of the following pai:; .f equations, gi^an that 
(u,v) 13 on the graph of the : . r-t equation and (u^w) is 
on the graph of "he second, deiv-r^ne the values or u fcxri 



which 


V 


< W, V 




(a) 


y 


^ 2(x - 


:^)2 . ; 




y 


= 2(x - 


3)2 - 6 


(b) 


y 


= 2(x - 


.)2 . 6 




y 


= -2(x ,- 


-3)2-6 


(c) 


y 


= 2(x - 


3)~ + 6 




y 


= 2(x + 


3)2 + 5 
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4-7. The Function cierined by y = ax^ -r bx c . 

We turn now to tne general quadratic fur^rlon defined b^.- 
2 

th-i^ equation y - ax 4- bx + c, and reduce the study of thii: 

function to the special cases studied in the previous sect:..,~as. 

We do this by performing a useful algebraic rrjinipulatlon IcHcwn 

as "completing the square". 

Let us examine a few examples first. Ccnsider the funcrrrion 
2 

defined by y = 3x - ox + 3. Since 

3x - ox + 3 = 3(x - 2x + 1) = 3(x - 1) , rxr equation Is oi 

o 

the form y = a(x - k) and is covered in sec^:.. :n 4-5. Suppose 
nov/ we have a more complicated example, say 7- = 3x^ - ox + 4. 

This cannot be written in the form y = a(x - Ic^^. However v;c 

p 

can write y = (3x - ox + 3) + 1 and concl.-ie :^^at 

y=3(x-l) +1. Thus this second equation I3 of the tjve 

y = a(x - k) + p studied In section 4-6. Im bo1:h examples 

2 

started with an expression ax + bx + c and ended with a new 

expression, equal to the original one, of the^ for^: i^.{x - k)^ 

These two examples are typical of what happens in ^eaer^l. 

2 

Every expression oj: + bx + c can be vrrltten ir. zh^ form 
2 

a(x - k) + p provided only that a Is net z:er-... The foU-iwlng 
theorem states this fact and also .shows how k and p r~ 
be found. 

Theorem 4~7a. If a is not zero then 



ax^ 'h bx + c = a(x - k)^ + p where k = - ann p = ^^ - ^^ 



2 



Proof: ax^ + bx + c = a(x^ + '—) + c 

a 

= a(x + + 



-a 



Note: This proof depends on a few algebraic Tnaneuvezis . trie 

first place the expression was added to x^ + — x to oirfcaiTi 

4a ^ 

2 b b^ b ^ 

the square x + - x -r — „ = (x + -5-) . Notice also that addl-r-g 
^2 a ^a 

— r inside the parentheses having the multiplier a on the 
4a^ 
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^2 2 

outside amounts 1:0 adding a -i^., which Is -r^, to the whole ex- 

presslon. The expression - was therefore added to the whole 
expression to be su.ve that the final expression was equal to the 
original . 

Example 4-7a, 3x^ - 6x + 4 = 3(x^ - 2x) +4 

= 3(x^ - 2x + 1) -3+4 
= 3(x 

Here a = 3, b = c = 4, ^ = -1, 



1)2 + 1 
+b , 4ac 



= 1, 



The 



graph of y = 3x - 6x + 4 Is shown In Figure 4-7a, Its vertex 
Is the point >/hose coordi- 
nates are (1,1). Its axis 
Is the line wnose equation 
Is X ~ 1. The gr^ph does 
not go below the line whose 
equation Is y = I-. 




Example 4-7b, x^ - 4x - 6 = (x^ 



Figure 4 -7a 
4x) - 6 



- (x^ - 4x + 4) - 4 - 6 
= (x - 2)2 - 10 

Here a = 1, b c = -6, g = -2, = -10, 

graph of y = X - 4x - 6 Is shown In Figure 4-7b. 



The 
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Its vertex Is the point whose 
coordinates are (2,-10). Its 
axis Is the line whose equation 
Is X = 2. The graph does not 
go below the line whose equa- 
tion Is y = -10. 
Example 4-7c. 



-Sx'^ + 7x - 8 = -6(x' 
Here a = -6, b = 7, c = -8, 



8 



b 



4a c 



4a 



-143 



The graph of y = -6x + 7x • 

Is shown In Figure 4-7c. Its 

vertex Is the point whose 

coordinates are ^^^^) . Its 

axis Is the line whose equation 

is ^ = ^ • The graph does 

not go above the line whose 
-143 
TIT • 




equation is y = 



^ 12 




/ 7 I43^ 



230 



Figure 4-7c 
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Exercises 4-7 

Transfom the following equations to the form 
y = a(x - k) + p, by completing the square 



(a) 


y = 


- iix 




(f) 


y = x^ - 144 


(b) 


y = 


2x - x^ 




(g) 


y = x^ + 2x - 3 


(c) 


y = 


x^ + 3 




(h) 


y = 2x^ + 8x - 5 


(d) 


y = 


3x^ + 5 




(1) 


2 

y = X + 2x - 24 


(e) 


y = 


2 

-X + ox + 


7 


(J) 


y = 10 + 5x - 5x^ 


Find 


the 


vertex and 


axis 


of the 


graph of each of the 



following equations: 



(a) y 


= x^ + 7x - 8 


(f) 


2 7 
y = x -^x+3 


(b) y 


= -x^ - llx - 31 


(g) 


2 

y = 5x + 4x + 3 


(c) y 


= -2x^ - X - 1 


(h) 


y = -3x^ + 2x - 2 


(d) y 


= 4x^ + X - 3 


(1) 


y = -5x^ + 3x 


(e) y 


= -2x^ - 5x - 1 


(J) 


y = 2x^ + 8 


Sketch 


the graph of each 


of the 


equations In problem 



4-8 . Quadratic Functions having Prescribed Values • 

Every quadratic function makes Infinitely m^iny pairings of 
one real number with another. It Is reasonable to ask how many 

of these pal-lngs can be prescribed arbitrarily. It turns out 
that the answer to this question is three. Let us state this 
fact more specifically. Let x^, x^, be any distinct real 
numbers and let y-j_, y^, be any three real numbers whatsoever. 
Then, if there Is no linear function which pairs x^ with y.^^, 
x^ with y^ and x^ with y^y there is one and only one quadratic 
function which makes these pairings. 

We are not in a position to prove this fact now because its 
proof requires solving systems of three equations in three un- 
knowns and this topic is not discussed until Chapter 8. Let us 
look into an example anyway. Suppose we try to find a 
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quadratic function whi pairs 3 with 1, 9 with -1 and 6 with 2. 

2 

We would look r^r a q. .iratic funcxioa defined by y = ax + bx + 

such that p 

3 = a .)'^ + b(l) ^ J - a + t -h c 

9 = a(-l)^ + b(-L) c = a. - o + c 

6 = a(;2)^ + b(2) + c = 4a + 2b + c. 

We seek three numbers a, b, . c which s^rlsfy trhese equations. 

It can be checked that; a = 2, b = -3 and c = 4 satisfy the 

equations and thai: the quadratic f mi::'' Ion deTined by 

y = 2x - 3x + 4 makes the given pa±r-_ags. A method by which 

these numbers can be found is descrl^^-"i in Chapter 8. 

This question about the quadratn^ function also has a 

geometric version. It has to do witii .prescribing points to lie 

on a single parabola. It turns out "rnat If any three points 

are given which do not lie on a Izz2^ t:nen they lie on the graph 

o 

of some equation y = ax" + bx + \ 



For instance if the 

points with coordinates (1,3), H,9) 

(-1,9) and (2,6) are given, 

then the graph of the equation 
2 

y = 2x - 3x + - contains these 
points. The diagram shows that 
these points do lie on the 
parabola and that they are not 
collinear. 




Figure ^-8a 
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Exercises 4-8 

1. Find the quadratic function which pairs 0 with 0, 1 with 1 
and +1 with -1. 

2. Find the quadratic function whose graph passes through 
(0,0), (2,0) and (l,-l). 

3. Find the quadratic function which pairs 0 with 0, 0 with 2 
and -1 with 1. 

4. Determine the number t so that the graph of the equation 
y = ax^ + bx + c, a 0, contains the points (0,0), (1,2) 
and (-l,t). 



4-9. Equivalent Equations ; the Equation ax 4- bx c 0 . 

Definition 4-9a. Two equations are said to be equivalent if and 
only if they have the same solution set. 

Example 4-9a. The equation 2x - 6 = 0 and x - 3 = 0 are equi- 
valent since the solution set of each is (3). 

There are several ways of manipulating an equation to obtain 
an equivalent equation. Some of these ways are 

(1) addition of the same number to both members of an 
equation. 

(2) multiplication of both members of an equation by the 
same non-zero number. 

For instance the equation 2x = -6 is obtainable from 2x + 6 = 0 • 

by adding -6 to both members, and these are equivalent equations. 

The equation x = -3 is obtainable from 2x = -6 by multiplying 

both members by ^ and these are equivalent equations. 

We are going to continue our study of the equation 
2 

y = ax + bx + c. We have already seen that the function defined 
by this equation pairs certain values of y with 2 values of 
x, certain values of y with no values of x and one value of 
y with exactly one value of x. We are going to consider y 

as a given number and examine the solution set of the equation 
2 

y = ax bx 4- c regarded as an equation in x. 

As a first step we simplify the problem by reducing it to 
the study of equations of the fom 0 « ax^ + bx + c. We shall 
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see shortly how useful this step is. We ought also to convince 
ourselves that no cases are lost by considering only this 

special case with y = 0. For instance the equation 

2 o 
17 = 3x + 4x -f 5 is equivalent to che equation 0 ^ 3x + - 12. 

More generally, if y, a, b, c are numbers, then the equation 
2 

y = ax + bx + c is equivalent to the equation 
2 

0 = ax + bx + c« where c' = c - y. This can be shown by 
adding -y to both members of the first equation. 

Exercises 4-9 

. Show, that the following pairs of equations are equivalent. 

1. 3x+9=0, x+3=0 

2. 2x + 6 = 9, x=-j 

3. x^ + 9x + 10 = 0, 2x^ + l8x + 20 = 0 

4. x^ + 7x^ + 3x + 9 = 0, x^ + 7x^ + 3x + 12 = 3 

5. ^ - 8 = 0, x"^ = 16 

6. 17x + x^ = 11, x^ -f 17x - 11 = 0 

7. x^ + 7x + 3 = 20, 0 = -17 + 7x + x^ 

8. -3x^ + 4x - 9 = 6 + X, -3x^ + 3x - 15 = 0 

9. - 15x = 0, x^ - Lx 0 

2 p 

10. ax f- bx + c = 0, -c - bx = ax 

Find a quadratic equation of the form ax^ + bx + c = 0 
equivalent to each of the following: 

11. x^ + 20 == 8x + 5 

12. x^ + 3x = 2x + 6 

13. + 49 = l4x 

14. 2x^ + 3x + 7 = x^ + 3x + 6 

15. 4x^ + 8x = 5 

Test the following pairs of equation? to see if they are 
equivalent : 

16. 4x - 3 0, X = 'J 
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17. x2 = ^ , X = 3 

18. x^ - = 0, + a^ = 0 

19. x^ = 1, X = 1 

20. x^ = 0, X = 0 

21. (x - 50)^^5 ^ _ 5Qjl3 ^ Q 



^-10. Solution of ax + bx + c = 0 b^ Completing the Square , 
Definitions ^-lOa. If a,, h, 0 are any real nvimbers and If 
a ^ 0, we say that the equation ax +bx + c= Olsa quadratic 
equation. A root of the equation ax^ + bx + c = 0 Is any 
member of the solution set of this equation. To solve an 
equation means to find Its solution set. 
Note: Any root of an equation can be called "a solution " of 
that equation. When the words " the solution of an equation " 
aio used they refer to the entire solution set of that equation. 

Theorem 4^^- 10a . The quadratic equation 

2 

ax + bx + c = 0 
Is equivalent to the equation 

(x + = ^LzJiac ^ 

Proof ; In section h-J we showed that 

ax2 + bx + c = a(x + + 
2 

therefore ax + bx + c = 0 Is equivalent to 
b - ifac 

Adding to both sides gives the equivalent equation 

a^v a. ^ ^^ - b^ - 4ac 

"3a ^ IFa • 

Multiplying both sides of the equation by the non-zero nximber i 
gives the equivalent equation 
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(X + ^) = 

Example 4 -10a: 3x +4x+5=nis equivalent to each of the 

following: o u 

3{x'^ + x) + 5 = 0 

3(x2 + 4 ^ + (|)^) +5-4=0 
3(x + |)% ^ = 0 

3(x +§)'=- ^ 

(X +§)'=- ^ 

Theorem 4-lQb , The quadratic equation ax + bx + c = 0 has 

(1) No roots if - 4ac < 0 

(2) One root if b^ - 4ac = 0, namely - 

2 

(3) Two roots if b - 4ac > 0, namely 



-b Vb^ - 4ac , -b + Vb^ » 4ac 
55 ?5 

Note: This theorem refers only to those roots which are real 
numbers • When the complex numbers a??e introduced in Chapter 5 

a different version of this theorem will be presented* 

2 

Proof:. We know that our equation, ax + bx + c = 0, is 
equivalent to 

(X + ^) . . ^ 

According to Theorem 1-lOb this equation has a solution if 
and only if the right member is not negative. Since the 
denominator 4a of this right member Is the square of the non- 
zero number 2a it is positive. It follows that the right 

2 

member is negative if and only if Its numerator b - 4ac is 
negative. Thus the equation ax + bx c = 0 has no solution 
If b^ - 4ac < 0. If b^ - 4ac = 0, then x + = 0 and x - 
If b^ - hac > 0, then either 
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X + = / — or 



X + 

In the first case 
and In the second 

X = 




-b -> Vb^ - 4ac 



Corollary ; A quadratic equation has at most two roots. 
Example 4-lOb. Consider the equation 3x^ + 4x + 5 = 0. We 
have a =: 3, b = 4, c = 5, b^ - 4ac = 4^ - 4-3«5 == ^H. This 
equation therefore has no solution according to Theore; . 10b. 
The equation was also treated In example 4-lOa and shown to be 
equivalent to the equation 

2 

The fact that the right member of this equation Is negative, and 
consequently the equation has no solution. Illustrates the 
central idea of the proof of Theorem 4-lOb. 
Example 4-lOc: Consider the equation 

3x 6x + 3 = 0. 
We have a = 3, b = 6, c = 3, b^ - 4ac = 6^ « 4.3-3 = 0. 
According to Theorem i^-lOb this equation therefore has exactly 
one solution^ namely - -grj = The equation Is equivalent to 

3(x -f 2x + 1) = 0 or (x -i- l)^ = 0. This latter equation clearly 
has -1 as Its only root. 
Example 4-lOd: Consider the equation 

5x^ 4- 5x - 30 = 0. 
We have a = 5, b = 5, c = -30, b^ - 4ac = 5^ - 4-5(--30) = 625. 



According to Theorem 4-lOb this equation has the two solutions 
T[cr^ and ^^^-^ 
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since- V§25 = 25, these numbers are "^^^^ and '^^^ , that 
Is 2 and -3, Let us check to see If 2 and -3 are In fact roots 
of our equation. Substituting 2 for x, we have 

5-2^ + 5-2 - 30 = 20 + 10 - 30 =0 
Substituting -3 for x, we have 

5-(-3)^ + 5(-3) - 30 = 45 - 15 - 30 = 0 
Therefore 2 and -3 are roots of the given equation. 

Definition 4-.10b, The discriminant of the quadratic equation 

ax^ + bx -^ c = 0 Is the number b^ - 4ac, 

Corollary to Theorem 4-lOb: A quadratic equation has 

(1) No solution If Its discriminant Is negative, 

(2) Exactly one root If Its discriminant Is zero, 

(3) Exactly two roots If Its discriminant Is positive. 
Theorem 4-lOb amounts to giving -three procedures for dealing 
with quadratic equations. When complex numbers are Introduced, 
a single formula will cover all the cases, namely 

- -/b^ . 4ac 



X ^ 



2a 



As long as we are dealing with real numbers, we can only use 
this formula for the case b - 4ac > 0. 

Exercises 4-10 

Test the following quadratic equations to determine which 
has no solution, which has one solution and which has two 
solutions, by completing the square, 

1, x^-5x-f6 = 0 6, x^-6x + 9 = 0 

2, 2x^ - 3x - 5 = 0 7, 5x^ = 2x - 1 

3, 3x^ + 2x + 4 - 0 8. 25x^ = «10x - 1 

4, 2x^ + 3x = 0 9. 5x^ = 3x - 2 

5, x^ + X + 1 = 0 10, 2x^ + 9x = 4 



238 



[sec, 4-10] 



228 

Test the following quadratic equations to determine which 
has no solution, which has one solution and which has two 
solutions, by finding the value of the discriminant. 



11 . 


X - Pv 4- 2i — n 

-A. <— -A. 1 *T- — vj 


15 . 


2 

15x + 5x + 1 


= 0 




3x^ - 4x - 2 = 0 
- 9x + ^ = 0 


16. 
17. 


8x = 2x + 4 
5x^ = 2x - 1 






2x^ 3x -8=0 

Solve by completing the 


18. 

square 


x^ + 8x + 4 = 


0 




- ox = 7 


24. 


x^ + 5x + 1 = 


0 




x^ - 8x = l8o 


25. 


x^ + 3x = 10 




21. 


2 

X - 4x - 45 = 0 


2c. 


2 3 1 

X 4- ^ X -r ^ = 


■ 0 


do . 


x^ - 2x -f 7 - 150 
x^ + 45 = l4x 


27. 

2£, 


Syr - 5x = -1 






Solve by ^^3lng the quadratic f jjcrmula: 




29. 


X + 2x - - = 0 


35. 


lyr + 2ix = 2 




30. 


2 

5y + 9y - - 0 


36. 


12x^ + X - 1 = 


0 


31. 


3t^ = 2t + 2 


37. 


2x^ + llx - 3 


= 0 


32. 


= 3y 4- 2 


38. 


2 

cx + bx + a = 


0 


-33-. 


-x.^ + 7x - 1 = 0 


39. 


2 

bx + ax + c = 


0 


34. 


2 

X + X - 1 = 0 
Solve by any method; 


40. 


2 

bx + cx + a = 


0 


41. 


5x - 3x^ = 0 


46. 


2x^ - 5x - 6 = 


0 


42. 


2x^ - X - 3 = 0 


47. 


2x^ + X - 3 = ' 


0 


43. 


2 

X + X - 1 = 0 


48. 


25x^ + lOx + 1 


= 0 


44. 


x^ + 8x = 2 


49. 


l6x^ = 8x + 9 




45. 


5x^ - X - 3 = 0 


50. 


3x^ + 5x - 7 = 


0 



4-11. Solution of Quadratic Equata.ons by Factoring . 

Theorem 4 -11a . If a, r and s are real numbers and If 
a 0, then (r,s) is the solution set of the equation 

a(x - r)(x « s) = 0. 
^roof: First we show that r and s are roots of the 
equation. If we substitute r for x we obtain 

a(r - r)(r - s) = a.O(r « s) = 0, 
so r la a root of the equation. If we substitute s for x, 
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we obtain 

a(s - r)(s - s) = a(s - r) .0 = 0 
so s is a root of the equation. There remains to show that 
no other number Is a root of the equation. This follows from 
the theorem that if a product of real numbers is zero, one 
of the factors mvst be zero. If a number t is a root of the 
equation then a(D - r)(t - s) must be zero. Since a ;^ 0 It 
follows that either t - r is zero or t - s l3 zero. We conclude 
that if t is a root either t = r or t = s, 
Exair.J.e 4-lla: Consider tiie equation 

17(x - 13) (x 4- 19) = 0 . 
According to Theorem ^^^a its solution set is (18^,-19} . To 
see this it is helpful ro notice that x + ic = x - (-I9). 
Example il-llb: Consider the equation 

17{x - 18)^ = 0 . 
This equation has one root, I8. According to Theorem 4-lla the 
solution set of this equation is the set (l8,l8) which is a 
correct but somewhat unusual way of designating the set (I8). 
Thus the theorem is valid for equations with only one root. 

Theorem 4-lla is occasionally useful in solving quadratic 
equations ax^ + bx + c 0, because it is sometimes possible to 
factor ax^ + bx + c into an expression of the form 
a(x - r) (x - s) . 

Example 4-llc: Consider the quadratic equation 

2 

X - 3x + 2 = 0 . 
It is equivalent to the equation 

(x - 2)(x - 1) = 0 
and the solution set of the original equation is therefore (2,1). 
Example 4-lld; Consider the quadratic equation 

2 

21x + llx -2=0. 
It Is equivalent to the equation 

(7x - l)(3x + 2) = 0. 
This is equivalent to the equation 

7(x - ^)3(x + |) =: 21(x - ^)(x + |) =: 0. 
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The solution set of the original ^'quation is therefore(Y ^ « |.) . 
The equation 

(7x - 1) (3x - 2) - 0 
can also be solved directly by solving 







7x 


- 1 = 


^ 0 






CXI LyJL 


3x 


+ 2 = 


0. 








Exercises 


4-11 






Solve the following 


equations 


by factoring: 


1. 


x"" - 5x + 6 0 




16. 


6 + 


7x = 5x2 


2, 


x^ - 8x + 16 = 0 




17. 


3x 


+ 5x = 0 


3, 


2 , ^ 
X - 16 = 0 




18. 


llx = 


= 2 + 15x2 


1, 

4. 


2 

x"" - 3x - 54 = 0 




19. 


9x2 


- 16 = 0 


5. 


2x^ - 5x + 3 = 0 




20.. 


7x2 


- 5 = 2x 


6. 


2x'' + X - 3 = 0 




21.. 


2 

21x'^ 


+ 40x - 21 = 0 


7. 


l6x^ - 25 = 0 




22. 


21x2 


+ llx -2=0 


8. 


^« 2 

33x'' - llx = 0 




23. 


34x2 


+ 17x = 0 


9- 


X + 8x - 65 = 0 




24. 


18x2 


- 9x + 1 = 0 


10. 


lOx^ + 29x - 21 = 0, 




25. 


64x2 


- l6x +1=0 


11 . 


15x^ - 6 = X 




26. 


x2 - 


2ax - 24a2 = 0 


12. 


31x = 6x^ + 35 




27. 


2 

X 


3bA - 4b2 = 0 


13. 


X + 2 = 15x^ 




28. 


x2 - 


(a + b)x + ab = 0 


14. 


2x^ + 5x = 12 




29. 


x2 4. 


(a - b)x - ab = 0 


15. 


5x + 4 = 6x^ 




30. 


t2x2 


- (at + bt)x + ab = 0 


4-12. 


Some Properties of 


the 


Roots 


of a Quadratic Equation. 




Theorem 4-12a. If r 


and 


s 


are any real numbers there 


Is a 


quadratic equation whose 


solution set Is {r,s). 




Proof: Since 












(x - r)(x - s) 


= x2 


- (r 


+ s)x 


+ rs 


the equation 














(x - 


r)(x 


- s) -. 


= 0 


is equivalent to the quadratic 


equation 






x^ 


- (r 


+ s)x + rs 


= 0 . 


Since 


the solution set of 


the 


first 


equation Is (r, s) this Is 



also the solution set of the second. 



[sec. 4-12] 

241 



231 



Note: If r and s are equal to each other this argument is 
still valid. The solution set is then (r] which is the same as 
(r,rj. 

Sometimes such a quadratic equation, with only one root, is said 
to have "two equal roots" or a "double root". This terminology 
is discussed later in Chapter 5. 
Example 4-12a: Consider the set (l4,ll}. 

Since (x - l4)V - 11) x^ - 25x + 15^ the given set is the 
solution set of the quadratic equation 

- 25x + 154 = 0. 
E35:ample 4-12b: Consider the set [l4, -11). 

Since (x - 14) (x - (-11)) = (x - l4)(x + 11) = x^ - 3x - 15^ 
the given set is the solution set of the quadratic equation 

- 3x - 154 = 0. 

Corollary ; If (r, s] is the solution set q£ the e^fii^t^-lon 
x^ + px + q = 0, then r + s = -p 

and rs = q. 

Proof : We consider our equation to be cf the type 

2 

ax + bx + c = 0 with a = 1, b = p and c = c„ It follows then 

from the quadratic formula that the, solution.3 of our equation 

are ^ 

-p + Vp - 4q 
2 

and 

The sum of these n umbers i s 

which simplifies to -p. The product of these niombers is 



p^ + p , 4q - p - 4q - (p^ - 4a) 

which simplifies to q. 

Theorem 4->12b : If the solution set of the quadratic equation 

ax + bx + c = 0 is (r,s) then 

r + s = - ^ and r-s = 

a a 
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2 

Corollary : If the quadratic equation ax + bx + c = 0 has roots 
r and s, then ax + bx + c = a(x - r)(x - s). 
Example 4-12a: Let U3 consider the equation 

x^ - 3x + 2 = 0 

which J.S an Instance of the equation discussed In Theorem 4-lla 
with p = -3 and q = +2. Its solution set is [2,1], According 
to Theorem 4-.12a we should have 

2 + 1 = -p = -(-3) 
2.1 = q = 2 
and these statements are indeed correct. 

2 

Example 4-l2c: Consider the equation 21x + llx -2=0. We 

1 2 

saw in example ^i-lld that its solution set is [w , - "t) • Accord- 

1 '2 11 
Ing to Theorem 4-I2b ■'ic^ should have y + (- -j) = - and 

i(- ^) = - ^ and these statements are Indeed correct. 

Exercises h-12 

For each of the following fom a quadratic equation whose 
solution set is the given set. 

1- (5,6) 4. (6,-6} 7, (| , 0] 

2- 13,-7} 5. (0,0} 8. (| , - ^] 

3. (4} 6. (4,-i} 9. (4 - -v^, 4 + S) 

1 

10. Find a quadratic equation whose roots are r and — . 
Find the sum and product of the roots of the following 
equations if roots exist. 

11. x^ - 13x + 4o = 0 14. 2x^ - 6x = 0 

12. x^ + 5x - 50 = 0 15* 7x^ - llx - 8 = 0 

13. 2x^ - 6x + 5 = 0 l6. x^ - (p + q) + pq = 0 

17. The roots of an equation are 2 + Vs and 2 - Vs". Find the 
sum and product of these roots and write the equation. 

18. Construct a quadratic equation with integral ' coefficients 

which has the roots '^^^ | and ^ . 

19. For each of the following find all values of h such that 
the equation has one root: 

(a) 5x^ + 3x + h = 0 (c) hx^ + 3x +■ 2 = 0 

(b) 5x^ + hx + 3 = 0 24o 
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*20, Show that If one root of the equation ax^ + bx + c = 0 

p 

Is twice the other, then 2b = 9ac. 

^-13- Equations Transformable to Quadratic Equations , 

We consider equations which are not quadratic equations but 
which can be transformed to quadratic form. Since we know how 
to solve quadratic equations any problem reducible to a quadratic 
equation can be considered to be solved,, so the advantage of 
this procedure is clear. There is a disadvantage to our procedure 
also; the transformations we use in this section do not al- 
ways give us equations which are equivalent to the ones we 
started with. 

We shall deal with transformations which can produce three 
different effects they can enlarge the solution set, dimin- 

ish it or leave it unchanged. Specifically we shall deal with 
those transformations for which 

(1) the solution set of the derived equation is the same 
as the solution set of the original equation (equivalent 
equations) 

(2) the solution set of the derived equation is a proper 
subset of the solution set of the original equation (some 
roots get *'lost") 

(3) the solution set of the original equation is a proper 
subset of the solution set of the derived equation (extra- 
neous roots are introduced) . 

Thus we cannot assiune in what follows that the solution set of 
the derived quadratic equation is the solution set of the 
original equation. 

We do not have rules for dealing with this subject. Instead 
we shall deal with some typical examples. 
Example ^f-13a: Solve the equation 

k 

X - 5 +5^= 0 

Clearly, the given equation is not in the quadratic form. We 
multiply both members of the given equation .by x, obtaining 
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x(x - 5 + |) = 0 

or 

- 5x + 4 = 0. 

This equation Is a quadratic equation whose roots are 1 and 4. 

.Let us verify that these are also roots of the original equation. 

'4 

1 - 5 + y = 0 

4 

4-5+^ = 0 

In this example multiplying both members of the original equation 
by X produced an equation all of whose roots were roots of the 
original one. This does not always happen as the next example 
shows . 

Example 4-13b; Solve the equation 

If we multiply both members of the equation b^^ x - 2 the trans- 
formed equation Is 

x(x - 2) + 3 = 5(x - 2) + 3 

or 

x^ - 2x + 3 = 5x - 10 + 3. 
This equation Is equivalent to the quadratic equation 

x^ - 7x + 10 = 0 . 
The roots of this quadratic equation are 5 and 2. Let us check 
these In the original equation: 5 + ^ = 5 + ^ ^ ^ or 6 = 6. 
Thus 5 Is a root of the original equation. On the other hand 
we cannot substitute 2 for x In the original equation because 
this would produce a zero denominator. Therefore 2 is not a 
root of the original equation. Therefore 2 is an extraneous root. 
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Exercises ^-13a 

Solve each of the following equatiors. Check your answers 
by substituting In the original equation. 



1. 


X - 




3=0 


6. 




2. 


X - 


X 


0 


7. 




3. 


X + 


1 _ 

X 


-2 


8. 


^ - 9 =3r^ 


i^. 


X + 


L _ 

X 


2 


9. 


4- 10 7x 
X - 5 X - 5 


5. 


X - 


1 = 


1 

X - 1 


10. 


X - 1 = X 



Example Jf-13c: Solve the equation 

VSx + k - X = 0 . 
We first add x to both members, obtaining the equation 

^/3x + k = X. 

If we square both members of this equation we obtain the equation 

3x + If = x^ 

or 

X - 3x - k = 0. 
The roots of this quadratic equation are h and -1. We check to 
see If either of these numbers Is a solution of the original 
equation. 

Vl6 - k = 0 
Vl + 1 = 2 

This shows that one of the two roots of the derived quadratic 
equation, namely +h Is a root of the original equation and that 
the other root, namely -l,is not. 
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Exercises 4-13b 





Solve the following 


equations : 












1. 


Aox = X 


< 

o. 


/8x 


H- 


5 = 


+ 2 




2. 


v/6x + 7 = X + 2 


7. 


/5x 


+ 


6 + 


v/3x - 2 


= 6 


3. 


/x - 3 = X - 5 


8. 


/6x 


+ 


7 - 


v'3x + 3 


= 1 


4. 


/3x + 1 + 11 = 3x 


9. 


Ax 




3 = 


y8x + 1 


- 2 


5. 


/5x - 1 = /F+ 1 


10. 


v/2x 




5 + 


X = 2 





Example 4-13ci: Solve x^ - Sx"^ + 2=0. 

2 

This is not a quadratic equation. Let us substitute t for x . 
Then the transformed equation 

t^ - 3t + 2 = 0 

is a quadratic equation. The roots of this equation are 1 and 

2. The roots of the original equation are found by solving the 
2 2 

equations t = x =1 and t = x =2. We obtain the numbers 1, -1, 
We find by substitution that these nxambers are roots. 
The solution set of the original equation is therefore 
(1, -.1, v^, - 

Example 4-13e: Solve (x^ - 5x)^ - 2(x^ - 5x) - 24 = 0. This is 

2 

not a quadratic equation, If we substitute 2 for x - 5x, then 
the transformed equation 

- 2z - 24 = 0 

is a. quadratic equation. Its roots are 6 and -4. The roots of 

the original equation are found by solving the equations 

z = X «- 5x = 6 

and p 

z = x"^ - 5x = -4. 

The solution set of the first of these is {6,-1), the solution 

sec of the second is (4,1]. We find by substitution in the 

original equation that the numbers 6, -1, 4, 1 are roots of the 
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original equation, so the solution set of the original equation 
is (6,-1,4,1]. 

Exercises h-13c 
Solve the following equations by making suitable substitu- 
tions. 

1. x^^ - 4x^ + 3 = 0 5. (x^ - 3x)^ - 2(x^ - 3x) -8=0 

2. x'^ - 6x2 + 8 = 0 (x2+3x)2 + 3(x2+ 3x) +2=0 

3. x'^ - 13x2 + 36 = 0 7. 1 + _ 36 = 0 

(x - 2)^^ ~ "^i 

K. . 29x^ . 100 = 0 3, (_^)^ 3(3^) . 2 . 0 

Exercj ses ^-13d 
Solve the following equations. 
1. 2 -i = x 

2., (x - 5)^ + 2(x - 5) - 8 = 0 
n 3x + 5 T 

4. x'^ - Bx^ - 9 = 0 

k ^2 

5. X - 26x + 25 = 0 

6. (x^ - x)2 - i4(x2 - x) + 24 = 0 

7. (x^ + 1)2 + 6(x2 + 1) + 8 = 0 

o X - 1 1 _ 3 

^' - 4x + 4 ' ^ ^ ^ 

9. v'2x - 3 + 2 VSx - 2 = 5 



10. i/2x - 5 = 2 + v/x - 2 

11. 3(x2 + 3x)2 - 2(x2 + 3x) -5=0 

12. 3(i +1) + 5(i + 1) = 2 

13. -/x + 2 + ^3 + 2x = 2 
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14. 

15. 

16. 

17. 
18. 

19. 
20. 



y2x + 3 - •/4x - 1 = -fS-i 



/x^ 4- 9 + , j:^ = 8 



2 

X + 5x 



X + 5x 



2x - 7 3x - 7 

... .'^ = X + i 



X + 3x + 2 



4x - 2 
X + 2 



3x 



X - 2 

__7 

X + 5 



+ 



if - x' 
8 



= 2 

3 



2x + (a + 2b)x + ab = 0 



if-l^. Quadratic Inequalities . " •> ' - 

By a quadratic Inequality we mean an Inequality of one of 

the following kinds 

-' • (1) ax^ + bx + c > 0 

(2) ax^ + bx + c < 0. 

The solution set of such an Inequality can be found by examining 

2 

the graph of the equation y = ax + bx + c. The portions of the 

graph which are above the x-axls give the values of x which 

2 

are the solution set of ax + bx + c > 0. The portions of the 

graph which are below the x-axls give values of x which are 

2 

the solution set of ax + bx + c < 0. 
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Here are the cases which can come up 

Case I (Figure k-lka,) 

The solution set of 
2 

ax bx + c < 0 Is 
{x:p < X < q}. 

The solution set of 
2 



ax" -f bx + c 



0 is 



The solution set of 
2 

ax + bx + c > 0 is 

(x:x < p or X > q} , 

Case II (Figure 4-llj.b) 

The solution set of 
2 

ax +bx+c<01s the 

empty set. 

The solution set of 



ax 



+ bx + c = 0 is {p] 



The solution set of 
2 

ax + bx + c > 0 is 
(x:x < p or X > p} . 




Figure ^-l^fa 




Figure h-lkh 



2 50 
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Case III (Figure 4-l4c) 

The solution set of 
2 

ax +bx + c<0 Is the empty- 
set . 

2 

The solution set of ax + bx + c = 0 
Is the empty set. 

2 

The solution set of ax + bx f- c > 0 
Is the set of all real numbers. 

Case IV (Figure 4-l4d) 

2 

The solution set of ax + bx + c < 0 
Is (x:x < p or x > q) , 

2 

The solution set of ax + bx + c = 0 

2 

The solution set of ax + bx 4- c > 0 
is (x:p < X < q) . 




Figure k-lkc 




Case V( Figure 4-l4e) 

The solution set of 

ax"^ + bx + c<01s 

tx:x < p or X > p} . 

The solution set of 

ax + bx -f- c = 0 is [p) . 

The solution set of 
p 

ax + bx -f- c > 0 is the 
empty set. 



Figure k-lkd 




Figure 4-l4e 



[sec. h-lk] 



251 



241 



case VI (Figure 4-l4r) 

The solution set of 
2 

ax + bx + c < 0 Is the 

set of all real numbers. 

The solution set of 
2 

ax + bx -f- c ^ 0 Is the 
empty set. 
The solution set of 
ax^ + bx + c > 0 is the 
empty set. 

Example 4-1 4a: Solve x^ - 5x + 4 > o. 
Solution: First draw the graph 
of y - x^ - 5x + 4. The solution 
set of x^ - 5x + 4 > 0 Is the 
set (x:x < 1 or X > 4) . We 
arrive at this answer by deter- 
mining the values of x for 
which the graph is above the 
x-axls . 




Figure 4-l4f 




Figure 4-1 4g 
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2h2 



+ 2x 



Example 4--l4b: Solve -x 

2 

-X + 2x 



1 < 0. 

The solution set of -x^ + 2x - 1 < 0 
is the set [x:x < 1 or x > 1], V/e 
r^rrlve at this answer by determining the 
values:, of x for which the graph is 
hel.nnv ;:he x-axis • 




Example ^-l^c: Solve -x^ + 2x. > 0. 

Solution: First draw the graph of 
2 

y = -X + 2x. The solution set of 
2 

-X + 2x > 0 is the set (x:0 < x < 2). 
We arrive at this answer by determining 
the values of x for which the graph 
is above . the x-axis. 



Figure ^-l^h 




1. 
2. 
3. 
4. 

5. 
6. 



Figure k-lkl 

Exercises 4-l4 

Find the solution set of each of the following inequalities, 

x^ - 4x + 3 < 0 

2 

X + 5x + if > 0 

X + X - 6 > 0 

2x^ + 4x + 5 < 0 ' 

x^ - 16 < 0 

X - 6x + 9 < 0 
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7 . X - ox + 8. < 0 

8. -x^ + 2x + 3 < 0 

9. 5x < 2 - 3x^ 

10. 3(x + 1) < 5x^ 

11. 6(-x2 + 1) > 13x 

12. -x^ - 4x - 5 < 0 

13. 4x^ + 1 > 4x 
'14. -x^ + X > 0 

15. 2x - 1 > X - x^ 

16. Determine values of h for which each of the following 
equations has no roots, 1 root, 2 roots. 

(a) x^ + hx + 9 = 0 

(b) X + hx + 9h = 0 



4-15. Applications . 

Mathematics sometimes is divided into two parts, "pure" and 

"applied". The "pure" part is concerned with the logical 
'analysis of mathematical objects, such as numbers and pointsj 
•the "applied" part is concerned with using this laiowledge to 
obtain information about other kinds of objects, such as speeds 
and places. For instance the statement 5-52 = 260 is an example 
of "pure" mathematics. It can be applied to solve the problem 
"how many cards are there in five decks of cards each consisting 
of fifty-two cards"? In this section we shall study a few 
problems arising outside the world of mathematics which can be 
formulated and solved as quadratic equations. 

The fact that quadratic equations can have two roots some- 
times introduces a slight complication. It can happen that the 
original problem has only one solution and that the auxiliary 
quadratic equation has two. Then common sense must be brought, 
in to select the right root. For instance if the original prob- 
lem is about the number of grains of sand on a beach, then any 
negative root of the auxiliary quadratic equation is surely not 
the right one. ^ . 
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Example 4- 15a, On a river which flows at the rate of 3 miles 
an hour, a motorboat can go 12 miles downstream and 12 miles 
back in 2 hours and 8 minutes. What is rate of the boat in 
still v/ater? 

Solution: We are asked to find the rate of the boat in still 

water. We denote this unknown number by x. Then the boat. 

travels downstream at the rate of x + 3 miles an hour. The 

12 

number Df hours it takes to go downstream is a - . The number 

of hours it takes to return upstream is ^ . The number of 

hours for the entire trip is their sum 

12 . 12 

Q 

Since we know that the total time is 2 + ^ hours v/e can express 

our problem mathematically by the equation 

12 12 ^ p . 8 ^ 32 

X .3 x" - 3 Ho 15 

This is an equation which can be transformed to a quadratic by 

multiplying both members by (x + 3)(x - 3). The transformed 

equation is 

12(x - 3) + 12(x -f 3) = -^(x + 3)(x - 3) 

or 

24x = ^(x^ - 9). 
This is equivalent to the quadratic equation 

4x^ - 45x - 36 = 0, 

3 

whose roots are 12 and - . The number 12 is a possible solution 

of the original problem, the negative number - is not. We 

check to see if 12 satisfies the original equation by substituting 

12 for X. We obtain' 

12 12 ^ . ^ 

12 + 3 '^15-3"5'^'3' 

32 

and conclude that the boat must travel 12 miles per hour in 
still water. 



255 

[sec. 4-15] 



245 



Example 4-155- Many of the buildings of ancient Greece incor- 
porated the proportions of the "golden rectangle". This figure 
is a rectangle ABCD having the 
property that if points P and Q 
are chosen on its longer sides 
so that APQD is a square then 
rectangle BCQP and rectangle 
ABCD are similar. Suppose it 
is required to find the base 
CD of such a rectangle if its 
height AD is to be 10 feet. 
Solution: In the figure 
AD = AP = PQ DQ = 10, We 
seek CD. We can express 
the geometric conditions con- 
cerning the similarity of the rectangles ABCD and BCQP by the 

AB BC 




Figure 4-15 



If vie denote CD by x, then 



algebraic equation j-^ - 
AB = X and QC = x - 10, The equation becomes 



X 

10 



10 



X - 10 ' 

This can be transformed to 

x(x - 10) = 100 
which is equivalent to 

x^ - lOx - 100 =: 0. 
We solve this equation by use of the quadratic formula. Its 
two roots are 



10 + 



^andi2. 



500 



10 + 



J- ana 

The second of these numbers is negative, and so cannot be the 
required length. We conclude that if the height of a "golden 
rectang le" is 10 feet, then the length of the base is 
P feet. This is approximately 16 feet. 

Exercises 4-15 
The perimeter of a rectangle is 20 feet, its area is 21 
square feet. Find its length and width. 
A picture which is 9 inches wide by 12 inches long is 
surrounded by a frame. The area of the frame alone is 

[sec, 4-15] 

25G 



l62 square inches. Find the width of the frame. 

Find two consecutive positive integers whose cubes differ 

by 126i. 

Assume that an object thrown vertically downward from the 
top of a cliff 2400 feet above a lake falls according to 
the law s = 80t + Ibt where s is the distance in feet 
that the object falls during the first t seconds. 

(a) How long does it take for the object to fall 22k feet 
from the top of the cliff? 

(b) How long does it take until the object strikes the 
surface of the lake? 

(c) Find the distance the object falls during the 8th and 
10th seconds. 

The edges of tv/o cubes differ by 2 inches, and their vo:Lumes 
differ by 728 cubic inches. Find the dimensions of each. 
A grocer sold oranges at a dollar a bag and raised the 
price per dozen by 10 cents by reducing the number of 
oranges in a bag by 4. Find 

(a) the original number of oranges in the bag; 

(b) the original price per dozen. 

An engine pulls a train 140 miles. Then a second engine 
whose average speed is 5 miles per hour faster than the 
first engine takes over and pulls the train 200 miles. The 
total time required for the 340 miles is 9 hours. Find the 
average speed of each -ngine. 

The square root of 3, less than twice a given number is 1 
more than the square root of 2 more than the number. Find 
the number. 

Find the dimensions of a rectangle if the diagonal is 2 
mere than the longer side, which in turn is 2 more than the 
shorter side . 

Prove that there is no real number such that the sum of it 
and its reciprocal is 1. 

Is there a rectangle with a perimeter of 66 inches, and an 
area of 260 square inches? 
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12. The sum of the squares of two consecutive Integers Is 113. 
What are these integers? 

13. John and Mark leave St. Paul at the same time. John flies 
north while Mark flies east. Mark flies 100 miles an hour 
faster than John. At the end of an hour they are 500 miles 
apart. At what average speed did each travel? 

14. The length of a rectangle is four times its width. Its 
area equals that of a square whose perimeter is l4 inches 
less than the perimeter of the rectangle. Find the 
dimensions of the rectangle. 

*15. It is desired to make a rectangular pen to hold livestock. 

100 yards of v;ire fencing materials are available. What 

dimensions will make the inclosed area a maximum? 
(Hint: Sketch graph.) 



4-16. Miscellaneous Problems . 

Plot the graphs of each of the following pairs of quadratic 
functions using a single set of axes for each pair. In 
each case specify the vertex and axis. 



1. 


y 


2 






o . 


y 




2 

X 


4x + 4 




y 


= x2 


1 






y 




x2 


4x + 4 


2. 


y 


= x2 + 


2 




7. 


y 




x2 - 


4x -v 3 




y 


= (x - 


2)2 






y 




x2 


4x + 3 


3. 


y 


= (x - 


3f- 




8. 


y 




-2x2 


- 4x - 2 




y 


= -(x . 


■ 3)2 






y 




2x2 . 


- 4x + 2 


4. 


y 


= -2(x 


- 1)2 




9. 


y 




x2 






y 


= -2(x 


- 1)2 


-h 3 




y 




x2 


3x 


5. 


y 


^-(x + 


3)2 - 


1 


10. 


y 




(x + 






y 


= (X 4- 


3)2 . 


1 




y 




2x2 . 


- 3x + 1 



Test the following quadratic equations to determine which 
has no solution, which has one solution and which has two 
solutions by finding the value of the discriminant. Also, 
find the sum and the product of the roots of each equation 
if roots exi^t. 

11. ^ ' X -! 1 r= 0 12. ^ix"^ •! 12x 9 = 0 
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13. + 2t - 2 = 0 17. lOx^ = 3 + 13x 

14. 2y2 + 3y + 5 0 18. - 2x + 5 = 0 

15. 5t^ - 3t - 4 = 0 19. x^ + 8x + 6 = 0 

16. x^ = l8 + 7x 20. x^ + 7x = 0 

Find the solution set of each of the following equations: 

21. 2y^ + y = 6 31 . x^ + 2x = 9 

22. 12t2 + 31t - 15 = 0 32. x^ - 5x - 3 = 0 

23. 2x^ + 15x + 27 = 0 33. 7x^ - lOx + 5 = 0 

24. x^ + 6x + 4 = 0 34. 2x^ + 4x - 7 = 0 - 

25. 2x(x + 2) + 3 = 0 35. 6x2 - X - 3 = 0 

26. + I X + I = 0 36. 6x - x^ = 0 

27. t^ + 5t + 1 = 0 37. 24x2 - 86x - I5 = 0 

28. 4x2 = 3x + 2 38. 2w2 = 8w - 7 

29. 2y2 + iiy _ 3 = 0 39. X - 5 = 3x^ 

30. 36 + 36x + 9x2 = 0 6 + 2x - x2 = 0 

For each of the following equations determine k so that 
it has exactly one root. 

41. 9x2 ^ + k = 0 

42. kx2 - 6x = 4 

43. 2x2 + 8x + k = 0 

44. 9x2 _ 8icx =- -4 

45. kx2 - kx + 1 = 0 

Form quadratic equations whose solution set is each of the 
following:. 

46. [3,-2] 
^^7. (5,-5} 

48. (2 + /2, 2 - 

50. , 3} 

Find the solution set of the following equations: 

51. X - Vdx + 9 -1 = 0 

52. /x2 + 3 + = 4 

-JyA +'3 



53. v'Sx - 5 + V'2x + 3 + 1 = 0 
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X + ?. ^ ^ X ^ 1 



56. (x^ - 3x + 1)^ ^ 4(x2 - 3x + 1) ~ 5 = 0 



57 



68 



X + 7 2 i2x 



X - T X - 7 (x - l)(x - 7) 

58. ( a + b) ^(l - x)x - ab 

59. v/x~TT + Vx - 1 = Vx - 4 

60. 3x^ - 4x^ - 7 = 0 

Find the solution set of each of the following quadratic 
Inequalities : 

61. x^ - 4 < 0 64. 3x^ + l4x - 5 < 0 

62. x^ - X - 2 < 0 . 65. 2x^ - 3x > 8 

63. 2x^ + 5x > 12 
Solve: 

66. If 3 times the square of a certain number is decreased by 
9 times the number, the result is 120. Find the number. 

67. The length of a rectangle is 6 more than twice the width. 
Its diagonal is 39. Find length and width. 
If a number is increased by 72, its positive square root 
is increased by 4. Find the number. 

69. If the sum of two positive numbers is 50 what are the 
numbers if their product is to be a maximum? 

(Hint: Sketch graph.) 

70. For what values of k does the equation x^ + 2kx +9=0 
have no real roots? 

71. What is the range of the function defined by the equation 
y = 3x^ - 6x + 5? 

72. Given the quadratic equation kx^ - 8x + 3 = 0, find the 
value of k so that " 

(a) the solution set consists of one element. 

(b) 3 is in the solution set. 

73. Find the values of k for which the equation 
kx - 2x + 3 = 0 has two distinct real roots. 

7^, For what values of r and s is (r,s) the solution set of 

0? 
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c + (r - l)x + 2s = 0? 
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75. The segment IE is 20 inches long. The point C Is chosen 
on it so that AC is the mean proportional between CB and 
AB. Find AC. 
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Chapter 5 
COMPLEX NUMBER SYSTEMS 

5-1. Introduction . 

In Chapter 4 we considered equations of the form 
(5 -la) ax^ + bx + c = 0, 

where a, b, c are real numbers, a / 0. We developed a method 
for solving such equations and found that the results depend in 
a very essential way on the value of the discriminant, b^ - 4ac. 
If b - 4ac > 0, the equation has two real solutions; if 
b - 4ac = 0, the equation has one real solution; if b^ - 4ac < 0, 
the equation has no real solution. 

The time has come, it appears, to ask once more whether we 
can extend our number system to include numbers of such a char- 
acter that every quadratic equation with real coefficients has 
a solution regardless of the value of its discriminant. It is 
the task of this chapter to make such an extension of the system 
of real numbers. Actually we shall find that ;;he system we 
derive for this purpose is a richer one than we bargain for: It 
gives us the solutions not only of all quadratic equations with 
real coefficients, but also of all polynomial equations of what- 
ever degree with real coefficients. Even this does not quite 
describe the richness of the system we derive, but it is too 
soon to tell the whole story. Let it suffice to say that no 
further extensions will be necessary for the purposes of 
ordinary algebra. 

The simplest example of a quadratic equation with a negative 
discriminant is the equation 

(5-lb) x^ + 1 = 0. 

If thla equation la written In the form (5-la) we have a = 1, 
b = 0, c = \, and the discriminant Is 

b^ - itac = -4, 

so that we know from Chapter 4 that It has no real solutions. 
We can aee thla without evaluating the discriminant. Since the 
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square of each real number is non-negative, we have x > 0 for 
any real number x. Thus, if x is real, x^ + 1 > 0 -f 1 = 1 > 0, 
so that no real number is a solution of equation (5-lb) , 

To start we will look for a number system in which 
Equation (5-lb) has a solution. It will turn out, in Section 5-5j 
that in this system every quadratic equation with real coeffi- 
cients has a solution. Perhaps if you look again at the method 
of solving the quadratic equation in Section ^f-10 you can now 
see why this should be so. 

Before undertaking our extension of the system of real 
numbers, let us recall the procedure followed in Chapter 1 each 
time we extended a number system. We assumed that a new system 
could be consti^ucted which would: (l) have all the algebraic 
properties of the old system; (2) include all the numbers of the 
old system, in such a way that the new and the old algebraic 
operations, when applied to numbers of the old system, would be 
the same; (3) contain new numbers of the kind we need. We then 
discovered the rules for operating with the new numbers as 
logical consequences of the properties we assumed. 

Pi-'oceeding in the same way we now seek a new number system 
which contains the system of real numbers wJ th all its familiar 
properties and also contains a number satisfying -f 1 = 0, 
Equation (5-lb). We shall designate the system by the letter C 
and call It the system of complex numbers. Following are the 
specirLc properti.es we requLre of C: 

Property C-1 

(L) Two operations, addition (-!•) and multiplication (•) 
ai^e defined In C. (It is to be understood that the 
result oV an operation def.i ned In a system is a 
riuniber In the system, but when we wish to emphasize 
this fact we will say that the system is closed v/ith 
r'eapect l;o the operation . ) 

( r> ) Add ! 1 1 on ! n assoc 1 at.l ve and commiitat I.vc . 

{ t ; ! ) C possosse^s one and only one add It I've idont 1 ty , 

(Iv) K.ich oU^iaent of 0 has one and only ono additive 

[.-.00. 53-1] 
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inverse , 

(v) Mult ! pi : Celt Ion is associative and commutative , 

(vi) C possesses one and only one multiplicative identity . 

(vii) Each element of C, other than the additive identity, 
has one and only one multiplicative inverse . 

(viil)Multipllcatlon is distributive with respect to 
addition. 

Property C-2 

(I) Every real number 1« a member of C. 

(II) The sum of two real numbers in C is the same' as their 
sum in the real number system. 

(ill) The product of two real numbers in C is the same as 
their product in the real number system. 

(iv) The additive identity in C is the number 0 of the 
reals. 

(v) The multiplicative identity in C is the number 1 of 
, the reals . 

Property C--3 

The set C contains a special element 1^ which has the 
property 

1.1 - i"^ = -1. 
We call the special element 1 the imaginary unit . 



Complex Numbers . 

In Section 5-1 we stated a problem: To find a number 
system — that Is, a set of elements and the operations of 
addition and multiplication defined for the set — having pro- 
perties C-1, C-2 and Now we try to solve this problem. 
Let us first try to identify the aet of elements. 

Property C-3 implies that C contains at least one member 
not in the set of real numbers because the square of no real 
number is negative. By C-1, C is closed under the operations 
of addition and multiplication, so that If a and b are real 
numbers, the product b,l is in C since b and 1 are, and it 
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follows that a + bi is In C since a and bi are. We see, then, 
that ail numbers of the form 

a -f bl, where a and b are real, 

are included in C. The number i and every real number can be 
written in this form. We have 1 = 0+1-1, If a is any real 
number a = a -f- 0-i, since 0-1 = 0, (The statement that the 
product of 0 and any number Is 0 can be proved for numbers in C 
exactly as it was for integers in Chapter 1,) 

Now, however, if we add and multiply numbers of this form., 
take their additive and multiplicative inverses, add and multiply 
again, and so on, it would seem that we should encounter more and 
more numbers of the system not of this form. This Is not so! 
The sum and product, additive and multiplicative inverses of 
numbers which can be written in the form a + bl, a and b real, 
can be written in the same form. We have not proved this, but 
after we complete our discussion of operations with these numbers 
you will see how such a proof can be constructed. 

The results we have stated imply that If there Is any 
system which solves our problem, then there is a simplest - - 
that is, smallest i)ossible — system which solves the problem. 
This is the system with the following property. 

Property C-k Each element of C can be written in the form 
a + bi, where a and b are real numbers. 

We add C-4 to our list of basic properties; thus the system 
C which has Properties C-1, C-2, C-3 and C-4 is the system of 
complex numbers. 

Historical Note, The adjectives "complex", "imaginary" 
and, by contrast, "real" which are standard terms sanctioned 
by years of use, serve to illustrate the "controversial" nature 
of our four fundamental properties. As recently as a hundred 
years ago many mathematicians believed that C-1, C-2, C-3 and 
C-U contradicted one another, that is to say^ that there could 
be no system with all these properties. The proof that this 
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list of properties is Just as respectable as that character- 
izing the "real" n'oin'bers was achieved through the work of the 
nineteenth century mathematicians, Argand, Cauchy and Gauss. 
(Such a proox^ is outlined in Section -^S-lOO Our continued 
use of the clas^r.icai adjectives serves to remind us of the old 
controversy and of the v/ork of the men v/ho resolved it. 

Exercises 5-2 

1. Foe each of the followins pairs of number systems state a 

property of the first which is not possessed by the second: 

(a) Integerri, natural numbers 

( b ) ra t i o n a 1 aum b e r s , integers 

(c) real numbers, rational numbers 

(d) complex numbers, real numbers. 

2. The followinf^ equations have solutions in the syst'em of 
real numbers IT a, b, and c are real numbers. For each 
equation name the smallest number system in which the 
equat.l.on has a solution in' the system if a, b, and c are -" 
\ n the system. 

(a) a t- X b 

(b) ax b a 0 

(c) ax I' b = c: a / 0 

3. Write each of the follow! ar» nornplex numbers in the form 
a. ^ bi v/ho re a and b are real numbers. 

(^0 1 (c) -1 (e) 3 (c) i^. 

(^') 0 (d) .1 (f) 21 

^1 • Kor eaoh of tho foilowiritT. pairs of number systems state a 

property o:* z\\c '".rst wh'ch ,1 s not possessed by the second. 
nari.jra 1 numborrj, ! nto?^ers 

(b) i^.mL r"iM;nhor\': , c^o:nnlex numbers • 
*\), hot. J ho i:he sot of all real numbers which can bo written 

\n the forvt a i- b where a and b are rational 

numbers. Show that 

(a) is not the set of all real numbers, 
(lilnt: :;how that r/'T is not In 3.) 
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*5. (t)) S is closed with respect to real addition and 
multiplication . 

(c) the additive and multiplicative inverses of a number 
m S are also in S. 

(d) S, with real addition and multiplication as operations, 
has all the properties listed in Property C-1, 

(e) S is the smallest part of the real number system which 
has properties C-1, contains the rational numbers, and 
contains 



5-3 • Addition ^ Multiplication and Subtractio n , 

We now take up the task of deducing rules for calculating 
with the complex numbers. The remainder of this section is 
devoted to theorems which give formulas for the sum, product and 
difference of two complex numbers. We postpone the discussion 
of divlsion^until Section 5-^, 

Theorem 3-3a * (a + bi) + (c + di) = (a + c) + (b + d)i. 

Proof ; We suppose that a + bi and c + di are any two given 
complex numbers. Consider the expression 

(a + bi) + (c + di). 
Property C-1 assures us that addition in C is associative and 
commutative; therefore, 

(a + bi) + (c + di) = (a -h c) + (bi + di). 
But Property C-1 also asserts that the distributive law holds, 
so bi + di = (b + d)i. Hence 

(a + bi) + (c + di) = (a + c) f (b + d)i, 
which we were required to prove. 

Theorem 3-3b . (a + bi)*(c + di) = (ac - bd) + (ad + bc)i» 
Proof : Given complex numbers a -f bi and c + di, we consider 
the expression 

(a + bi)(c dl). 
Using the distributive law once, we obtain 

(a f bi)(c + di) a(c i di) h bi(c -f di). 
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Applying the distributive law again, and using the commutative 
property of multiplication, we have 

(a + bi)(c + di) = ac + adi + bci + bdi"^. 

2 

But i = -1, so we can write 

(a 4- bi)(c + di) = ac + adi + bci - bd. 
Using the commutative property of addition and once again making 
use of the distributive law, we obtain 

(a + bi)(c + di) = ac - bd + (ad + bc)i. 
This completes the proof • 

Example 5-3a , Express the sum of 2 3i and 5 + 2i in the form 
a + bi, where a and b are real numbers. 

Solution : (2 + 3i) + (5 + 2i) = (2 + 5) + (3 + 2)i = 7 + 5i. 

Example 5 -3b . Express the product of 2 + 3i and 5 + 2i in the 
form a + bi, where a and b are real numbers. 

Solution : (2 + 3i)(5 + 2i) = 2(5) - 3(2) + [2(2) + 3(5)]i 

= 10 - 6 + (4 + I5)i 
= 4 + 19i. 

Example 5-3c . Express the product, of i, 2i and 1 - i in the 
form a + bi, a and b real. 

Solution: i.2i.(l - i) --2(l - i) = -2 + 2i. 

Now we consider subtraction. As in Chapter l, we denote the 
additive inverse of z by -z, so that by definition 

(5-3a) 2 + (-z) = 0. 

Also, Just as in Chapter 1, we define - z^^ to be the solution 
2 of the equation 

(5-3b) + z = Zgi 

where z^, Zp are given. (We leave as an exercise the proof that 

Equation (^-Sb) cannot be satisfied by more than one complex 
number z.) It is easy to see that z^ + ('^i^ ^ solution of 

26B 

[sec. 5-3] 



258 



Equation (5-3b) . 



Zl + + (-Zi)] = 2i + [(-z^) + Zg] = [zi + (-z^)] + z. 



= 0 + Zg = Zg. 
We have therefore proved 

(5-3c) Z2 - Zi = Z2 + (-z^). 

Our problem now Is to find -z when z = a + bi is given. 
Let -z = X + yi, where x and y are real. Since 

z + (-z) = 0 

we get 

(a + bi) + (x + yi) = 0. 
By the theorem on addition (Theorem 5-3a) this becomes 

(a + x) + (b + y)i = 0 = 0 + 0-i 
and this equation w^ll be satisfied if 

a + x = 0, b + y=0, 

that Is, if X = -a and y = -b. Thus (-a) + (-b)i is an additive 
inverse of a + bi, and since the inverse is unique we have proved 
the following: 

Theorem 5-3c. If a + bl is a complex number (a and b real) 
then its additive inverse is 

-(a + bl) = -a + (-b)i. 

We can now summarize our discussion of subtraction jn a 
theorem. 

Theorem 5-3d. (a + bi ) - (c + di) = (a - c) + (b - d)i. 

Proof: Using Formula (5-3c), Theorem 5-3a and Theorem 5-3c 
we have 

(a + bl) - (c + dl)'= (a + bl) + [-(c + di)] 

- (a -t- bl) -t- [(-c) + (-d)l] 

- [a + (-c) J + [b -t- (-d) ]1 
= (a - c) + (b - d)i. 
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Exercises 5-3 

Express each of the following sums In the form a + bl, 
where a and b are real numbers: 

(a) (1 + 41) + (3 + 51) 

(b) (2 + 6l) -r (2 - 6l) 

(c) (3 + 51) + 21 

(d) 4 + (tT + TTl) 

(e) ( + 31) + (21 + 1) 

(f) (-1 + 51) + 21 
(6) 8+1 

(h) 3 + (71 - 3) 

(i) (5 + 31) + (7 + 21) + (3 - in) 
(J) (3 + 21) + ( y?" + 71) + 1. 

Add a complex number to each of the following to make the 
sum a real number. Can this be done In more than one way? 

(a) 2-51 (c) -/2 - ^/3 1 

(b) X - yl (d) -51 

Express each of the following products in the form a + bl, 
where a and b are .real numbers: 



(a). 


(2 + 31) (4 -r 71) 


(J) 


6l«31 


(b^ 


(2 - 31)(6 + 4l) 


(k) 


71(-21)(1 - 6l) 


(c) 


(3 - 1)(1 + 21) 


(1) 


(4 - 21)(3 - 21)(51) 


(d) 


1(3 + 51) 


(m) 


(4 - 31)2(2 - 51) 


(e) 


2l( - 1) 


(n) 


(2 + 31)(3 - 21)(6 - 41) 


in 


(8 + 72 1) (1 -r 73 1) 


(o) 


(c + dl)(x + yl) 


(s) 


(3 + 4l)(3 + 41) 


(p) 


(x - y)(x + yl) 


(h) 


(1 + i)(l - i) 







Find the additive Inverses of each of the following complex 
numbers and express them In the form a -f bl, where a and 
b are real numbers: 



(a) 
(b) 
(c) 
(d) 



1 + i 



?. f 31 



i 



3 



(e) 5 - 41 

(f) -4 - 31 

(g) a - bl 

(h) X -t- yl 
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Express each of the following differences In the form 
a + bl, where a and b are real numbers: 

(a) (7 + 111) - (2 + 31) (f) ^/4 - (1 - 1) 

(b) (5 - 61) - (7 - 81) (g) TT - TTl 

(c) (3 + 51) - (3 - 51) _(h) [2.+ 31) - - 3l) 

"(d) i - (1 + 1) "(T) (T - 1) - 21 

(e) ( 73 + 1) - (2 + 72 1) 

Express the following powers of 1 in the form a + bl, 

where a and b are real numbers , 

(a) 

(b) l'^ 

(c) i9 

(d) ll5 

(e) i , n is a natural n\imber 

(f) 1^9 

State a general rule for determining the n-th power of 
where n is a natural number • Explain why the rule works 
Express each of the following quantities in the form a + 
where a and b are real n\imbers. 

■■(a) l^.l'^ 

/,x ,4n+3 

(") ^ , n Is a natural number 

(c) 31 4- hl{5 - i)(5 + 1) 

(d) 71 [(2 - 31) + Hi.!. + 10)] 

(e) 1[(31 -f 6) - (21 1- 7) J 

(r) 3(3 + 21) + (6 + 81) - 2{2 - 31) 

(g) (b + c - al)(a + c - bi)(a + b - cl), where a, b, c 
are real 

(h) (1+-^!)^ 

(1) i(i - 1)(L - 2)(1 - 3) 

Show by substitution that ^ + —j— i is a solution of the 
equation 2z'' - 3z t- 2 = 0. 
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5-^. Standard Form of Complex Numbers. 

Property C-^ asserts that each member of C can be expressed 
in the form a + bi, where a and b are real numbers. Our 
next theorem states that this representation is unique: given 
any complex number z, there is only one pair of real numbers 
a,b such that z = a + bi. 

' Theorem 5-^ > If a, b, c, d are real numbers, then 
a + bi ^ c + di if and only if a = c and b = d. 

Proof ; The "if" part of the statement, "a + bi = c + di 
if a = c and b = d" is clear, since addition and multiplication 
have unique results. We have to prove the "only if" part: 
a + bi = c + di only if a = c and b = d, that is, if 
a + bi = c + di then a = c and b = d. 

Suppose, accordingly that a, b, c, d are real numbers and 

that 

a + bi = c + di. 
Then by the theorem on subtraction (Theorem 5-3d), 

(a - c) + (b - d)i = 0, 

and 

a - c - -(b - d)i. 
We have to show that a = c and b = d, or what is the same, 
that a - c = 0 and b - d = 0. Now if b - d were not zero we 
could write 

a - c . 

or 

But this would imply that i is a raal number since a, b, c, d 
are real numbers and the difference and quotient of real numbers 
are real. Since we know that i is not a real number we con- 
clude that b - d ^ 0. But if b - d = 0, then -(b - d)i = 0, 
and since (a - c) = -(b - d)i, it follows th a - c - 0. This 
completes the proof. 

Example Find all pairs of complex numbers x,y for which 

2x -f 3yi - 6 -f 3i. 
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Solution : One solution oV the problem is x = 3, y = 1. If the 
problem had required that x and y be real then. by the pre- 
ceding theorem this would be the only solution. However, since 
we permit x and y to be complex, the preceding theorem is not 
directly applicable, ^and the equation may have other solutions; 
X = 3 h 31, y = -1 is a solution, for example. 

We can use Theorem 5-^ to find all complex solutions of 
this equation. Let x = a + bi, y = c + di where a, b, c, d are 
real. Substituting in 

2x -f- 3yi = 6 -f- 31 



we get 



or 



2(a -f bi) + 3(c + di)i =6 + 31, 



(2a - 3d) + (2b + 3c)i =6+31. 
Since the expressions in parentheses in the last equation are 
real, it follows from the preceding theorem that the equation 
holds if and only if 

2a - 3d = 6, 2b + '3c = 3j 

'''' . 3 - 2b , 2a - 6 

c - ^ , d = ^ . 

Here a and b may be assigned values arbitrarily. Thus, all 
the solutions of the equation are given by 

X . a + bi, y = 1^ + 2a^ 

Where a and b are any real numbers. 

The representation of a complex number z as 

z = a + bi, 

where a and b are real numbers, is called the standard form 
of z. Note that z is real if and only if b = 0. (Why?) We 
therefore call a the real part of a + bi. The real number b 
is called the ima^^inary part of a + bi . Thus we can say that 
a complex niui^ber is real if and only if its imaginary part is 
zero. A complex number a + bi in which a = 0 is called a pure 
imaginary number . Thus a complex number is a pure imaginary 
number If and only if its real part is zero. DO NOT CONFUSE the 
lmaglna.ry part b of the complex number a + bi with the pure 
imaginary number bi. Both the 
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real and imaginary parts of a + bl are real numbers: they are 
the real numbers a and b, respectively. Usually acomplex 
number which is not real Is called imaginary. 

Examples ^-^it 

'j_ Real part of z Imaginary part of z Standard form of z 
1.0 0 0 0 + Oi 

2. 2 + i 2 1 2+11 

3. 1 - i 1 -1 1 + (_i)i - 
4.1^ 0 1 0+11 

5. 1^ -1 0 -1 + Oi 

In these examples, only 0 and 1 are real numbers; only 0 and 
1 are pure imaginary niimhers; 2 + i, 1 - i and i are 
imaginary numbers . 

Exercises 5-4 

1. Find the real and imaginary parts of each of the following 
complex numbers: 

(a) (1 + i)^ (g) ( y2 _ 1)2 

(b) 1 + 1^ (h) (-1 + i 73)2 

(c) l5 (i) (4 + i) - 7 

(d) 5 - I (J) -2i2 

(e) 2x t 31 (k) 31 

(f) a - 21 (1) 21+1 

2. What real numbers must be added to each of the following 
complex numbers to make the sum a pure imaginary number? 
Can this be done in more than one way? 

(a) 3 + 21 (c) 5 - 21 

(b) -41 (d) 5 - 72 i 

3. Use Theorem 5-4a to find real values for x and y that 
satisfy the following equations: 

(a) X - yi = 3 + 6i (f) x - y + (x + y)i = 2 + 6i 

(b) 2x + yi = 6 (g) (1 + x) + 1(2 - y) = 3 - 4i 

(c) X - 5yi = 20i (h) x + yl = l + l^ 

(d) 8x + 3yi =4-91 (1) y2i2 ^ ^(i _ ^2) 

(e) 2x + 3yl - 4 =r. 5x - yi + 8i (j) (x + 1)2 ^ y 
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Express each of the following complex nrimbers In standard 
form: 

(a) 3 + 2i + 5 + 1 (f) (4 - i)(3 - 21) 

(b) (3 - 21) - (5 - 21) (g) (1 - i)(2 H. 3i)(4 + 21) 

(c) 31(4 - 21) (h) (a + b ~ ci)(a + b -f- ci), 

(d) 6 f 51 - (2 - 31) where a,b,c are real numbers 

(e) (3 - 21)(5 - 21) (i) (x + yi)^, where x and y 

are real numbers • 
5. Suppose z = X -i- yi, where x and y are real numbers, 
and z = 8 + 6l. Solve for x and y. 

Suppose, for the sake of this exercise, that a and b are 
complex numbers. Show that a -i- bi = 0 and a - bl = 0 if 
and only if a = 0 and b = 0. Show also that the underlined 
word can be replaced by "or" only when we also assume that 
a and b are real numbers. 

*7. Show that if z-j_ 'is any non-real complex number, every 
complex number z can be expressed in one and only one 
way In the form z = a + bz-j^, where a and b are real 
numbers. 



5-5. Division . 

We have learned to add, :,iultiply and subtract complex 
numbers. We now consider division. 

According to Property C-1 every complex number other than 0 has 
one and only one multiplicative inverse. As in Chapter 1 we 
denote the multiplicative inverse of ? by i-, so that by defini- 
tion 

(5-5a) ^.1=1. 

Also, Just as in Chapter 1, we define to be the solution z 

of the equation 

(5-5b) z-j^'z = 

when this solution exists • (We leave as an exercise the proof 
that equation 5-5b cannot be satisfied by more than one complex 
niimber z.) It is easy to see that if z-^ ^ 0, Equation 5-5b 
has the solution Zo(i-.): 
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^- 3. 
We have thex^eVorn proved 



z 



Our task now is to find the standard form of i when 

z 

2 = a + bi is given in standard form. Let us begin by 
considering a numerical examp)le. 

Example 5-5a . If z 2 -i- 31 find Its multiplicative inverse i 
in standard form. 

Solution . V/e seek a number x 4- yi(x and y real) satisfying 

(2 + 3i)(x -f yi) = 1. 
If we multiply the factors on the left using the theorem on 
multiplication (Theorem 5-3b) we may write 

(2x - 3y) -f (3x -f 2y)i = 1 + Oi . 
Hence, from the theorem on standard form (Theorem 5-^)> 

2x - 3y = 1, 
3x H- 2y = 0. 

Eliminating y, we have 

(U -f 9)x = 2. 

Hence 
and 

2 3 
X yi = -I- (- 

Now we can verify by substitution that 

1 ^ ^ ^ f ^ \ 
S + 3i 13"^^' 

We ureat the general case in exactly the same way. Suppose 

a \- hi, in standard form, is a non-zero complex number. Recall 

that this means that at least one -of the two real numbers a,b 

is not 0. If there is a complex number x + yi, x and y 

being real numbers which satisfy the equation 

(5-!:>d) (a -\- bi)(x f- yi) = 1, 

then by completing the multiplication in the left member we get 
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(ax - by) f (bx 4- ay)i 1. 
r'rorn the t;heorem on standard form (Theorem 5-^)^ this equation 
v;iri be :;,at;.LGf led IT and only if 

ax - by - 1, 

('•^'*-'^) bx -f- ay = 0. 

Thus our problem is reduced to that of solving tv/o linear 

equations v;ith real cofflclents for the real unknowns x and 

y. We solve these equations by elimination. To eliminate y, 

multiply the first equation by a, the second by b, and add. 

V/e get p P 

(a"^ + b'^)x - a. 

Our assar.pt ion that a -i- bj. / 0, i.e., that at least one of the 

2 2 

real naT.bers a, b is not zero, tells us that a -h b / 0. Hence 
we can v;rite 

. _ a 
a + b 

In the same wpy, we eliminate x from Equations (5-5e) . Mul- 
tiplying the first equation by b, the second by a, and sub- 
tracting the first from the second, we get 

(a^-+ b^)y - -b. 
As oc£6vo, a"^ b*^ / 0, so 

-b 

a -f b 

i\^ow by substitution v/e can verify that 

— ? ("T""^ — 

a"^ + b^ a^ + b"^ 

is a solution of Equation (5-5d) so that it is the unique mul- 
tiplicative inverse of a + bi. We state our conclusion as a 
theorem. 

Theorcat 3-5 . If a + bi is a non-zero complex number in 
standard form, then its multiplicative inverse is 
^ - a / -b - X. 



^ a" -h b" a" -f b 

Mow v/e can combine the results of this section to obtain 
a formula for the quotient of any two complex numbers when the 
denominator is not 0. We could state the result as a theorem, 
but the statement v/ould be cumbersome. It is better to 
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remember a procedure which we indicate by an example. 

^^Ple 5-5b. Find the quotient | and express the answer In 

standard form. 

Solution : By Formula 5-5c, 

(8+ 51)(^). 

By Theorem 5-5, 

2 -H 31 ~ ^ H ^• 
Combining these two equations and using the theorem on riulti- 
pllcatlon (Theorem 5-^b) we obtain 



(8. 5l)(^-.^l) 



as the quotient In standard form. 

The following relations Involving division of complex 
numbers can be proved on the basis of Property C-1 Just as they 
were in the real case. 

(5-5r) z^z^ = 0 if and only if = 0 or = 0 (or both). 

Z Z Z 2 

We leave the proofs of these relations as exercises. 
(See Exercises 5-5, Problems 7 9.) 



Exercises 5-5 

Find the multiplicative inverses of each of the following 
complex numbers and write them in standard form: 



(a) 


1 


(e) 


1 


+ 


i 


(b) 


5 


(f) 


2 


+ 


31 


(c) 


1 


(g) 


1 


+ 




(d) 


4 


(h) 


k 




31 
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2. Does every complex number have a multiplicative inverse.? 

3. What complex numbers are their ovm multiplicative inverses? 

4. '^at complex numbers are the additive inverses of their 
multiplicative inverses? 

t>. Express the following quotiecnts in standard f:^r-'i' 

(a) (g) fM^ 

(b) ^ (h) 

(d) (J) l_t_^_l 

1 - 721 

(e) Kt (1^) 

(m) |/_\^^ -;a,b real, 2a - bl ^ 0 
(n) T^~?-Hr' '^'^ r'eal, -m + nl ;^ 0 
(o) ; x,y real, x - yi / 0 

6. Show that, if 0, the equation z-^*z = has no more 
than one solution. 

7. Write in standard form all complex numbers z such that 
the real part of i is i, and 

(a) the imaginary part of z is zero. 

(b) the imaginary part of z is . 

(c) the imaginary part of z is 1. 

8. Prove that z^ z^ = 0 if and only if = 0, or Zg = 0, or 
both are zero. 

^9. Prove that !i . . , if / o, ^ 0. 

*10. Prove that ^ + ^ ' '-^ ^'^ 1^ 0, / 0. 



?. 7 9 
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11. Make use of the formulas in Problems 9 and 10 to obtain the 
following sums and products. Write the answers you obtain 
in standard form. 



(b) 



1+21 2-1 
3 + H ■ TT 



(c) ^ + + 7 - 261 

b + «l + 3 - 4i 



(d) 



2-3 1 , 3 + 41 
3 + 21 2-41 



(f44r)^ (f^)^ a + bi ^' 0, a - bl / 0 
*12. Show that the words "in standard form" may be omitted in 
Theorem 5-5 if . v/e suppose merely that a^ + 0. 



5-6. Quadratic Equations , 

We come now to a crucial test for the complex number system. 
Does it permit us to solve equations of the form 

(5-6a) az^ + bz + c = 0, 

where a, b, c are real nuiribers and 

(5-6b) - 4ac < 0 ? 

Let us first find the solutions of the quadratic equation on 
which we have so far focussed our attention: 

(5-6c) 2^ 1 = 0, 

If z is an arbitrary complex number, v/e have 

z^ + 1 = z^ ^ («1) = z^ - i^ = (z - i)(z -f i). 
This factorization of z -hi shows that if z is a complex 
number satisfying Equation (5-6c), then one of the factors 
(z - i), (z -f i) must be zero, and z must be either i or -i. 
Convereely, we see that i and -i both satisfy Equation (5-.6c). 
Therefore we conclude that the solutions of Equation (5-6c) are 
i, -i. 

Equation (5-6c) is a special case of the equation 

(5-6d) 
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From Chapter 1, we knov; that If r is real and positive this 
equation has tv/o real solutions. We have Just seen that for a 
special negative value of r, namely r -1, this equation has 
two non-real complex solutions, i and -i. Let us next con- 
cider the -general case in which r is negative. 

If r is real and negative then -r is real and positive, 
and V-r is defined. We have 

r = (-l)(-r) = (i)2 ( v^)2 = (i ^)2. 
and hence 

z^- - r ^ 2^ ^ (i = (z - 1 y^){z + i -^). 

Just as in the discussion of Equation (5-6c), we conclude that 
Equation (5-6d) has the two solutions i ~i v;hen r 

is r'ea.1 and negative. 

For the case in which r is real and positive we introduced 
the notation y/r to describe the solution set of Equation (5-6d): 
one solution is y/r and the second - >/r . It would be desirable 
to extend the definition of y? for negative real r so that 
the description of the solution set of Equation (5-6d) would be 
the i-:.sune for all r. The question is which of the two solutions 
1 V^r, -i yAr shall v/e take to be -/r if r is negative? 

Recall that in Chapter 1 v;e faced the problem of defining 
unambiguously for positive r. The problem was resolved by 
defining v/r to he the non-negative solution of Equation (5--6d). 
The requirement that be non -negative was simply an agreement 
adopted to make the m-^aning of definite. However, this 
agreement makes no sense if the solutions of Equation (5-6d) are 
complex. V/e have not defined "positive'' and "negative" for 
non-real complex numbers, and cannot define these terms for 
complex niL-nbers in a way which is consistent with their usual 
meaning. We must make a new agreement for the case of negative 
r. Any agreement which definitely selects one of the solutions 
1 v^f, -i of riiiuation (5-5d) will be satisfactory. We 

choose ^ r - .1 ./^, and accordingly make the following 
definition: 

.2 3 1 

[sec. 5-6] 



^71 



Definition -j-oa. Let r be any real number. V/e define v/r 
as roilows: 

(1) ir r > 0, then ./r is the unique non-negative real 

P ... 

numcer v/ such that v; - r. 
(10 It" r < 0, then ./r = i ^/T^. 

Exampie 5 -6 a. 

= i yi = i 

= vG: . ivAir ^ 2i. 

ExajTtple 5-'6L. Find the product ( 7^) ( v^l5) . 

Solution. : V/ e h a v e 

( V"5)( V^) - (iy5)(i./l5) = i^v^yis = -775. 
Note that it is not correct to say 

( V^5)( ^/^) = ^)T^ - ^75. 
The statement -/v ^ = yFi has been proved only for the case 
in which r and s are both positive. The statement is also 
true if r and s have opposite signs (Exercises 5-6, Prob- 
lem 5), but as the foregoing example shows, it is false if both 
r and s are negative. 

..^^^riple 5-6c. Find the product (y?)(V^^) if r is any real 
number. 

Solutl on : We have to consider two cases. If r > 0 we have 

r > 0, and 

^^Vs/r^ = v^r.r^ = -n/t^ = r^. 
If r < 0 v/e have r*^ < 0, and 



■ v^V^ - (1 v^r)(iv^) = iV(-r)(-r3)^-V?^. 

Mow that v/e have given an unambiguous meaning to y? for 
each real number r, we 3tate as a theorem our previous con- 
clusions about equations of the form = r, where r is any 
given real number. 

Theorem 5-6a . ' ■ 

If r is any given real number, the equation = r has 
the roots yF and - y?, and no others. 

282 
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we nov; turn to the solution of the general quadratic equa- 
tion 

az + bz + c = 0, a, b, c real and a / 0, 
Recall that we were led to our study of complex numbers because 
we failed to find real solutions of Equation (5-6e) when its 
discriminant b - 4ac is negative. However^ reasoning just as 
In Chapter h, we prove the following theorem: 

Theorem 5-6b , 
The equation 

az bz + c = 0, a, b^ c real and a 0, 
has the solutions 



b -i- Vb^ - 4ac -b - Vb^- 4ac 



2a ' 2a 

and no others, 

2 

There is nothing new If b - 4ac > 0; this is the case of 
real solutions discussed In Chapter 4, We now prove that the 
formula holds if b - 4ac < 0, although In this case the 
solutions will not be real. 

The proof is the same as In Chapter 4, Recall the procedure 
divide by a and complete the square 

(5-6f) 



2 ^ b ^ b^ c ^ b^ 

^ 4a2 ^ 4a^ 



4a 

We now have Theorem 5-6a which tells us that Equation (5-6f) has 
(complex) solutions whether b - 4ac Is positive, negative, or 
zero. 

Applying Theorein 5-6a, we obtain 



^ _^ b /b^ - 4ac ^ - /b^ - 4ac 

\/b^ " 4ac ^ -b - Vb^ 



-b + Vb"^ - 4ac -b - Vb "^ ~ 4 ac 
so z = -^^5— or 2 j^— . 

The proof of Theorem 5~ot> can be completed by showing that the 

numbers obtained actually satisfy the equation. 
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Example 5-6ci. Find the solutions of 4- 2 + 1 = 0. 
Solution: a=b=c-l. By Theorem 5-6b the solutions are 



-1 -1 f i 73 
5 - 2 ^ 

and 

-1 - -1 - i v/3 
^ . ^ . 

Other statements about the relation between the solutions 
and coefficients of a quadratic equation can be established 
Just as in Chapter k. In particular, if and are the com- 
plex solutions of the equation 

2 

az 4- bz 4- c = 0, 

then 

(5-6g) 2i -.• 22 = 4 ' ^r^2 = f i 

and 

(5-6h) az -I- bz + c = a(z - z^)(z - Zg) . 

The proofs are left as exercises. 

Exercises 5-6 

1. Perform the Indicated operations and write the answers you 
obtain In standard form, 

(a) + (e) VTq. 

(b) - .yCs _ 6 (f) .yrj 



.(c) + 5 - (g) -^1^ 

3 7-8 

2. Write each of the following complex numbers in standard form. 
Assume c is a real number. 



(a) v'^Tiy^ yi^) 



2 



(b) vTiZ (f) 

(c) (g) v^c)2 
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Porfora Che indicated operations and v;rite the answers you 
obtain in standard forrn. Assume a and b are positive 
real nu-nbers. 



(a) V-a'' ^ V-b"' (d) 



(c) y -a (y-a T y-b ) (r) 




(c) .v/a^ -V-^^a^'b (e) y32a^ - V-JOa^ 



;,r-) y-a- - 2ab - + y-(a + b)' 
. Examine the proof that Vab = -/b. ^/b if a and b are 

non-negative real numbers, and explain why the same argument 
cannot be used v;hen a and b are negative, 
'j. ohov; that if r < 0 and s > 0, then ^/r yi = yrs. 
In eacr. of Problems 3 - 17 solve the given quadratic equa- 
tion a:: J express the solutions in standard form. 

'5- -~ -1 = 0 12. -2 _ ^ g ^ Q 

7- - z - 1 = D 13. 2-^^ + z -■ 1 = 0 

\ " 2-0 14. - 4z - 8a = 0 (a ^eal) 

'^^ z - 1 = - 15. mz^ + z + i = 0 (m real,m/o) 

10. 3z-. - 2z - = 0 16. z^ - iz + 2 = 0 

11. z- r :^z ' 8 = 0 17, az'"^ ^ c = 0 (a,c al,a O) 

18. The equation z3 - 6 = 0 has the solution t. .w that 

z - 2 is a factor of z - 8, and use this lact to find 
two more solutions of the . equation. 

19. Suppose z^ ana z^^ are the solutions of az'^ + bz 4- c = 0, 

where a, b, c are real and a. ^ 0. Shov; that 

^1 ^ ^2 = - i ^"'^ "i^ f • . . 

2 

'20. If z-^ and Zp are the solutions of the equation az + bz + c = 0 
show that the equation 

az^ bz -i- c = a(z - z^)(z z^) 

holds for every element z of 0. (This .formula ^ therefor e 
provides a "factorization" of the expression az -i- bz + c.) 

285 
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21. Find quadratic equations which have the following pairs of 
solutions : 

(a) := 1 - ^2 = 1 + 1 

(b) 1, = 2 + 1 

(c) z-j_ 0^ Z2 = 0 

(d) 2-^ = a-^ 4- b-^i, ^2 " ^2 ^2^^ ^l-' ^l-' ^2' ^2 ^^-^S 
any four given real numbers. 

•^22. Solve the equation = 1 . [Hint: Writing z In standard 
form, z = X 4- yl, the given equation is equivalent to a 
pair of equations whose unknowns are real; - y^ = 0, 
2xy - Ij 

"^'^3. Solve the equation z" = -1. 

^2k. Find nn equation whose solutions are 1 + 21, i - i^ i + 
Is there a quadratic equation having these numbers as 
solutions? If there is one, find it. If there is none, 
prove that there is none. 



5-7. Graphical Representation ; Absolute Value . 

According to Property C-4 and Theorem 5-4a each complex 
number :■ may be written in one and only one way In the 
standard fona a + bi, where a and b are real numbers. Thus 
each complex number z determines, and Is determined by, an 
ordered pair (a,b) of real numbers: a Is the real part of z 
b the imaginary part of 2. 

Recalling that ordered pairs of real numbers formed the 
starting point of coordinate geometry, we find that v;e are able 
to represent the complex numbers by points in the xy -plane. 
Agreeing to associate z v/lth the point (a,b) if and only if 
z = a -f bl, in standard rorm,v;e set up a one-to-one correspond- 
ence between the elerrents of C and the points of the xy-plane. 
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2 = -4+3i 



y 



z=4+(-5)i 



It is customary to -use the expression "Argand diagram" to 
describe the pictures obtained when the point (a,b) of the 
xy-plane is used to represent the complex number a + bl given 
in standard form. Figure 5"7a is an example of an Argand dia- 
gram sr. owing three points (0,0), 
{^^9-5), (-^^3/ and the complex 
numbers they represent* Note that 
points on the x-axis correspond 
to real numbers and points on 

the y-axis correspond to pure lz=0+Oi 

imaginary numbers. For the 
sake of brevity we shall often 
say "the point z = x + yi" in- 
stead of "the point (x,y) 
corresponding to the complex 
number z = x + yi . " 

The geometric representa- Figure 5-7a 

tion of complex numbei^;^ by means of an Argand diagram serves a 
double purpose. It enables us to interpret statements about 
complex numbers geometrically and to express geometric state- 
ments in terms of complex nuniuers. As a first example, consider 
the formula established in Chapter 2 for the coordinates of the 
midpoint of a line segment: The midpoint of the segment Joining 

(x-,,y.) and (x^^yp) is the point (x,y) given by the fomulas 

X. + Xp y. + yp 

(5-7a) X = ^ ^ , y = -i ^ . 

2 2 

In terns of complex numbers this may be stated: The midpoint of 
tTi^ segment Joining the points 2^ = x^ + y^i and Zg = x^ + y^i 
is the point z = x -f yi given by 

Z. + Zq 

(5-7b) z = ^ . 

2 

Note that we can express in one "complex" equation a statement 
which requires two "real" equations. 
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Now we can use Equation {'j-Jh) to establish a geometric 

interpretation of addition of complex numbers. Let and z 

tvo complex numbers and suppose that the points 0, z , are 

1 2 



not colllnear. Let + z^ 

whose vertices are 0, z^j z^, Z3 
(Figure 5-7b). The midpoint of 

the diagonal from to z^ -3 



and consider the Quadrilateral 



^1 ^2 



that of the diagonal 



from 0 to z^ is 



0 -i- 2 



3 



"3 



^1 




Figure 5-7b 



^ence the diagonals have a common midpoint. Since the diagonals 
Df the quadrilateral bisect each other the figure is a parallelo- 
gram. Thus we have a geometrical construction for the sum of 
two complex numbers: If two complex numbers are plotted in an 
^rgand diagram their <3um is the complex number corresponding to 
/he fourth vertex of the parallelogram whose other three vertices 
ire the origin and the two given points (and which has the seg- 
lents Joining z^ and z^ to the origin as sides.) 

V^hen the points 0, z^, z^ are colllnear the parallelogram 
jollapses into a straight line and our coast ruction .fails . We 
ihall discuss this case later. 

Next we consider the geometric construction of the differ- 



ince Zr^ - 



z^ of two complex numbers, 



Since z. 



= Zg + 



re have only to find a geometric construction of the additive 
nverse -z of the complex number z. By equation (5-7b) the 
Idpolnt of the segment joining z and -z is 

hat 13^ the midpoint is the origin. Thus, if a complex number 
s plotted in an Argand diagram, its additive inverse is the 
omplex number corresponding to the point symmetric to the 
iven point with respect to the origin (Figure 5-7c) . 
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We could now describe 
geometric constructions for the 
product and quotient of complex 
numbers but these constructions 
are not very illuminating. After 
we have studied trigonometry and 
the relation between complex numbers 
and trigonometry (Chapter 12) we 
will be able to state simple and 
elegant geometric Interpretations 
of these operations. 
Example 5-7a. Given z-j_ = 3 + 1, 
and ~ 2 21, make use of an 
Argand diagram to find the 



Figure 5 -7c 



difference - 



^2- 



S olution : Begin by plotting z-^ 



and Zr 



Then locate the additive 




'2* 

Inverse of Zg* namely -z^* This 
is easily done since we know that 
Zg and -Zg are symmetric with 
respect to the origin. The 
point z^ - z^ is the same as 
Zl (-22^ • Figure 5--7d.) 

The geometric representation 
of complex numbers suggests a 
definition of absolute value of 
a complex number. Recall that 
when real numbers are 
represented by points on a line the absolute value of a real 
number is equal to its distance from the origin. Accordingly, 
we define the absolute value |z| of a complex n\Amber z = a + bl 
to be the distance from the origin of the point (a,b). Using 
the distance formula from Chapter 2 our definition may be stated 
algebraically as fellows: 



Figure 5-7d 
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Definition 5-7a. 
numbers we write 



If z a + bl, where 



and b are real 



and call |z| the absolute value of z. 

Example 5-7b. Show that the distance between the points z-j_ and 



z^ Is I ^2 z^ 
Solution: If z 



1 = + y^i, = + Ygi where x-j^. 



are real numbers, then by the theorem on subtraction 

z, = (x^ - x^) + (y^ - y^)!. 



^2 - 



^1 + 



"2 
- Iz 



1 ~ ^"2 

By the definition of absolute value 

1^2 - ^1 1 = 7(^2 - ^1^^ + (^2 - ^1^^ 
and this is the distance between the points (x^,y^) and {.%2*'^2^ ' 
When z-^ and Zg are real nvunbers we know the following rel- 
ations involving absolute value and the algebraic operations: 

(5-7c) Iz^.z^l = IzJ Izgl 

(5-7d) 
(5-7e) 

These relations continue to hold when z^ and Zg are complex 
numbers. Formulas (5-7c) and (5-7d) can be proved by calculation 
(Exercises 5-7, Problems 8-9), although we will present simpler 
proofs in the next section. 

The algebraic proof of Formula (5-7c) is quite difficult 
but we can give an easy geometric proof. Consider the triangle 
whose vertices are 0, z^, z^ + z^ in Figure 5-7b. The lengths 
of its sides are |z^|, \z^\, |z^ + . Why? Since the length 
of a side of a triangle is less than the sum of the lengths of 
the other two sides, we have 



2' 

- Zr 



|Z-j_ -f Zgl 



We will show later that when the parallelogram collapses into a 
straight line we have either the inequality aoove or the 
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|z-^ + = |z-^| 4- IZ2I • 
This will complete the proof of Formula (5-.7e), which Is often 
called the ''triangle Inequality". The discussion of (5--7f) Is 
left as an exercise (Exercises 5-7, Problem 10). 

For further discussion of the algebra and geometry of 
complex numbers It Is convenient to Introduce the notion of 
complex conjugate. V/e do this In the next section. 



Exercises 5-7 

1. Plot each of the following complex numbers in an Argand 
diagram. Label the points with the symbols z^, etc. 
z^ = 1 z^ = 2 + 1 

Z2 = 1 zg = -J^ - 21 

Z3 = "1 = 1 

z^i = -1 ^8 " " ^ ^ 

2. Plot the additive Inverse of each, complex number In 
Problem 1. Label the point that corresponds to z-^ with 
the symbol -z^, etc. 

3. In each of the following problems find z-^ + Zg and z-^ ^ Zgj 
and also construct them graphically. 



4. 



(a) 


^1 


= 1 + 1, 


Z2 


= 2 + 1 


(b) 


^1 


=3+21, 


22 


= 2+31 


(c) 


^1 


= -1 + 2'1, 


22 


= 2-1 


(d) 


^1 


= -3 + 41, 


22 


= -1 - 31 


(e) 


^1 


= -3 + 1, 


22 


= 1 + 4l 


(f) 


^1 


= -21 


Zg 


= 2-41 


(g) 


^1 


= 3, 


22 


= -3 + 51 


(h) 


^1 


- ^, 


22 


= -41 


Let 






the points, given 



Equation 5-7b to find the midpoints of the segments Joining 
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5. 



6. 
7. 

8. 
9. 



10. 



11, 



12. 



and z^, and zg, z^^ and z^, and plot the points in 



'5* "3 
an Argand diagram. 

Find |z| if: 

■a) z = 3 - 4i 

(b) z = -2i 

(c) z = 1 + 1^ 
Show that, if z / 0, 



(d) 
(e) 



4 7 
= i^ + i' 



= IT + 



i 



z 



Find the set of points described by each of the following 
equations 

(a) z = 1 (b) z = |z| (c) 

Give an algebraic proof of the equation 



z = 



z 



= z. 



^1' '"2" 
if z^ and Zg are complex numbers . 

Qlve an algebraic proof of the equation 



If z-j^ and Zg are complex numbers, and z^ 0, 
State a geometric proof of the Inequality 



Suppose 0, z^ = a + bl, z^ - c + dl are colllnear. 



If 



i-^ + show that z^ lies on the line through 0, z-^ 



and 

Prove that the triangle with vertices 0, 1, z Is similar 
to the triangle with vertices 0, z, z by showing that 
corresponding sides are proportional. (Hint: Note that the 
length of each side of the second triangle Is equal to |z| 
multiplied by the length of each side of the first triangle.) 
Use the result to describe a geometric construction for z . 
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5-8. Complex Conjugate. 

Definition 5-8a. If z a -H bl, in standard form (a and b real), 
we call a + (~b)l the complex conjugate , or simply the conjugate 
of z , and write 

z" = aT-TTT = a 4- ( -b ) 1 . 
Since a -f- (-b)l = a - bl we may als^o v/rlte 



z = a + bl = a jz. bi 
Example 5 -8a. 2+31 = 2 - 3i; (j) - -T - i . 

It is easy to see that the conjugate of the conjugate of a complex 
number is the complex number Itself. If z = a -H bl in standard 

form, we have — , 

(z) = (a -H bl) = a - bl = a + bl 

so that 

(5-8a) z - z. 

Thus If the first of two numbers is the conjugate of the second, 
then the second is the conjugate of the first • V/e call such a 
pair of numbers conjugate. 

Although we have not used the term "conjugate" before, con- 
Jugates of complex numbers have appeared in many of our state- 
ments about complex numbers. Thus, for example, the solutions 
of a quadratic equation with negative discriminant are conjugate • 
Also, the formula for the multiplicative inverse of z = a + bi 
can be written 

1 _ a + (-b)i _ z 

a + bi - ~2 - 7^7^ 

a + b \z\ 

or _ 
(5-8b) ^ = ■ ^ 



From Equation (5-Bb) we get immediately 
(5-8c) z-z - |z|^. 

This last equation is important enough to deserve .statement as 
a theorem and a new proof. 

Theorem 5 -8a . 

, 2 
z • z = I z I . 
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Proof : If 2 --^ a f bi in standard form, then 

Z.7 = (a + bl)(a - bi) = a^ - (bl),^ := a^ - b^l^ = a^ - ^^{-l) 

= a^ + b^ (^a^ + b^) = |z|2. 

Now that v^e have proved Equation (5-"8c) Independently of 
Equation (5-8b) we can derive (5-8b) from (5-8c). In fact. It 
Is convenient to use Theorem 5-8a directly In dividing complex 
numbers, The following example Is Illustrative. 

Example 5'-8b, Find the quotient | ;|; . 

Solution : The conjugate of 2 + 31 Is 2 - 31. Multiplying 
8 + SI 2 31 

2 ^ g - j^ - oy 2~"E~3T' ^""^ using Theorem 5-8a and Equation 5-5g,we get 

8+51 _ 2-31 8+51 (2 - 3l)(8 + 51 ) 
2 + 31 - 2 - 31 * S + 3i U - + 51) 

. (2 )(8) - (5)(-3) + [8(-3) + 2(5) ]1 

2^ + 3^ 
= 31 + (1:4)1 = 31 _ 14 

If 'we plot z and z In an Argand diagram (Figure 5-8a), 





y 


1 
1 
1 
1 






^ iT 

1 
1 






1 

1 

lz=a~bi 



Figure 5 -8a 

we see that z Is the reflection of z In the x-axls; that Is, 
z and "z are symmetric with respect to the x-axls. Similarly,. 

Is the reflection of z In the y-axls. From this diagram, 
or by direct calculation, we also see that z + = 2a and 
z - z'*= 2bl. With these equations we can express a and b In 
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terms of z and z. We thus obtain the following theorem: 
Theorem 5-8b , 

II' z =j a. + bl In standard form, then 



Observe that since a complex number Is real If and only If Its 
Imaginary part Is 0 and pure Imaginary If and only If its real 
part is 0, Theorem 5-8b has the following corollary. 

Corollary , The complex number z is real if and only if z = "z 
and pure imaginary if and only if z - -z". 

Theorem 5-8b permits us to state any relation between the 
real and imaginary parts of a complex number z as a relation 
between z and z". In particular, every statement of analytic 
geometry can be expressed as a relation of this kind. Before 
considering examples we state the following theorem which 
simplifies the computation of conjugates. 

Theorem 5-8c , 

If z^ and are any complex numbers^ then 

(a) z^ + Zg = z^" 

(b) z^ -z^ ^ 

(c) z-^ - z^ 2^ - 2^ ; 



The proofs are left as exercises (Exercises 5-8, Problem 5 ). 

Example 5-8c. Show that, for any z, the reflection of the 
point 3iz + 2 in the x-axis is the point --3iz" + 2. 

Solution : The reflection of a point 3iz + 2 in the x-axis is its 
conjugate, 3iz + 2. Using Theorem 5~8c twice we obtain 



z + z 



z - z = 2bi; 



or 
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3iz + 2 = (3ij(z) + ? = T3i7(z) + 2 

= -Siz + 2, 

which was to be shown, 

Sample 5-8d, Show that the circle of radius 1 with center 

at the origin is the set of all points z which satisfy the 

equation _ 

z • z = 1 . 

Solution ; There are two possible approaches. We can start with* 
the definition of this circle as the sat of points v/hose distance 
from the origin is 1, and use the fact that the distance of the 
point z = X + yi from the origin is |z|. Then z is on the 
circle if and only if 

|z| = 1. 

Squaring both sides of this equation and using Theorem 5-8a we 

get _ 2 

z«z=|z|=l. 

However we can also start with the equation of the circle 

from analytic geometry: 

P 2 

-f y^ = 1. 

If z = X + yi then by Theorem 5-8b 

x=-|(z + z),y--|(z-z). 
Substituting for x and y, we obtain 

[ I (z -f z)] -f [ ^ (z ^ z)] = 1, 

or 

(z + z)2 - 1 (z - zf = 1. 
Simplifying, we have 

z • z = 1 . 

fix ample 5-8e. Show that the segments which Join the points 

z-^ - + and z^ = x^ + yg^ "to the origin are perpendicular 

if and only if the product z-j_'z"2 is pure imaginary. 

Solution : Again, there are two "approaches . We can either 
express the geometric conditions ^ immediately in terms of z-^ and 
zg, or state them first in terms of (x^,y^) and (X2,y2), and then 
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use Theorem 5-8b. We will follow the first approach. 

The segments Joining and to the origin will be per- 
pendicular If and only If the triangle with vertices 0, z^, z^ 
Is a right triangle. By the Pythago-; -jan Theorem this will be 
true if and only If 

Izjl^ + Iz^]'^ = \z^ - z^l^. 
Using Theorems 5-8a and 5-8c this equation may be written 
z^z^ + z^z^ = (z^ - Z2)(zj^ - z^) = (zj^ - z^(z7 " ^) 
z-j^Z-j^ "H ZgZ^ ~ Z-J^Z-J^ — ^2^1 ^2^2 

0 = "^1^2 "2^1 
or, using Theorem 5-8c again and referring to Hjuation (5-8a), 

Zj^Z^ ~ ~ Z-j^Z^ ~ — (z-j^z^)* 

By the Corollary to Theorem 5-8b this equation can hold if and 
only if the product z^"^ -pure imaginary. 

Finally, we can use Theorems 5-8a and 5-8c to establish 
Formulas d-lOy 5"7d. We do the first as an example. 

Example 5-8f. Show that jz^^^z^l = |z-j^| Iz^j 

Solution : Since the numbers in the equation which is to be 
established are positive it will suffice to prove 

Iz^-Zgl^ = Izil^lzgl^- (Why?) We have 

2 

Iz^.Z^I = (Zj^.Z^) (Zj^-Z^j = (Z-j^-Z^) (Z^. 2^) 

= (zj^.z^) (z^-z^) = Iz-j^l^ Iz^l^. 
This completes the proof. 
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Exercises 5-8 

Express the conjugate of each of the following complex 
numbers in standard form: 

(a) 2 + 31 (d) -5 (g) Tl^ 

(b) -3 + 21 (e) -21 (h) 4 + 1^ 

(c) 1-1 (f) 1 - l5 (1) -31 + 73 1^ 
Use conjugates to compute the following quotients. Write 
the ansv/er In standard form. 

(n) ^ + 1 f„\ -5 + 6l 

1 /.N 3 - 61 



(b) (h) 
-1 + 1 

+ 3i 



(1) 



3 + 75 1 

(ci) 4T3r (J) 



5 - 



(a) C^) f - 

(f) ^ (1) ii^ 

1^ - 1 

-aI + 3bi ' ^' ^ + 3bl ^ 0 

- yl ' ^' y 2x - yl 0 

(o) ..(1 ^ '^^-y.^^j - 



(p) 



21 

(1 - i)(i - 5)(i - 3)' 



For each of the following sketch In an Argand . diagram the 
set of complex niimbers z which satisfy the given equation, 

(a)- z = i (b) 7 = i 

For each of the following sketch In an Argand diagram the 

set of points z that satisfies the given equation, 

(a) z + 7 = 3 (b) z - i" = 21 (c) z - 7 = 3 + 21 

Let Zj^ = x-|^ + y-|^l, = + ygl be any complex numbers, 

^2 ^^^1' Prove each of the following. 

(a) z-^ + = z^ + "z^ 

(b) z^ -Zg = 'z^-'z^ 
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5. (c) - = z^ - Zg [Hint: Show that (-Zg) = -(^g) 



^1 


- Z2 


use 


( -).] 











(d) Ui = ~i [Hint: Show that (^) = -i- and use (b).] 

6. For any z, find the reflection of the point 

3 2 
z - (3 -f 2i)z -f 5iz - 7 in the y-axis. 

If z = (z) , show that z is either real or pure imaginary 

8. Show that the product z-j^z^ is pure imaginary ^f and only if 

^1 

—is pure imaginary, 
z^ 

9. Prove that |z^ - z^l^ -f -f z^l^ = 2|zj2 ^ 2^2!^. 

10. Suppose and z^ are complex numbers and that 

^1 ^2 ^^2 
are real numbers. Show that 
either 



or 



z-j^ and Z2 are real. 



^1 ^2 • 

— 2 

11. Use the relation z-z = |z| to show that 



Z2 



12. Write the equation of the straight line y = 3x 4- 2 as an 
equation in z and z. 

13. Show that if K 0 is any complex number and C is any real 
number then K'z -f Kz = C is the equation of a straight line. 

14. Show that the points z^ and Z2 are symmetric with respect 
to the line y = x if and only if 

■(1 - i)z*-j_ + (1 + i)z2 == 0. 

15. What is the relation between the line segments Joining 
and Zg to the origin if the product ^{^2 ^^al? . 
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5-9» Polynomial Equations 

Linear and quadratic equations are special cases of poly- 
nomial equations, A polynomial is an expression of the form 

(5-9a) P(z) = a^2^ + a^z^"-^ + ••• + ^ ^n-1^ ^ ^n 

where n is a non-negative integer and a , a. , a^i • • a a 

o' 1' ^ n-l' n 

are any given complex nurrbers, a^ 0, The non-negative integer 
n is called the degree of the polynomial and the numbers a^, a^^ 
a^, •••^ a^_^j^, a^ are called its coefficients , A polynomial 
equation of degree n is an equation 

(5-9b) P(2) = 0, 

where P(z) is a polynomial of degree n. Linear equations are 
polynomial equations of degree 1; quadratic equations are polyno 
mial equations of degree 2. 

Examples 5-9a« 

3 3 2 

(a) 2z"^ - '^z + z- 2 = 0isa polynomial equation of 
degree 3 with rational coefficients. 

(b) z^ - V2z^ + 7z^ - 3 = 0 is a poljniomial equation of 
degree 5 with real coefficients, 

(c) z' - 7 + 3 = 0 is not a polynomial equation. 

(d) 5z^ - (2 - i)z (3 + 71) = 0 is a polynomial equation 
of degree 3 with complex coefficients, 

(e) z - 3 + -iy = 0 is not a polynomial equation, but mul- 
tiplying by z we obtain the polynomial equation 

3 2 

z - 3z +1=0, Every solution of the first equation is 
a solution of the second, and every solution of the second 
equation is a solution of the first, 

"Every equation which can be written in terms of the un- 
Icnown and given niombers, using only the operations of addition, 
multiplication, subtraction and division, can be transformed into 
a polynomial equation, equivalent except for extraneous roots* 
Thus, ordinary algebra is mostly concerned with the solution of 
polynomial equations. Let us sxxmmarize some of the advantages 
that the complex number system C has over the real number 
system R in connection with polynomial equations, 
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The^a are certain quadratic equations whose coefficients 
are in R t>ut which have no solutions in R; every such equation 
has solutions in C. This was px^oved in Section 5-6 for the . 
case of coefficients, but: It is true r oeffi- 

cients e-fe complex numbers. 5^05? example 

+ (1 - 51)^ - (12 + ^...^ 
has the Wo solutions 2 + 3i -3 + 21, a fact which may be 

checked \?y substitution. MetJ^ods for finding such solutions 
will be presented in Chapter ^5, The theorem that the solutions 
of any quadratic equation witJ^ complex coefficients are complex 
numbers an unexpected and l^^markable result. It shows us that 
we will Wt have to extend th^ complex number system in order to 
solve quadratic equations whosa coefficients are in C. Recall 
that R d^^s not have this property] indeed it was JU'St for this 
reason fcha-t we extended R to 

_ .But fche merits of C go TAP beyond this. Every polynomial 
equation With coefficients in C has solutions in C, ' and indeed 
all the solutions that could expected are in C. This result, 
which 1$ loiown as the P\indameAtal Theorem of Algebra, comes as 
an enormw^ bonus, when we reOAll that to solve the simple equa- 
tion X ^ -1 the new element i had to be invented. Conceivably, 
one mighb expect to need a nev^ number J to solve x^ = -1, for 
example. This is not the cas^j This equation has four and only 
four comftXcx solutions, all of, the form a + bi, where a and b 
are real rvumbers . (See Chapt^^^ 12 and Exercises 5-9.) 

The rirst proof of the lA^^iAamental Theorem was given by 
Gauss in 1799. Since then sev/^ral other proofs have been dev- 
eloped ancl although some are cJUite simple, none is simple enough 
to be pr^SQnted here. V/e shalj. however make a precise statement 
of the t?\fiOrem In a form v;hicb is basic for the study of poly- 
nomials. 
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Theorem 5-9 > 
Let 

P(z) = a^z'^ + a-^z'^'^-^ + + ^^^2^ *^ 
be a polynomial of degree n with complex coefficients. Then 
there exist n complex numbers r-j^, r^, r^ (not necesnnri.ly 

distinct) such that 

P(z) = a^(z - r-^)(z - r2)-- (z - r^) . 

If one of the factors In the factorization of P(z) stated In 
Theorem 5-9 Is z - r, r Is called a zero of P(z)j If exactly 
m of these factors are z - r, r Is called a zero of multi - 
plicity m. A zero Is called a simple zero If Its multiplicity 
Is one; otherwise It Is called a multiple zero . Since the total 
number of factors In Theorem 5-9 Is n, the sum of the multi- 
plicities of the zeros of a polynomial of degree n Is n. This 
may also be stated: The number of zeroS j each counted with Its 
multiplicity, of a polynomial of degree n Is n. 

Since a product Is 0 If and only If one of Its factors Is Oy 
It Is clear that z Is a solution of the polynomial equation 

P(z) = 0 

If and only If z: .equals one of the zeros of P(z). According 

to Theorem 5-9 a polynomial of degree n > 0 has at least one 

zero (exactly one If r^ = rg = = r^) and may have as many as 

n zeros (exactly n If no two of the numbers r. , ro****tr 

. 1' cf' ' n 

are equal). It follows that every polynomial equation of degree 

n > 0 has at least one complex solution, and may have as many as 

n solutions, but has no more than n solutions. 

Example 5-9b. Discuss the possible number of solutions of a 
polynomial equation of degree 3. Include examples. 

Solution : The equation may have 1, 2, or 3 solutions. If It 
has one solution, this must be a triple zero (zero of multiplic- 
ity 3) of the polynomial. If it has two solutions, one must be 
a simple zero, the other a double zero (zero of multiplicity 2) 
of the polynomial, if it has three solutions each must be a 
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simple zero of the polynomial. 

An example of the first case Is given by the polynomial 
equation ^ 2 



3z -f 3z - 1 = (2 - 1)^ = 0. 



The only solution of the equation Is 2 = 1. 1 Is a triple zero 

of the polynomial z^ - 3z + 3z - 1. 

The equation 

3 2 0 
2 -z - 2 + 1 = (z= , ^^"= = 0 

has the solutions 1, -1. -1 is a ^mn^ -ro and +1 a double zero, 

The equation 



3 



z 



+ ?: = z(2 - l)(z + 1) = 0 



has the solutions 0, 1, -1. Each is a simple zero of z^ + z. 
Let ?iz) be a polynomial of degree n, 

P(z) = a^(z - r-^)(z - rg)--. (z - r^), 

and define q(z) by 

Q(z) = a^(z - rj)-- (z - r^) . 

Then Q(z) Is a polynomial of degree n - 1 whose zeros are the 
zeros of P(z), except possibly for r-j^, and 

P(z) - (z - r^)Q(z). 

Now suppose we have to determine the zeros of P(z) and that we 
have found one zero, r^. The remaining zeros will be the zeros 
of Q(z) and to find Q(z) we have only to divide P(z) by z - r-j_, 
since p. V 

This fact enables us to reduce the solution of a polynomial 
equation of degree n to the solution of an equation of degree 
n - 1 once we have determined one solution of the original equa- 
tion. The following example illustrates this. 

Example 5"9c. Find all solutions of the equation z^ - 1 = 0. 

Solution: The solutions of the equation are the zeros of z^ - 1. 
One zero is obviously 1, We divide z - 1 by z - 1: 
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2 

z + z + 1 
z - 1 I ~P ^ 
z^ - z^ 

7 

2 

z - z 



z 

z - 1 
5 

The remaining solutions thus are the '^^os of z^ + z + 1, thni-. 
is, the solutions of 

z^- i 

Solving this quadratic equation we get the roots i + i , 

1 V3 d d 

- - i . Thus the solutions of the given equation are 1, 

1 ^ i V3 1 i V3 

In this example we observe that, as in the case of quadratic 
equations, the complex roots are conjugate. We can show that 
whenever the coefficients of a polynomial equation are real the 
complex solutions occur in conjugate pairs; that is, if z is 
a solution of such an equation z" is also a solution. Let z 
be a solution of 

a^z^ -r a.^^""^ 4- ••• + ^j^^iZ + a^ = 0, 



Then we have a z^ + 2l^z'^'^ + ... + a .z-fa =0 = 0,, 

o 1 n-1 n ' 

and using Theorem 5-8c repeatedly we get 

a^Cz)"" + a^(z)''"^ ... -f Vl^^) a^ = 0. 
Since the coefficients are real, a^ = a^, a-j^ = a-j^,'**, ^^^^ ^ 
a^^j^, a^ = a^^ and we have 

^0^^^^ ^ a^C^)""^^-- -h a^^^z H- a^^ - 0, 
ao that 7 13 also a solution of the equation. 

30 t 
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Exercises 5-9 

Determine the zeros and the multiplicity of each zero for 
the following polynomials, 

(a) 5(z - l)(z + 2)3 

(b) z^(z + (z - 3) 

(c) (z - 3 + 2i)2(z + 1)5 ^ 

Find the aeros of the following polynomials and state the 
multiplicity of each zero. 

(a) z^ + z^ + 3z^ 

(b) z^ + 2z^ + 1 

(c) z^ + 3z^ + 3z + 1 

Write two polynomial equations whose only solutions are 1 and 
2 such that: 

(a) the two equations ^3ve tbir same degi^ee; 

(b) the two equations -^.e or different degrees. 
Discuss, with examples, :/ie g.vTssible number of solutions of 
an equation of degree 
Find all solutions of r^" * " ^ 0. 

Find all solutions of thr ::ollowing equations, given one 
solution. 

(a) 12^ - 20z^ -f 36z - 16 0 z = 4 

(b) - 4z^ -f 6z - ^ ^ 0 z = 2 
Find all solutions of nne fo-llowing equations, given two 
solutions . 

(a) z^ + 2z3 -f z + 2 - 5 z = -1, ^2 

(b) - 3z^ - 3z^ - ^r- - = 0 z = 4,1 
Find the polynomial wh 'Se zeros include 1 and -2i if: 

(a) the polynomial ha- t)z^. lowest possible degree. 

(b) the polynomial ha£: rfe^iX ::oef f icients and has the lowest 
possible degree . 

(c) the polynomial has r«aJ .oeff icients, the lowest 
possible degree and is a double zero. 

[sec . -^"^ J 

3C'5 



295 



9. Given that 3 + ^2 i is a solution, find all solutions of 

the equation hop 

z - 6z^ + 2z + ^hz - 99 = 0. 

■10. Given that 1 - ^/5± is a solution, find all solutions of 

the equation 

z^ - 2z^ + kz^ + ifz - 12 = 0. 
11. (a) Find a formula for the coefficients of the cubic poly- 
nomial whose zeros are r-j^, r^, r^ if the coefficient of 
the highest power is 1. 
*(b) Do the same for the quartic polynomial. 
*(c) Make a guess as to the form of a corresponding formula 
for a polynomial of degree 7, 



5-10. i'liscellaneous Exercises . 

1. If z = 2 - 31, evaluate 

-z, z, |z|, \z\, i , |z|^ Iz^l, and . 

2. Write a quadratic equation having the solutions c + di and 
c - di, where c and d are real. 

3. Is ^the set of numbers (1,-1, i,-i) closed with respect to 
multiplication? Addition? 

If z = X + yi show that 

X £ |z| and y £ |z|. 

5. Sketch the set of points z which satisfy each of the 
following conditions. 

(a) |z - 2| = 3 (c) \z - 2i| < if 

(b) |z + 2| > 3 (d) U - z^l < 5 

6, write an equation in x and y which is equivalent to the 
equation |z - (2 + 3i)| = 5. 

Describe the set of points in an Argand diagram which 
satisfy the given equation. 
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7. ^Glve a geometrical Interpretation Tor the following rel- 
ations • 

(a) Iz-^l < 122! (d) 2-^ + 22 = 0 

(b) I2I =5 (e) 2-^ - 22 = 0 

(c) 2-j^ + 22 = 0 

8. Find all complex numbers 2 such that (Real part of 2) = 
(Imaginary part of 2), and I2I =1. 

9. Determine al"^. quadratic equations with real coefficients 
which have 3 + 21 as a solution, 

10. Plot the point corresponding to 3 + 51 In an Argand diagram, 

2 

Then multiply the given number successively by 1, 1 , and 

3 

1 , and plot the three points which correspond to the 
resulting products. Finally, show that the three last 
najaed points together with the given point form the 
vertices of a square. 

11. Show that ' 2^ is a solution of the equation 

2 o 2 

az + bz + =0, where a, b, c are real and b - 4ac < 0, 

then 2^*2^ = ^ and 2^ + "z^ = - ~ . Use the result- to 

describe a geometric construction for 2^. 

12. Find all quadratic equations wi..t:h real coefficients having 
solutions 2-j_ and 22 such that 2-j^ + 22 = 1 and 2^22 = 4, 

13. Find all complex numbers 2 for which the real part of 

2 ' 1 
.2 is 0. Show that if 2 belongs to this set, then — 

also belongs to the set. 

14. For what real values of r does the equation 

rx^ + (1 + r)x +2=0 
have non-real complex solutions? For what values of r 
does it have only one solution? 

15. Show by an example that a - bi need not be the complex 
conjugate of a + bi? 

16. Find the equa*:lon of the perpendicular bisector of the 
line Joining and 22* (Hint: Use the fact that the per- 
pendicular b-iis^ector of a line segment is the set of points 

' equidistant Irom the endpoints.) 
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17. Let = + y^i. Describe the set of points z = x + yi 

Which satisfy the inequality — 1 2_ ^ 1^ 

' o * 

18. Let z^ and Zg be 'distinct non-zero complex numbers. Show 

that 2^ and Zg represent points in an Argand diagram lying 

z^ 

on a straight line through the origin if and only if - in 
real . 2 
ly, oolxe the equation z^ = -1. (You may find it helpful to 
refer to Exercises 5-6, Problems 22 and 23.) 

20. Show that it is impossible to satisfy all the order postu- 
lates of Chapter 1 in the complex niomber system. Consider 
the element i. Certainly i / 0, so eliher i > 0 or i < 0 
if the ^'Trichotomy" property is to hold. Show that each of 
the assumptions i > 0, i < 0 leads to conclusions contra- 
dicting at least one of the order postulates. 

21. Find all complex numbers x,y with the property that the con- 
Jugate of X + yi is X - yi. 

*22. If z = X + yi, show that 

1^1 |y| 1 a/^ |z|. 
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"5-11. Construction of the Complex Number System . 

In this chapter we have assumed that we have available a 
number system (which we called the complex number system) satis- I 
fylng certain Imposed requirements (th- f'oui' I'uu. ajnental proper- ; 
tU^o C-1, C-2, C-3, C-4). In a sense we have stated what a com- 
plex. ..uniber system ought to be. On the basis of the imposed re- 
quirements we have learned how to compute in such a systaiu^ 

It is a fundamental (but sophisticatec) question whether 
there actually exists a number system C fulfilling the require- 
ments vfe set down in Sections 5-1 and 5-2. We shall sketr^iih the 
basic steps for constructing such a system'. Many of the details 
will ™e left to the reader. 

__-et us return to our earlier developments. There we learned 
that zhe rule which associates with the complex number a + bi 
the ordered pair of real numbers (a,b) sets up a one-to-one 
correspondence between the set of complex numbers and the set of 
ordered pairs of real numbers. This fact and the information 
which we have obtained on how we are compelled to add and multi- 
ply in C motivates the following proposal for constructing, on 
the basis of the real number system, a number system which meets 
the requirements we imposed on C, ^ 

Let K denote the set of ordered pairs of real numbers (a',b). 
These are the objects which we are to "add" and "multiply". Let 
us say: (a,b) = (c,d) if and only if and only if a = c and b = d.. 

It is necessary to define operations of addition and multi- 
plication for K, The facts we have deduced from the fundamental 
properties of the complex number system lead us to believe that 
the definitions v/hich we shall put down are "reasonable" when we 
keep in mind our mission of constructing a complex number system 
with "real building blocks". 

We define 

Addition : (a,b) + (c,d) = (a + c, b 4^ d) . 

Multiplication : (a,b)«(c,d) = (ac - bd, ad f be). 
Note that the operation of "addition" in K is defined in terms 
of the operation of addition in th: real number system and that 
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the operation of "multiplication" 1:. - '"'^I'-ll in terms of 

addition, subtraction and multlpllcatiori in t; real number 
system. Mote that our definitions assure closure of the oper- 
ations + and • of K: the "sum" of two ordered pairs of real 
numbers is an ordered pair of real numbers, the "product" of two 
ordered pairs of real numbers is an ordered pair of real numbers. 

Tv;o remarks are in order. First, we must distinguish, 
"addition" and "multiplication" in K from addition and multiplica- 
tion in the real number system. The 'two kinds of addition and 
multiplication apply respectively to different kinds of objects. 
That is v;hy vie use the exaggerated plus sign 4- and the exagger- 
ated times sign • for the operations of "addition" and multi- 
plication" in K. 

Second, v;e emphasize that + and • are constructed from 
what v/e learned about addition and multiplication in C keeping 
in mind that our correspondence between a 4- bi and (a,b) 
identifies "real part" with "first component" and "imaginary 
part" with "second component". The " spadework sets in at this 
stage. V/e verify first that K with the addition 4- and 
multiplication • satisfies the usual laws of algebra. This 
verification depends upon properties satisfied by the real 
number system. We easily verify that (0,0) is the additive 
identity for K, that (l,0) is the multiplicative identity for 
and that (-1,0) is the additive inverse of the multiplicative 
identity. 

Explicitly, we have the following results: 
(a,b) + (0,0) = (a,b), (a,b) • (1,0) = (a,b), 

(1,0) 4- (-1,0) - (0,0). 

Verify these three statements. 
Further (0,l) • (0,l) = (-1>0). 

Hence K possesses an element whose square is the additive in- 
verse of the multiplicative identity. This sounds a bit heavy- 
handed but tells us that we have grounds for optimism as far 
capturing something that will play the role of the all-important i,. 
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Let us go so far as to denote ( 0,1) by 1, We may write 

(5-lla) (a,b) - (a,0) 4- (0,b) = (a,0) + (b,0) . (0,l) 

= (a,0) + (b,0) • 1 

Now if we restrict our attention to the special elements of 
K whose second components are zero, we see that they behave 
under + and • the same way that their first components do 
under the + and • of the real number system. That Is 

(5-llb) (a,0) + (b,0) = (a + b,0), 

. (5-llc) (a,0) . (b,0) = (ab,0). 

Verify the statements (5-llb), (5-llc) and also the follow- 
ing two: 

(a,0) + (-a,0) = (0,0); 

(a,0) • (i , 0) = (1,0), a 0, 

We now define a notion of order among the special elements 
of the form (a,0), (Remark: We could not define a notion of 
order In K, even if we wanted to, which would yield the expected 
relation among the special elements (a,o). This remark applies 
to C also. If we had an order relation In C like that In R we 

could expect the square of each non-zero element to be positive. 

2 

This would force i Into the unacceptable position of being both 
positive and negative In the sense of the real n\imber system,) 
We define 

" Less than ": [(a,0) < (b,0)] means (a<b). 

It Is now possible to show that the set of elements of the 
form (a,0) together with the operation of addition -h , the 
operation of multiplication • , and the relation of inequality 
< satisfy the postulates for the real number system. 

Verify this assertion. 

We are thus Justified in taking this set of awkward appear- 
ing elements (a,0) with addition, multiplication and order so 
Introduced as our real number system ^ With this understanding we 
verify that K has all the properties imposed on C. Note that 
(-1,0) Is the addlrive inverse of the multiplicative identity 
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of our present real number system and that 
(5-lld) 1.1= (-1,0). 

Thanks to the fact that the elements (a,0) may be taken as 
the reel numbers. Property C-2 Is satisfied. By Formula (5-lld), 
Property C-3 Is satisfied. Further Formula (5-lla) tells us that 
Property C-4 is satisfied. There remains to be verified only 
that -f and • are commutative and associative, that the dis- 
tributive law holds m K, and that each element has an additive 
inverse, in order to show that K has Property C-1. 

The commutative and associative laws for + and • are 
readily verified as Is the distributive law. As an illustra- 
tion we consider the distributive law: 

(a,b) . [(c,d) + (e,f)] 

= (a,b) . (c + e,d + f) 

= (a(c + e) - b(d + f), b(c + e) + a(d + f)) 
and [(a,b) . (c,d)] + [(a,b) . (e,f)] 

= (ac - bd, be + ad) + (ae - bf, af + be) 

= ((ac - bd) + (ae - bf), (be + ad) + (be + af)) 

= (a(c + e) - b(d + f), b(c + e) + a(d + f)). 

We see that the distributive law holds. 
Additive Inverse? Since 

(a,b) + (-a,-b) = (0,0), 
(-a,-b) Is the additive Inverse of (a,b) . 

It Is now simple to verify that a non-zero element (a,b) has 
a multiplicative Inverse and hence that the equation 

(a,b) . (x,y) = (c,d), (a,b) (0,0) 

has a unique solution. 
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Given (a,b) / (0,0), we verify that 




We now conclude that K together with -f and • satisfies 
the conditions imposed on the complex number system ^ 

At this stage it suffices to redesign our notation for the 
real numbers in K and to designate the real nimbers by the 
letters, a, b, c,-»-, to use the standard notations for the 
additive unit and the multiplicative unit, and to write + and • 
for + and • respectively. With these agreements each complex 
number is o" the form 

a + bi, 

where a and b are real, and i^ = -i; . • ^ 
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Chapter 6 

EQUATIONS OF THE FIRST AND SECOND DEGREE IN TWO VARIABLES 

6-1 . The Straight Line . 

In Chapter 2 we took a preliminary look at analyt;lc geometry. 
The purpose of this chapter is to use the techniques of analytic 
geometry to study systematically the graphs of equations of the 
first and secvnd degree in two variables. 

One of the axioms of plane geometry is that two distinct 
points determine a line. In Chapter 2 we defined the slope of 
the straight line determined by P^(x-^,y^) and ?^{x^,y^) to be 
the real number 




We then used the geometric picture of the straight line to estab- 
lish the fact that this real number m did not depend on the 
particular pair of points on the line which w§re used to compute 
It, Vie now use this fact to prove 

Theorem 6-la , If p^(x-^,y^.) is any point In the plane and 
m Is any real number, then the equation of the straight line 
passing through the point P-j^ with slope m is 

6-la. y - y^ = m(x - x^). 

Proof: Let P(x,y) be any point on the .line distinct from 
P-j_. Since the slope of the line Is Independent of the two points 
used to compute It, regardless of which point P(x,y) on the line 
we take, so long as it is not P^ Itself, we must have 




314 



304 



X and hence x - x.^^ 0. (Why can^t x = x.^^?) If we multiply 

both sides of the equation by x - x^, we have 

y - y^ = m(x - x^) . 

This argument shov/s that the coordinates of any point on the line. 



except P 



1' 



satisfy the equation y 



= ni(x 



Of course 



satisfy the equation also. 



the coordinates of 

There is, however, the possibility that some points on the 
graph might not lie on the line though P-j^ with slope m. For 
instance, it is conceivable that the graph could be one of the point 
sets shown below in Fig. 6-la. 





Fig. 6-la. 

Of course our intuition and our experience in plotting points tell 
us that thic is not the case. In order to be ab^iolutely sure, we 
must prove that every point Q(x',y') whose coordinates satisfy the 
equation, actually does lie on the line through P-j^ wj.th slope m. 
Let Q(x',y') be any point whose coordinates satisfy 

6-ia y - = m(x - x^) . 



Then 



m(x' - x^) 



3 1 5 
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If x» = x^, thon y' - y-^ - 0 and y' = y^. This means, that Q 
Is Just P^, And since is certainly on the line, we only need 

to consider the case x» ^ yi^\ that Is x» x^ / 0, If 
x' - x.j^ / 0 we can rewrite 

y ' - y 

y' - y-^ = m(x' « x^) as ^| ^ m. 

But this equation tells us that the line determined by and Q 

has slope m. Q then is on the line through with slope m. 

And we have now shown that any point Q(xSy») whose coordinates 
satisfy the equation 6-la lies on the line. Since the coordinates 
of every point on the line satisfies 6-la and any point whose 
coordinates satisfy 6-.la lies on the line, equation 6-la Is the 
equation of the line through p.^^ with slope m. The proof is now 
complete. 

The equation y - = m(x - x^) is called the point-^slope form of 
the equation of a line. 

Example 6-la . Find the equation of the line passing through 
the point (1,2) with slope, 2. 

Solution . By Theorem 6-la the answer is y - 2 = 2(x - l) . 
This simplifies to y =^ 2x. To sketch the graph of the equation we 
simply plot the point (1,2) and use the fact that the slope is 2 
to locate a second point on the line, as we did in Chapter 2 . 
That is, we go to the right 1 and up 2 and find that the point 
(2,4) is also on the line. 
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An even easier' vmy to plot the line would be to use the point (l,2) 
which v/as given and to find one of the intercepts. In our case both 
the x-intercept and the y-intercept are zero. 

If in the point-slope form of the equation of a line, 

y - = m(x - x^), we let x 0, we find the y-intercept to be 

y^ - mx^. We set the y-intercept y^ - mx^ = b and the equation of 
the line can be written in the form 

6 -lb . y = mx + b . 

This is an extremely useful fom of the equation of a line as 
both the constants m and b have geometric significance --m 
gives the slope and b tells us that the line crosses the y-axis at 
(0,b). For obvious reasons this form of the equation of the line is 
called the slope-^intercept form. It should look familiar to you 
since it has the same form as the defining equation for the linear 
function which you met in Chapter 3. 

Up to this point we have talked about straight lines which pass 
through a point and which have slope m. This discussion includes 
every line which has a slope. However, in Chapter 2 we noted that 
every non-vertical line has a slope. (What is the slope of a hor- 
izontal line?) This means that the only lines which do not have 
equations which can be written in the slope-intercept form are 
vertical lines. 

Suppose we consider the vertical line through the point (2,0). 
The point (2,l) is on it. So is the point (2,2) and the point 
(2,5). In fact all the points with abscissa 2 lie on the line. 
Furthermore any point which lies on the line has abscissa 2. So 
the equation x = 2 is the equation of the vertical line through 
the point (2,0). 

Similarly every vertical line which crosses the x-axis at 
(a,0) must have the equation x = a. We are now able to assert 
that every straight line either has the form y=mx+b or x=:a 
for some real numbers m, b, and a. 
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^^rnple 6-lb. Find r:3 equation of the line through the poJ 



(..,-5) and (5,-5). 

Solu' ' ' In ord 

The f: ~ula for th- 



)7 



:itutzj:ig In y 
ExaiTiple 6-lc . 



Find 



-■he point- 
^2 ^1 



giv 



■"•n we m;.ot find 



-X -f 5 and having x-lr5ir/' 

Solution : By 6-lb (tr:r> 
^/ ^ -X -f 5 has slope -1. z 
parallel lines have the same 
after Is -1. We use the poln 



x^) we have y ^ (^5) ^ -2(x - 3) 

<^.4uatlon of the line parallel to 
apt 2. 

:lope-lntercept l:rm), the line 
Theorem 2 - Ja fhlch says that 
!.ope, the slope c:^ the line we are 
-slope form with m -1 and (2,0) 



as the point P^(x^,y^) to obtain the equation y - 0 = -(x - 2). 



Exercises 6-1 

Write an equation of the line which passes through the two 



points : 






(a) 


Pl(2,4) , 


and 




(b) 


P_-,(2,n) 


and 


P2(^,2) 


(c) 


Pl(0,0) 


and 


Pgd^S) 


(d) 


P^(10,2) 


and 


P2(0,0) 


(e) 


Pl(2,7) 


and 


P2(-8,5) 



2. Draw the graph of each of the following equations on the same 



set 


of 


coordinate axes 


(a) 


y 


= 2x + 1 


(b) 


y 


= hx + 1 


(c) 


y 


= -3x + 1 


(d) 


y 


= -X + 1 
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5. 



'I . 



5. 
6. 

7. 
8. 

9. 

10. 



11. 



Draw the graph., of 

the same set or coo. w 

(a) Draw line^ throu, 
m = -2, -1, 0, 

(b) V/rite an equation 

Write an equation of tr 

Determine m so that r: 
passes through the pol. 

Write an equation of t: 
cept 2. 

Write an equation of tr 
the point ( -1,3) - 



on 



y = 2x and y = 2x 
2,2) having 



, .Ine. 

1 line passing through (3^4). 
ne :hose equation Is y = •rx: -f 3 

). 

>\.zh slope - ^ and x-lnter- 



rj^sslng through the origin and 
passing through the origin and 



Write an equation of th- 11 
the point (x^,y^) . 

Write an equation of the iiin^* passing through the origin with 
slope m. In many pracL_.c5l problems this relation between 
two variables x and y called direct variation . If 
y = kx we say that y v^jrles directly as x, or that y 
is proportional to x. In z'ne latter case, k: is called the 
constant of proportionality, 

V/rite an equation expressJ^ r.ns relation between variables 
of the following: 

(a) The perimeter of an equ, l:. ^eral triangle varies directly 
as the length of a Ji^ae. 

(b) The number of feet s traversed by a freely falling 
body varies directly as the square of its time of fall 
t. 

(c) The current I in electrric circuit varies directly 
as the electrcmotive force E. 
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12. If X varies as y, -nd x - 8 when y = I5, find x 
when y ^ 10. 

15. The voliome 7 of an ileal gas varies directly as Its absolute 
temperature T. If r = 1500 cc. when T = 300^ absoluT;o 
what will the tempera::! ure be when volume Is 2500 oc? 

V\. Find the value of k for which the line y = kx + k will 
pass through the point (- ^,-3). 

15. Write an equation of the line passing through (3,4) parallel 
to the line whose equation Is y = 2x + 2. 

16. Write an equation of the line through the origin perpendicular 
to the line whose equation is y = -^oc -h i. 

17. Write an equation of a line through the point (-2,5) and 
perpendicular to 5x - 2y = 2. 

18. A line has a slope |- and passes through the point (8,^12). 
Write an equation of a second line through this point per- 
pendicular to the first line. 

19. Graph the lines on the same coordinate axes whose equation is 
5x -f- 3y - c = 0 and having y-intercepts 

(a) • (d) 5 

-1 (e) I 

(c) 0 

20. Write an equation of the line which passes through the point 
(-5,7) and is parallel to, . • 

(a) the y~Exls (b) the x-axis 

21. Write an equation of the line perpendicular to the line whose 
equation is 2y -h x = 5 and intersecting it, on, 

(a) the y-axis (b) the x-axls 

22. Write an equation of the line tangent at the point (3,4) to 
the circle with center at the origin and radius 5. 
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2':. 



Find an equaclcr. of! the line at dls .ice 



the 



origin with x^:^.xerce::t 5' 

Find an equatl :.e line v.'hlcii pa es thrrub'' ^i^e origin 



jf ~:.e segment cut o: : by t; ^ : c "ordinate 
vjh\ z~ equation Is 2x -r- 3y - ^ = 0. 

25. Find an equatlcii of the line which contains t.ae ::nortest line 



and the mldpoi: 
axes on the ii: 



segment that Jc:ns zhe origin and a point on the line whose 



er[uatlon is y - 2x 



10. 



6-2. The General Linear Equation Ax -f By + C = 0 . 

Definition 6-'2a . The equation 

6-2a Ax + By + C = 0, A^ B^ / 0 

is called the general linear equation in two variables x and 
(A -H B^ 5= 0 is an economical waj of saying eitheir A or B is 
not zero . ) 

In the last sec::ion we showed that the graph af the equations 
y = mx -f t and x = a are straight lines. We ncrw ask: Is the 
graph of evrery linear equation a straight line? . And conversely^ 
Is every 5'"::ralght line the graph of same linear equation? The 
answer is given by 

Theorem 6-2a ; The graph of every linear equation is a 
straight line and every straight line is the graph o.:2 a linear 
equation. 

Proof: Every linear equation has the form 
Ax -f By -f C = 0, ^ B^ / 0. If F / 0, 




which is the equatior. of the line slope m = and 

y-intercept b = by 1!heorem 6-la. . 
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If B = C , then ^. 0 -r. = 

■ - 

Which _3 ;.ne equat :.r. of tlcal line thrc^;], che point ' 

(-pO). Therefor every ^inei-T' equation has Ilix:* ts graph a 
straight ne. 

Conv- "sely, every strv._.-- J,ne Is either v--ical and has an 
equation :-: = a for some r^:. :-ujnber a, or tii^ line has a slope 

y-lnte-cept and has an equatuioa of the form 

y = mx -f :. . Since both c. -^r.ese equations can written In the 
fom of t..:e^ general linear ecuaxion — (l)x -f y -f («a) = 0 
and (-m};;: -f (l)y - (-b) the "heorem Is proved 

Example. 6 ■2a . What 1. the .:Ic^pe of the line //hose equation 
Is 3x -f 2y + 7 = 0? 

Solution : The given equation can be written in the form 
y -|-x - ^. Hence the slope of the line is - 

In this exanale we see that a line may be the graph of differ- 
ent equations. Thus, the equati^ons 3x + 2y + 7 =0 and 

y =-|x - I are equar^c^-c of :ihe sar^e line. 

For two equations vir:-_3e grELphs aire vertloai lines. It is easy 
to see whether or not t^^: two equaticns are :siraatlons for the same 
line. Since In this c:zH.e B = 0, ~-ie equ.^ r. rms have the form 

Ax+C=:0 or x = -J. For example 2x ^ 5 and i|x = 6 are 

equatlcns for the :ar.e . a^L^ht line; namely, :he vertical line 

with :c -Intercept 

Per' equatlo:::3 wr.os--: ^rH:;p-3 are nan-ver-l.cal Z±nes, we simply 
write them in sln;pe-lnt^i:'~p1: form anuL CGrri&>re slryes and inter- 
cepts. For exEirr.ple - - 2: = o nni ^x 2y - 6 = 0 are 
not equations o:_ the sazie _.ln^ since t;nez:r > lope-lrxtercept forms 
are y = - 2x 4 ar^ 7 «2x -r ^. Erom this form of the 
equations we know that -he ^ines have the same slt^, -2, and 
are therefore parallel • Bu::: their y-lntercepts ^re \ and 3 
respectively, and hence they- certainly are not the same line. 
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On tne otr.-r hand Ax -f By - C = 0 and kAi: ~ kOBy + kC = 0 both 

have the -lope intercept form y = - g x - ^ and are equations 

Tor zhe ^.ixr.e line. The result can be tat:rl the following way: 

The grappas of two linear equations of t. 3 : .j :?r?. Ax -f- h:/ C ~ 0 

are the same line If and onl;- if their or: ending coemci-ents 
are proportional , 

Exair.ole 6-2b. I-et ermine v/ithout arawirx.r graphs whether the 
follov/ing pairs of ec\.Latlons have as their graphs lines which are 
the saine or are parall-el: 

(a) 5x ~ lOj - 25 = (b) x = 2r - 3, 

-X - 2y + 5 = ^ ; 6y - J:^: - 2 . 

Solution : ^^"^ jf^ ^ "^i" ~ ""^^ ^ ■• equatlLcns reprs- 

sent the same line. 

(b) If we first rewri:te the equations In the Harm 
Ax + Ey + C - 0, we have x - 2y + 7= 0, -5x + 6y -f 2 = 0. 

Then — g. ^ hence the equE.uior.- lo not represent the same 

line. However, since -h^ 3lcp5;s of I -;th lines are ^, the linss 
are parallel, 

V/e have now obtained several formi ror equations of s-traiight 
lines — the point-slope form, the sl£'PH-~±ri-::erce~: form, aim the 
general form. The first Is conver ant ifL^ie line is give32 by a 
point and the slope. The- :s?ic.ond -^.Idw^ as to read off the slope 
and the y-intercept. 2icwever, -:aly r n-verrical lines can be 
written in these two forms, whez -as, ari equation for any line can. 
be wi'^tten in the genera fom. AcothBr useful form is given in 
the lollowing example. 
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Example 6-2c . Find the equation of the line whose >:~ln~er- 
cept is a and whose y-intercept is where a J and 

b / 0. 

S olution : The slope of the 
line is 

m b - 0 b 

= O^-T = - a' 

and it crosses the y-axis at the 
point (0,b). Therefore its 
equation is 

y ^ - l^x 4- b, or equivalently 



6.2b f ^ = 1. 
a b 



-g- 6-2 



Equation 6-.2b is called the intercept fo:r.m of the equa-ciaia 
of a straight line. 



Exerciser 6-2 

1. Write an equation of the line t:hat has alcz-^ %■ a:2d ,p^Bes 
through point (-1,-2). Write it in the : -rtE "ax - Br - C ^ 0 

2, Use the intercept form to wrlt'e an e:quat:i.i.:. o.f the lir:^- Slav- 
ing x-intercept 2 and y-intercept 3. 

5. Find the slope and the y-intercept of the l±nes whose eqioH:- 
tions are; 

(a) 3x - 2y - 6 = 0 (d) - . - = o 

(b) X - 8y + 2 = 0 (e) 8x 27 - = C 

(c) 5y - 9x - 1 - 0 (f) -X -r -^x 4- - .0 
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Find the x and y-lntercepts of the lines whose equations 
are given, by first writing each equation In the Intercept 
form: 

(a) 3x -f- 2y - 6 = 0 (d) 4x - 7y - 20 = 0 

(b) 4x - 3y 12 = 0 (e) 3x - 5y + 10 = 0 

(c) 5x + 2y - 10 - 0 (f) 2x - 3y + 5 = 0 

Consider the following pairs of equations. Without sketching 
graphs, , determine which pairs represent lines which are the 
same, are parallel, or are neither. 

(a) 3x - 2y - 2 = 0 
6x - 4y ~ 4 = 0 

(b) 2x ^ 2y - 7 = 0 
3x - 6y - 1 = 0 

(c) X ^ y - r - 0 
X - y - c = 0 



Write an equation of a line which passes through the point 
(0,0) and Is parallel to the line whose equation Is 
2x - y - 5 = 0, 

Write an equation of a line which passes through the point 
(-2, ^) and Is perpendicular to the line whose equation Is 




(d) 6x + 2y + 5 = 0 
X -f- 3y + 5 = 0 

(e) 6y = X - 3 
-3^x + 21y = -2 

(f ) 3x -f- y - 1 = 0 

ax. 2^ = 1 

(g) 2x + 1 - y = 0 

X - ^ - ^ = 0 
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6-3* The Parabola . 

The first two sections of this chapter were concerned with the 
first degree equation and its graph, the straight line. We proved 
that every straight line in the xy-plane is the graph of a first 
degree equation in the variables x and y, and conversely. We 
showed in plane geometry that the set of points equidistant from 
two fixed points is a straight line (perpendicular bisector of the 
segment Joining the two points). A natural question to ask next 
is, what is the set of points equidistant from a point and a line? 
The answer is given by the following definiton. 

Definition 6-»3a . The set of points equidistant from a line 
and a point off the line is called a parabola . The line is called 
the directrix , and the point is called the focus . The line through 
the focus perpendicular to the directrix is called the axis , or, 
sometimes the axis of symmetry , of the parabola. 

In Pig. e-Ja, DD» is the di- ^ 
rectrix and P is the focus. The 
Intersection of the axis of the 
parabola with the directrix is 
the point R, and the midpoint 
of RF is V. The point V is 
on the parabola because 
d(R,V) = d(V,P). The point V 
is called vertex of the parabola. 

Pig. 6-5a 

Example 6-3a . Pind the equation of the parabola which has 
the directrix x = -2 and focus (2,0). 
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Solution; Our problem Is to find an equation which is satis- 
fied by the set of points (x,y) which are equidistant from the 
line X = -2 and the point (2,0). In Pig, 6-5b, let P(x,y) be 
any such point, and let Q be the intersection of the perpendi- 
cular from P to the line x = ~2 with that line. Then since PQ 
is horizontal, Q has coordinates (-'2,y). Since P is equi- 
distant from P(2,0) and the line x = -2, 

d(P,P) = d(P,Q) 

^{x^2f -f (y-O)^ =V'(x+2)2 + (y.y)2 
X^ - IfX + if + y2 = X^ + ifX + if 

. y^ = 8x. 

Up to this point we have 
shown that the coordinates of any 
point equidistant from the point 
(2,0) and the line x = -2 sat- 
isfy the equation y^ = 8x. Con- 
versely, it may be shown (See 
B?oblem 5, Exercises 6-3) that if 
the coordinates of a point satisfy 
the equation y^ = 8x, then the 
point is equidistant from the 
line X = -2 and the point 
(2,0). Thus y^ = 8x is the 
equation of th^ parabola. 
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To sketch the parabola v/e use the techniques of Chapter 2, 
The X and y In" -^r cent are both 0. P-orthemore since 



(.y)2 . y2 ^ 8x, 



the ci 



re Is symmetric with respect to the x-axls, 

2 

Since X = § > 0, there are no polnrur ori the ^aph for x < 0, 
We plot a fev; conv:^nlent points and drav; a srzDO-zh curve through 
them. 



X 


0 


1 


2 ! 


y 


0 


+ 2 













These points are shown In Pig, 6-5b, 

Example 6-;?b , Find the equation ri the set of points equi- 
distant from the line- y = -.5 and the point (0,5); that is, the 
parabola with directrix y = -5 and. rc^-^is (0,3), As in Example 
6-5a we begin with 

d(P,F) - d(P,Q) 

VU-ofHv-^^f , = y(x-x)2 (y.4-3)2 

This simplifies to 

x^ = 12y. 

If we test for synmetry, 
2 2 

(-x) = X = 12y, and the par- 
abola is symmetric with respect 
to the y-axls, She vertex is 
at the origin. This information 
together with the points obtained 
from the following table enables 



^ 1 ! 












1 








-t 








r~ 
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yf 
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X 


■ : ' i ! 












1 
1 
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1 
1 








- ' ! y= - 


3 




-3 








Q( 




3) 






■ 












! 










t 












i ; 











In Pig. 6-5c, 



Pig. 6-5c 





-6 


-5 


D 




6 


TT 


5 


1 


G ; 


1 


5 
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We now consider the more general problem of finding the equa- 
tion of the parabola with focus P(0,c) and directrix the line 
y = -c. As before we let P(x,y) be any point on the parabola. 
The Q(x,-c) is the foot of the perpendicular from P to the 
directrix. See Pig. 6-3d. Then 

ci(P,P) = d(P,Q) 
or y(x-0)2 + (y.c)2 = v''(x^x)2 + (y-(^c))2 



6 -.3a 



X = hoy. 



The vertex is at the origin; .r 
the parabola is symmetric with 
respect to the y-axis, which is 
the axis of the parabola. 



Pig- 6-3d , 
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— J 



If we had taken the directrix to be the line x = -c and the 
focus to be (c,0), a similar agrument would have given the equa- 
tion 



6-5b 



y^ = hex 



These two equations are sometimes 
referred to as the standard forms 
of the equation for the parabola. 
In these forms the vertex is at 
the origin and the absolute value 
of the constant c is the dis- 
tance of the focus and the direct- 
rix from the origin, 
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If we consider the more general case In which the focus is any 
point (a,b) and the directrix is any line parallel to one of the 
coordinate axes, only the algebra is more difficult. 

Example 6>-^c . Find the equation of the parabola with focus 
(^^2) and directrix the line x= -6. 

Solution: Let P(x,y ) be 
any point on the parabola and let 
Q(-6,y) be the point in which 
the perper^dicular from P to 



d(P,F) = d(P,Q) 



y (x.iO^ + (y-2)2 

= a/(x-.(.6) )2 (y^y)2 

(x-H)^ + (y.2)2 . (x -i- 6)^ 

(y-2)^ = 12x -f 8x -f 56 - 16 

(y-2)^ - 20(x ^ 1) 

(y-2)^ - 20 (x - 1 (-l)V 

The vertex is the point V(-l,2). 
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6-3C 



In general, If the equation has the form 

|(y - k)^ = ^c(x - h) I It Is a parabola 
|(x . h)^ = 4c(y « k) 

(h + c,k) 



focus < 



with vertex V(h,k), 

X = h - c 



> directrix < 



(h,k -f c) 



y = k c 




Pig- 6-5g Pig. 6^5h 



^^Ple 6-3d . Find the coordinates of the vertex, the focus, 
and the equation of the directrix of the parabola: 

(a) X + 6x - 2y + 5 = 0, 

(b) y2 4. 4x + 8y + 4 = 0. 
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Solution : Using the method of completing the square 
(Chapter 5), 

(a) 6x + 9 = 2y - 5 + 9 
(x + 5)^ = 2y + 6 

(x + = 2(y + 5) 

(X + 5)^ = 4(|)(y 5). 

By 6-50, h = -5, = -5. c = |. 

Hence v(-3,-5); DD': y = - J. 

(b) y^ + 4x + 8y + 4 = 0 

y^ + 8y + 16 = -4x - 4 + l6 
(y -f l^f ^ -4(x - 5) 
(y -f 4)2 = 4(-l)(x - 3) 

By h = 3, k = -4, c = -1. 

Hence V(3,-4); F(2,-4); DD«: x = 4. 

The parabola has the Interesting and useful physical property 
that a ray of light emanating from the focus will be reflected 
from a parabolic surface In a line parallel to, Its axis. This 
property Is the reason for the parabolic shape of automobile head- 
lights and the metal reflectors in flashlights. The reflected 
light Is then concentrated In a beam which can be directed where 
It will be most useful. 



Exercises for 6-3 . 

Find an equation of the parabola and sketch the graph showing 
the focus and the directrix of each: 

(a) directrix x = -3 and focus (3^0). 

(b) directrix x = 4 and focus (-4,0), 

(c) directrix y = 5 and focus (0,-5) • 

(d) directrix y == -6 and focus (0,6). 
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2. Find the coordinates of the focus, the equation of the direct- 
rix, and sketch the graph of each of the following: 

(a) x^ = -ky (e) x = 

(b) x^ = 4y (f) -f- y = 0 

(c) y = -.6x (g) 2x^ - 4y = 0 

(d) = -.6y (h) 3x -f- 4y^ = 0 

3. Give several examples of a parabola from the physical world. 

^. For each of the following parabolas find an equation of its 
axis, its directrix, and the coordinates of its vertex and 
its focus. Sketch the curve. 

(a) y = (d) X = -2y^ 

(b) y =--^x^ (e) X + y2 = 0 

(c) y^ = 20X (f) - y = 0 

5- Complete the proof of Example 6-3a. That is, prove that if a 
point (x,y) has coordinates which satisfy the equation 

y = 8x, then the point is equidistant from the line x = -2 
and the point (2,o). (HINT: Try to read the proof backwards 
and supply reasons for each step.) 

6. The area of a circle varies directly as the square of the 
radius . 

(a) What is the constant of proportionality? 

(b) Write an equation. 

(c) Sketch the graph. 

(d) If the measure of the area of a circle is 63, find 
its diameter. 
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7. 



Sketch the graph of , 



(a) X = + yy ( 

(b) X = - yy- ( 
Is each a parabola? Discuss. 



(c) y = + yr 

(d) y = - yF 



8. Find an equation for each parabola having the following foci 



and 


directrices and 


sketch: 






(a) 


Focus 


(0,2) 


and 


directrix 


the 


X-axis, 


(b) 


Focus 


(0,-2) 


and 


directrix 


the 


X-axis. 


(c) 


Focus 


(0,2) 


and 


directrix 


y = 




(d) 


Focus 


(2,0) 


and 


directrix 


the 


y-axis. 


(e) 


Focus 


(-2,0) 


and 


directrix 


the 


y-axis. 


(f) 


Focus 


(-2,0) 


and 


directrix 


X = 


1, 


(g) 


Focus 


(1,2) 


and 


directrix 


X = 


-2, 


(h) 


Focnis 


(2,-1) 


and 


:dlrectrix 


X = 




(i) 


Focus 


(-1,2) 


and 


tlirectrix 


y = 




(J) 


Focus 


(1,-2) 


and 


directrix 


y = 


2. 


(k) 


Focus 


(2a, 0)' 


and 


directrix 


X = 


a, a > 


(1) 


Focus 


(2a, a) 


and 


directrix 


X = 


a, a > 


Given the equation 


x2 . 


. 4y + 16 = 


= 0 





(a) Sketch the graph. 

(b) Where does the line whose equation is y - 8 = 0 
intersect the curve? 

(c) Describe the intersection of the line whose equation is 



y - 3 = 



0 with the curve. 
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For each of the following parabolas find the coordinates of 
the vertices, an equation of the axis of symmetry, and sketch 
the curve: 

(a) y + 2y - 5x + 11 = 0 

(b) x^ - 2x - y +8 =0 

(c) 2y -f 28y - X + 101 = 0 

(d) :3y^ - 24y - X + 47 = 0 

(e) I40y2 + I40y - Box - 20 = 0 

(f) 4a y^ + 8a\ _ x + 4a~ + a = 0 (a > O). 

A line segrant perpendicular tc the axis of the parabola at 
Its focus vrnose end points are -n the parabola Is called the 
latus recfeaa. Show that the length of the latus rectum of a 
parabola is two times the distance between the directrix and 
the focus, lote: The latus rectum is also called the "focal 
chord", see page 359. 

find the length of the latus rectum of the parabolas whose 
equations are, 

(a) y2 = X (d) y = ^x2 

(b) = y (e) x^ = _ 6y 
(<=) = (f) = y2 

Find an equation of the parabola whose latus rectum equals 4, 
vertex is at the origin and the axis Is the x-axls . 

Write an equation of the parabola whose focus is (2,-3) and 
vertex is ( 1,-^) . 

Write an equation of the parabola whose vertex is at the 
origin, axis is the x-axis, and passing through the point 
(-3>-2), What is the focus? 

Write an equation of the parabola passing through (-3, + 5) 
and the origin and having as its axis of symmetry the y-axls. 
What is the focus of the parabola? 
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'17. Write an equation of the parabola having the end points of Its 
latus rectum at (^,6) and (4,-8), and Its vertex at the 
origin. 

18.. Write an equation of the parabola whose focus is (0,-2) Its 
directrix is parallel to the x-axls, and the length of Its 
latus rectum equal 8. 

19. Find the value of a so that the parabola whose equation Is 

2 

r = ax will paso through, 

a) The point whose coordinates are (;,l8). 
(b) The point whose coordinates are (^^q'^q) • 
Can this be dcnB ^or any point? 

p 

20, Consider the parabola whose equation is y = x + x + 5. 
Replace the x by x - 2. 

(a) Write the "new" equation. 

(b) Sketch the graphs of each of these equations on the same 
coordinate axes. 

(c) Replace x in the equation y = x -i- x + 5 by x + 2, 
write the "new" equation and sketch its graph on the 
same set of coordinate axes as for (b) above. 

(d) Discuss anything interesting which you observe about 
these curves, 

21, A comet moves in a parabolic orbit with the sun at the focus. 
When the comet is 4 x lo'^ miles from the sun, the line from 
the sun to it makes an angle of 60^ with the axis of the orbit 
(drawn in the direction in which the orbit opens). 

Find how near the comet comes to the sun. 

22. The longitudinal section of a reflector is a parabola 16 
Inches across and 8 Inches deep. How far from the vertex 
is the focus? 
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n 4200* 

A cable of the Golden Gate 
suspension bridge Is In the 
shape of a parabola (ideally) 
The supporting towers of the 
cable are 4,200 feet apart. 
The cable passes over the 
supporting towers JkC feet 
above the bay. The bridge 
is 200 feet above the bay. 
The lowest point of the 
cable Is 6 feet above the 

road-way. Find the lengths of supporting rods (from the cable 
to the road^way) at 100-foot intervals from the center of the 
bridge to one of the towers. 




6-4 The General Definition of the Conic 



In this Chapter we have considered the set of points equi- 
distant from two fixed points and the set of points equidistant 
from a fixed point and a fixed line. V/e now c.rry this process one 
step further. We do not demand that . the point be the same distance 
from the fixed point and the fixed line, but that the distance 
from the point be some constant times the distance from the line. 

^^"^Pjr^-. ^dia- Find an equation of the set of points with the 
property that the distance of each point from the point (l,0) is 
oae'-half the distance from the line x = 4. 
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Solution : See Pig, 6-4a. 
cl(P,P) = |<a(P,Q) 



1) + y 



V (x - 

= I - 4)2 + (y_y)2 

(X -1)2 + y2 = l(x - 

x^ - 2x + 1 + y'' = ;Jx'' - 2x + 4 
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Pig. 6-4a 



x2 



Example 6-4b . Pind an equation of the set of points, each of 
Which Is twice as far from (4,o) as from the line x = 3.-. 

Solution: See Pig 6-ifb 

d(P,P) = 2d(P,Q) 

V(x - 4)2 + y2 



- 2-y(x - 1)2 + (y_y)2 
(x - 4)2 + y2 = 4(x - 1)' 
x2 - 8x + 16 + y2 = 4x2 . 



2 2 
-jx'^ +,y'^ = -12 



8x + 4 
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We adopt a notation similar to that of Section 6-3 and call 
the fixed point the focus and designate it by F(c,0)j the fixed 
line, the directrix, and let it have the equation x = d; the con- 
stant, the eccentricit;-,and denote it by the letter e. Then 
(See Pig. 6-4c) 



d(P,P) = e-d(P,Q) 



= eV{x - d)^ + (; 



of -^-y^ 



y)' 



(x - cf + y2 = e^ix - df 
6-4a x^(l-e^) + 2x(de^-c) + 

= eV - c2 



P(^'y/___|Q(d.y) 



/ 

/ 

/F(C,0. 



Fig. 6-4c 



If we take e = 1 and d = --c, we see that we get the 
2 

equation y = .4cx, which was the equation of the parabola, 

(6-5t>). Since this case has been discussed in great detail, we now 
concentrate on the cases in which e is positive but not equal to 
1. 

In order to simplify the equation 6 - 4a, we choose the con- 
stant d to be making the coefficient of x zero. Geometric- 
e 

ally this simply determines the position of the directrix. The 
equation becomes 



6~4b 



x^d - e^) -^y2 .£^(1 . e^). 



The tests for symmetry (Chapter 2) tell us that the graph of 
the equation is symrnetric with respect to both of the coordinate 
axes and the origin. The x-intercepts are + the y-intercepts 

are + fVl - e^. But if e > 1, V 1 - ±3 not real and there 
are no intercepts. We therefore consider two cases. 
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Case 1: e < 1. We use the same notation for intercepts 



which we used for the straight line and let - = a and -^/l - e^ 

e e 

= b. (We have tacitly assumed that c and e and therefore a 
and b are positive. This will be understood in all that 
follows.) Then 



b = |- \/l - e^ = a 1 - ^ y and ^ = \/ 1 - e^. If we now 

2 2 

substitute ^ x*or (l - e^) and b^ for %-(l - e^) in equa- 

2r e*^ 



tion 6-4a> we have 



2 2 

+ y - b , 

2 

a 



or 




Case 2: e > 1. We multiply both sides of equation 6 - 4b 
by - 1 and the equation becomes 

x2(e^ - 1) - y2 ^ (e^ - 1)4. 

e^ 

c c /"2 

and if we let ^ = a and -'ve - 1 = b^ the equation becomes 





2 




^ = 1, (e > 1). 







These two cases lead us to make the following definitions: 
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Definition 6-4a, The set of points P with the property that 
tihb r-l I.MbtihHii Cvom P to a fixed point Is equal to a constant, 
e, 0 < e < 1, times the distance from P to a fixed line. Is 
called an ellipse . The fixed point is called the focus . The fixed 
line is called the directrix. The constant e Is called the 
eccentricity . 

Definition The set of points P v/lth the property 

that the distance from P to a fixed point is equal to a constant, 
e > 1, times the distance from P to a fixed line. Is called a 
hyperbola > The fixed point is called the focus. The fixed line Is 
called the directrix . The constant e Is called the eccentricity . 

We may summarize these definitions and the definition of the 
parabola (6-5a) In the following table: 









THE CONIC SECTIONS 


If 


e 




1, the conic Is a parabola. 


If 


e 


< 


1, 'the conic Is an ellipse. 


If 


e 


> 


1, the conic is a hyperbola. 



These curves the parabola, the ellipse, and the hyperbola are 
called conic sections , since all of them can be obtained as plane 
sections of a right circular cone. In addition to these curves, 
one can also obtain a circle, a straight line, and two intersecting 
straight lines as special cases of plane sections of a cone. 

The equations which we derived for all of these curves are 
equations of the second degree in x and y. This is not coinci- 
dental. It can be shown that every equation of the second degree 
in X and y, 

2 2 
Ax + Bxy + Cy -f Dx + Ey + F = 0, 

has for its graph a conic section (or one of the limiting forms of 
these curves mentioned above). See Problems 8 and 9 In Exercise 
6-4, Conversely, every conic section (no matter what the position 
of the focus and the directrix) is the graph of an equation of the 
second degree in x and y. 
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These statements tell the whole story for second degree equa- 
tions In two variables. Our study of analytic geometry has now 
furnished us with a complete description of all graphs of first 
and second degree equations — they are szmply straight lines and 
the conic sections (or limiting forms of ::hese curves). We will 
study In more detail the properties of tre circle, ellipse, and 
hyperbola In the next two sections. 



2, Exercises 6-4 

1. PI. 1 an equation of the set of points with the property that 
the distance of each point from P(2,o) Is ^ the distance 
from the line whose equation Is y = 3- Identify the conic, 

2. The focus of a conic is the origin and the corresponding 
directrix Is the line whose equation is y = .2. The eccen- 
tricity Is 

(a) Identify the conic, 

(b) Write an equation of the curve. 

3. The eccentricity of a conic Is 1. The focus Is the point 
F(-2,3) and the directrix Is the line whose equation Is 

X = 4. 

(a) Identify the conic. 

(b) Write an equation of the conic. 

4. The eccentricity of a conlo Is v^, the focus is (-3,0), 
and the directrix is 3x - 2 = 0. 

(a) Identify the conic. 

(b) Write an equation of the conic. 

5. The focus of a conic Is (-1,3) > the directrix Is 2x - 1 = 0 
and the eccentricity is 2 

(a) Identify the curve. 

(b) Write an equation of- the conic. 
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6. Write an equation for each set of data. 





Pocua 


Directrix 


e 




(-2,3) 


y = - 2 


2 


(b) 


(1,1) 


X = 2 


1 
2 


(c) 


(1,-2) 






(d) 


(-1,-5) 


X = 0 


1 


(e) 


(5,-5) 


X = 0 


2 
5 



* Sketch the graph of each. 



7. Identify the conic and sketch the graph of each of the 
following: 

(a) 2x2 + 3y2 = 6 (d) + l6y = 0 

(b) 4x2 _ .i6y2 = 16 (e) gx^ + 9y2 = 4 

(c) 4x2 + I6y2 = 16 (f) y2 = gx _ 56 

*8. Discuss the conic of the equation, 

2 2 
Ax + Cy + P = 0 

(a) If A.C > 0. 

(b) If A-C < 0. 

(c) If A.C = 0. 

*9. Discuss the conic of the equation, 

2 2 
Ax + Cy +DX+Ey+p=0 

(a) If A-C > 0. 

(b) If A-C < 0. 

(c) If A-C = 0. 
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*10.- The eccentricity of a conic is |; its focus is the point 
whose coordinates are P(2,-l); its directrix is the line 
whose equation Is y = x. 

(a) Identify the conic. 

(b) Write an equation of the conic. 



^-5- Circle and the Ellipse . 

We begin this section by reviewing the derivation of the equa- 
tion for the circle, which we met in Chapter 2. 

Let C(h,k) be a point in the plane and r be a positive 
real number. The circle with center C and radius r is the set 
of all points P(x,y) such that the distance from P to C is 
equal to r. Then (see Pig. 6-5a) 

d(C,P) = r 



V(x - hf 4- (y - icf = 



(x - h)'' 4- (y - k)'^ = 




Pig. 6-5a 

• We have shown that every point on the circle must satisfy 
equation 6-5a. Conversely, if the coordinates x and y of any 
point P satisfy 6-5a, then the point lies on the circle. For 
since r is positive, taking the positive square root of both 
sides of 6-5a, we have 



- hf + (y . k)2 = r, 
d(C,P) = r. 



and therefore P lies on the circle with radius r and center at 
C(h,k). 
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V/e have proved that the coordinates ox^ every point on the 
circle satisfy equation 6-5a and coaversely that every point whose 
coordinates satisfy 6-5a lie on the circle. Therefore, equation 
6-5a is the equation of the circle .with center C(h,k:) and radius 
r . 

If v/e consider the special case in which the center is at the 
origin^ the equation assumes the simpler form y 

6-5b 



^2 2 2 
X + y = r' , 




Fig. 6-5b 

V/e said in the last section that the circle was a limiting 
case of the ellipse. Let us now turn, then, to the ellipse. We 
shall show presently how the circle can be obtained from the 
ellipse. 

The ellipse was defined as the conic with eccentricity 
0 < e < 1. We recall that if we take the focus to be F(c,0), 

the directrix to be the line x = and let a = — and 
_ e"^ ^ 



1-e , then the equation for the ellipse can be written 







2 


6-5c 








a b 





Then c = ae and vie may rewrite 

F(ae,0) and the directrix DD' 

^ c ae _ a 
as X = = - 



Since e < 1, q ^ ^ ^^'^ 
graph is shown in Fig, 6-5c. 



v'(-a,o; 
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The line segment V»V with length 2a Is called the major 
axis. It 1^; a line of symmetry of the cui-'ve and passes through 
the focus and Is perpendicular to the directrix. The line Joining 
the points (0,-b) and (0,b) having length 2b Is called the 
^^^or axis and Is parallel to the directrix. The two .axes Inter- 
sect In a point (0,0) which Is called the center of the ellipse. 
We have already noticed that the graph of the equation 6.5c Is 
symmetrical with respect to both coordinate axes and the origin. 
The major axis and the minor axis are axes of symmetry for the 
curve . 

Excunple 6-5a . Find the coordinates of the vertices, the 
focus, the eccentricity, and the equation of the directrix for the 
ellipse whose equation 



x2 

Solution : a = 5, b = 5. 



b - a 



c = ae 
D = a 
a =: b 



2 2 
- a e , 



or 



and since 



- c 



^f- c 



or 



Note that the semi-major axis 
is always greater than b. 



+ = 1 
9 ^ 



— 4- 




Then 25 = 9 c' 
Since c = ae 



or 



c = 
^ = 5e 



or 



e = 



Then the vertices are (5,0) and (-5,0); the focus is (^i,0); 



h 2s 
e = -^l the directrix x = 
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If WG had used the point F'(-ae,0) as the focus and the 
line X =^ - - as the directrix, we would have obtained exactly the 
same ellipse. The fact leads us to state an Interesting property 
of the ellipse: The sum of the distances from F(ae,Q) and 

(-ae,Q) to any point on the ellipse l£ constant and equal to 2a, 
the length of the major axis . (The proof Is left as an exercise. 
See Problems 8 and 9, Exercise 6-5.) 

This property suggests an easy mechanical way to construct an 
ellipse. Take a string of length 2a with a loop on each end. 
Fasten the loops at points (ae,C) and (-ae,0) with thumb tacks. 
Place a pencil inside the string and trace the curve, keeping the 
string taut. The resulting curve will be the desired ellipse. 
There are obvious applications of this technique to constructing 
elliptical flower beds, patios, etc. 

Now that we have more information about the ellipse, we are In 
a better position to discuss the relation of the circle to the 
ellipse . The shape of the ellipse depends on the constant e. If 

e is vexy close to zero, b = a -s/l - e^ is very close to a. In 
fact ir we let e approach 0 the ellipse becomes more and more 
like a circle; so that we say the circle Is a limiting form of an 
ellipse. (If e approaches 0 then c and -c both approach 0 
and the two foci converge at the center. The directrices 

X = + |- on the other hand, recede farther and farther from the 

foci.) This, then is the way in which the circle is related to the 

ellipse. 

Another interesting physical property of an ellipse is the 
fact that a ray of light or a sound wave emanating from one focus 
F is reflected back from an elliptical surface to the other focus, 
F«. This property is responsible for the so-called whispering 
gallery properties of some elliptical shaped domes. A whisper at 
one focus can be heard distinctly by a person standing at the other 
focus, althougli the distance between the two persons may be very 
great . 
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Exerc i ses S^-*^- 

Find an equation of a circle having these properties. Sketch 
the graph of each on the same set of coordinate axes. 





Radius 


Center 


(a) 




(0,0) 


(b) 




(0,2) 


(c) 




(2,0) 


(d) 




(3,-1) 


(e) 


3 


(-1,2) 



Prom the following equations^ find the center and radius of 
each circle: 

(a) X + y =25 

(b) (x - 2)2 + (y + 3)2 ^ g 

(c) (x + i)2 + (y - 6)2 = 5 

(d) ^ + 5)^ = 7 

(e) 9(x +4)2 + 9y2 ^ 35 

(f) x2 _ lox + 25 + y2 = 7 

(g) x2 _ 6x + 9 + y2 _ 8y + 16 = 16 

(h) X +y -2x+4y+5=7 

p p 

(1) X + y'^ - 4x + 6y - 1 = 0 

\ 2 2 
(J) 3x + 3y - 6x - 36y + 36 = 0 

(k) x2 _ X + y2 _ 3 = _7y 

(1) 4x2 ^ ^^2 ^ ^2^^ ^ 
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3. Find the coordinates of the vertices/ of the focus, the eccen- 



trlclty^ the length of the 
tlon of the directrix for 


major and minor axes and the equa 
the ellipse whose equation is. 


2 2 

(a) ^ I 
^ ' Id 9 


(f) 


p p 
2x = 50 - y"^ 


2 2 

[h) 2^ ^ 1 
^ ' 4 lb 




y = 3o[l - X ; 


P P 
(, yx -f d5y = 225 


(h) 


2 2 

^-^=^ 


(d) 25x^ ±~hy^. = 100 


(1) 


# - = - 


(e) 4x^ -f 9y^ = 36 


(J) 






(k) 





Find the coordinates of the vertices, the focus, and the equa- 
tlons of the directrices of the ellipses having given the 
following. Sketch the graph and write an equation for each 
if a =: 5 and, 

(a) e = .2 (c) e = .6 

(b) e = .4 (d) e = .8 

Find an equation of the ellipse given the following: 

(a) One focus (2,0) and vertices (±5,0). 

(b) Coordinates of the end points of the minor axis (0,+2) 
and of the major axis (±^,0). 

(c) Vertices (+7,0) and eccentricity equal to j. 

(d) Coordinates of the endpolnts of the minor axis (0,+%/^) 
and eccentricity equal to ^. 

(e) Focus (6,0) and eccentricity equal to * 

3453 

[sec, 6-5] 



339 

(f) Focus (8,0) and directrix x = 10. 

(g) Vertices {±3,0) and directrix x = 6. 

6. The foci of the ellipse whose equation + Zl = i are 

a^ 

F and P'. What change occurs In this conic, 

(a) As d(P;F') approaches o? 

(b) As d(P,P') approaches 2a? 

7. Show that for any ellipse having center at the origin the 
distance from either end of the minor axis to either foci 
Is one half the major axis. 

2 2 

8. Given the ellipse ^ + ^ = i. sho„ that for any point 

P(x,y) on the ellipse, the svm of the distances from P(2,0) 
and P'(-2,0) Is 8. 

2 2 

»9. Given the ellipse + = i. show that for any point 

P(x,y) on the ellipse, the svm of the distances from P(c,o) 
and P' (-c,0) . Is 2a. 

10. In this Section 6-5, the focus was taken on the positive axis 
at P(ae,0) and the directrix was always the line x = |. 
The curve would remain the same If the names of the axes 
should be Interchanged. Por example, suppose the focus Is 
the point P(0,l), the directrix Is the line whose equation 
Is y = 4, and the eccentricity e = ^. Plnd the equation 
of the ,elHpse. 

11. Compare the equation for the ellipse In problem 9 with the one 
for the ellipse with focus P(l,0), the directrix whose equa- 
tion Is X = h, and the eccentricity e = ^. 
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12. Find an equation of the ellipse with focus F(0,ae), direct- 
rix y = "l^^ and eccentricity e. (Note: The major axis Is 

still the axis containing the focus. It Is perpendicular to 
the directrix, and always has length 2a,) 

*15. An ellipse with eccentricity e, coordinates of the center 

(h,k) and of the focus F(h -i- c, k), and the equation of the 



directrix x = h + If c = ae and b = a 1 - e^. 



c 



show that the" equation of the ellipse can be written In the 
form. 

Note: The center of an ellipse Is the midpoint of-, both the 
major and minor axis. 

Ih. Write an equation of the ellipse from each of the following 
data: (Use the result of Problem 13.) 

(a) Vertices (5^2) and (-3,2), one focus at (4,2) 

(b) Foci (4,3) and (4,-l), eccentricity equal to j. 

2 

(c) Vertices (-5,3) and (-5,1)^ eccentricity equal to j. 

(d) Majoi- axis equal to 10 and parallel to y-axls, minor 
axis equal to 6, center (-2,-1). 

(e) Endpolnts of minor axis at (-3,5) and (-3,-6), one 
focus at (3, *" "^^ • 

(f) Endpolnts of major axis at (2,-3) and (-12,-3), 
eccentricity equal to ^. 

*(g) Vertices (i3,2)> directrix x = 7. 

*(h) Focus (3,4), directrix y = 5- (Is there more than 
one solution?) 
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15 



16, 



*(l) Focus (-5,2), eccentricity equal to i (is there more 
than one solution?) 

For each of these, ellipses give the coordinates of the verti- 
ces and of the focus, the eccentricity, and an equation of the 
directrix. Sketch each curve showing the vertices, the focus, 
and the directrix, (Use the results of problem 12,) 



(a) 

(b) 

(c) 
(d) 
(e) 



(y 



lb ^ 



2 2 
X -f 4y -f 6x + 9 = l6 

p p 
i6x + 9y 

4x^ + 9y^ + 8x 



96x -f 72y + li|4 = 0 

36y +4=0 

An artificial satellite is 
placed m an elliptical 
orbit about the earth so 
that the North arid South 
poles of the earth lie In 
the plane of its orbit. Its 
distance from the North Pole 
plus Its distance from the 
South Pole Is constant. How 
high will It be when It 
passes directly over the 
North Pole, if it is 200 
miles above the surface of 
the earth the moment when it 

passes through the plane of the equator? Write an equation 
for its orbit with respect to the center of the earth, 
(Assume that the diameter of the earth is 8,000 miles and 
that the earth is spherical.) 
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17* Arcs in the rorm of a seml-elllpse were noticed in a bulldlng- 
When measured, the distance across the base of the arc was 
found to be feet and the maximum height from the base 

v/as found to be 8 feet. Find the height of the arc at in- 
tervals of h feet from one end to the middle. 

18. Find the coordinates of foiu? points on the curve of 

X + hy = 8o so that they are the vertices of a square 
having diagonals through the origin. 



6-6. The Hyperbola . 

In section 6-4 we defined the hyperbola as the conic with 
eccentricity e > 1; that is, the set of all points P with the 
property that the distance from P to a fixed point, the focus, 
is a constant, e > 1, times the distance from P to a fixed 
line, the directrix. 

We recall that if we let the focus be P(c,0) and the direct- 
rix be ths line whose equation is x = — ^, then the x-lntercepts 

e 

were + a - ± ^> and although there were no y-lntercepts , we let 




b = <|-Ve--l7 The equation of the hyperbola then assumed the 
simple form 
6-6a 

Just as for the ellipse, c = ae, and the focus becomes the 

point F(ae,0) and the directrix the line x = -I". In contrast to 

the ellipse, we now have e > 1 and < a, V/hereas the directrix 

was to the right of the focus for the ellipse, their positions are 
Just reversed for the hyperbola. The graph is shown in Pig. 6-6a. 
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The line segment VV Is called 
the transverse axis and has length 
2a. (The line segment Joining the 
points (0,-b) and (0,b) Is 
sometimes called the conjugate 
axis and has length 2b.) The 
origin 0 Is called the center 
of the hyperbola. Again, as was 
the case for the ellipse, the 
curve Is symmetric with respect 
to both the coordinate axes and 
the origin. As before we might 
have taken the focus to be the 
point P'(-.ae,0) and the directrix to be the line x 

we would have obtained the same curve. 




Pig. 6-.6a 



- and 



Example 6-6a . What are the coordinates of the vertices and 
the focus, the equation of the directrix, and the eccentricity for 



the hyperbola 



Solution: 



16 




= a2(e2 1) 

2 2 2 
= a e - a 



Since c = ae 

k2 ^2 2 
b =: c - a 

2 2 2 
c^ = a + b"^ 



In this problem, a = 4, b 
p 

Hence, c - i6 4 = 20 

c = 2^5^"= ae he 
. ' . e 



I I I 



V(-4,0) 



H — 1 — H 




= 2 
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The vertices are (-4,0) and (4,0) 
The focus is (2-/5,0). 



11 8 / — 

The equation of the directrix is x = •=! — — = -f-V 5 • 

The hyperbola has a property similar to the property we noted 
for the ellipse, nainely, the absolute value of the difference be- 
tween the distances from P and P» to any point on the hyperbola 
is constant, and equal to 2a. See Problems 4 and 5 of Exercise 
6-6. This property is the basis for the LORAN system of navigation 
used extensively in V/orld War II. 

We have noticed that there are no y-intercepts for the 

2 2 : 

X V ' 

hyperbola ^ = 1- If we solve for y we get 



y = 4- ^V^x^ - a^. Now if |x| < a, v^x^ - a^ is not real. This 

shows that there is a vertical .strip from x = -a to x = a in 
which there are no points on the graph of the hyperbola. On the 
other hand if we take larger and larger values for x, y also 
increases in absolute value. While these facts are extremely use- 
ful in sketching the graph, there is still another property of the 

hyperbola which is even more helpful for this purpose. 

2 2 ^ _ , 

Example 6^-6b. Sketch the graph of ^ — ^ = 1, 

Solution ; Since the curve is symmetric with respect to both 
coordinate axes and the origin, we need only consider the part of 
the graph in the first quadrant. The x-intercepts are 1 and -L 
There are no points on the graph in the strip between the vertical 
lines X = -1 and x = 1. See Pig. 6-6b. 
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Solving for 
y = 



y we get 



1. 



For very large values of x, y 
In the first quadraiit is very 
nearly equal to 2x. Similarly 
In the fourth quadrant for large 
X, y Is close to -.2x. We 
notice that the lines whose equa- 
tions are y = 2x and y = -2x 
are the diagonals of the rectangle 
with sides of length 2a = 2 and 
2b = 4, parallel to the coordin- 
ate axes and centered at the 
origin. These two lines are 

called asymptotes of the. hyperbola. We use the fact that the curve 

gets closei? and closer to these lines as x Increases, to sketch 

the graph in the first and fourth quadrants. The rest of the curve 

cp^n be drawn using the symmetry of the curve. 

2 2 

Let us turn now to the eauation ^ - ^ = 1. 

a b"^ 



r N 
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Pig. 6-6b 



1^ 



If we solve for y we get y = -f -rVX - a" 
In the same way, since a is a constant, if we take large values 

for X, then y ^-^ — ^ ^ ^ 

In the fourth quadrant 



in the first quadrant is nearly equal to x. 



equations are y 



b 

= a ^ 



y 

and y 



is close to X 

a 



b 

= - — X 

a 



The lines whose 
are called asymptotes of 



the hyperbola. 

We notice as before that these lines are diagonals of the 
rectangle with sides of length 2a and 2b parallel to the axes^ 
centered at the origin. These equations can be written 



0 = ^ X - 

a 



and — X + y = 0, 

a 
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Both lines are the graph of the single equation 



b2 2 
7^ ■ 



y2 = 0 



or 



2 2 
.a b 



The fact that the hyperbola has these lines as asymptotes greatly 
reduces the work Involved In sketching Its graph. We simply plot 
the points which are the vertices and use the asymptotes (that Is, 
the diagonals of the rectangle) to sketch the curve. As a rule- no 
other points need to be plotted. 

2 2 



Example 6-6c . Sketch the graph 



Solution ; The vertices are 
(-S,C) and (5*0). The asymp- 

^r/r^ij are y = + |- x. 

See Pig. 6-6c. 

Although we said In Section 
6-4 that every equation 

Ax^ + Bxy + Cy^ + Dx+Ey-hP = 0 
has as Its graph a conic sectlorj 
(or a limiting form of one of 
these), we have not encountered 
any equation In which B was not 
zero. This Is because we have 

always considered conlcs with axes parallel to the coordinate axes. 
If we had taken more general positions for the directrix, B would 
not have been zero. In particular If the transverse axis of the 
hyperbola is the line y « x and the center Is at the origin, the 
equation of the hyperbola may take the form xy « k . 
A hyperbola with an equation of thla form Is called an equilateral 
or rectangular hyperbola. Pig. 6-.6d shows the graph of this 
equation for k « 1, 2, 5. 
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Pig. 6-6d 

Sample 6-6d . There Is a scientific principle. Important In 
both physics and chemistry, knovm as Boyle's law, which may be 
stated as follows: If a fixed mass of gas Is confined In a cylin- 
der with a piston (Plg. 6^6e) , and If a variable pressure p is 
applied to the piston, resulting In a corresponding change in the 
volume V, then p and v are 
related by the equation pv = k, 
where the particular value of the 
constant k will depend on the 
kind of gas as well as on other 
factors. If wo let the positive 
X-axis be the p-axls and the 

positive y-axl3 be the v-axia. Pig. 6-6e 

thon the equation pv « k will 

be represented by one branch of an equilateral hyperbola. 



I , 

zzinmmn 
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When two variables x and y are related by an equation of 

the form xy = or y = p then y is said to vary inversely 

as X, or to be Inversely proportional to x. Thus, for example, 
Boyle's law asserts that v is inversely proportional to p. 

Example 6-6e , Suppose that a certain mass of gas Is confined* 
at pressure of 10 pounds per square inch, '^in a volume of 200 
cubic inches. Find the relation between pressure and volume, 'and 
determine the volume when the pressure is increased to 50 pounds 
per square inch. 

Solution ; The constant k in the equation pv = k is deter- 
mined b- substituting the values p = 10 and v = 200; thus 
k = 2000. The relation between p and v may be written as 
V = 2000/p, so that when p = 50, v = 40 cubic inches. 

Exercise s 6--6 

2 2 

1. Given . if ^ 1. 

(a) Write an equation of each asymptote of the hyperbola. 

(b) Give the coordinates of the vertices. 

(c) Sketch the graph of the equation. 

2. Given Jxy =36.- 

(a) Write an equation of each asymptote. 

(b) Give the coordinates of the vertices. 

(c) Sketch the graph of the equation. 
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Give the coordinates of the vertices, the coordinates of the 
focus, an equation of the directriic, an equation of the asymp- 
totes and the eccentricity of the following. Sketch the curve 
showing the vertex, the focus, the directrix, and the asymp- 
totes. [See examples in 6-6.] 

(a) ^^-.^ = 1 (d) y2-x2.36 



(c) x^ - y^ = 56 (f) - Uy^ = 56 

2 2 

Given the hyperbola 2^ - ^ = 1. show that the absolute 

value of the difference of the distances from any point in 
the first quadrant on the hyperbola to the points 

F( 75.0) and P^C-Ts^O) is 2. 

2 2 

Given the hyperbola - JL. = 1. show that the absolute 

a"^ b"^ 

value of the difference of the distances from any point P on 
the hyperbola to the points P(ae,0) and F»(-ae,0) is 2a. 

(Hint: b^ = a^(e^ - l) or a^ + b^ = a^e^. Since c = ae, 

2 k2 2v 
a + b = c ) i 

Write in standard form the equation of the hyperbola given the 
coordinates of the foci and the absolute value of the differ- 
ence of the distances from point P(x,y) on the hyperbola 
to the two foci: 

(a) P(if,0), P'(-H,0), and |d(P,P)^d(P,p')| =6. 

(b) P(0,^0. P'(0,-4), and |d(P,F)-d(P,P' ) | -6. 

Suppose we take the focus of the hyperbola to be the point 
P(0,2), the directrix to be the line whose equation is 

y « ^, and the eccentricity to be 2. Find the equation of 

the hyperbola and sketch its graph. 
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8. Derive an equation of the hyperbola with focus F(0,ae), di- 

3. 

reccrix y ^ and eccentricity e. (Note that the vertices 

are (0,a) and (0,-a). The transverse axis is on the 
y-axls and has length 2a. Hint for the solution: Let 
. a^te^ - 1)0 

9. Write an equation of the hyperbola from the given set of data. 

(a) Vertices {j3,0) foci (l8,0). 

(b) Vertices (i5,0) distance between foci equal to 8. 

(c) Verticer. (l5,0) eccentricity equal to 2. 

(d) Directrices x =-±2^ one vertex at (^,0). 

(e) Foci (+7,0) eccentricity equal j, 

(r) Asymptotes y = +;3x, one vertex at (2,0). 

(c) Asymptotes 3x -i- 2y = 0 and 5x - 2y = 0, focus (0,5). 

Sketch the graph for each of the following, making use of the 
asymptotes, vertices, and v/hen necessary a fev/ sample points. 

(a) 9x^ - ^y^ = 36 (f) xy - h 

(b) .'tx^ - y^ ^ 4 r (g) y2 . . 9 

(c) 'ix'^ - 9y'' = 36 (h) xy - 1 = 0 

(d) :c^' - = K (1) xy + 4 = 0 



10. 



(e) 9x'' - y'- - 9 (j) 25x'=^ - hy'^ - lOOx + '[0 y = 

100 

11. Sketch the graph of, 



(a) y - 30 -I x'-' (c) X =^36 4 y' 



(b) y VSS+X^ (d) X = --v^o + 

Arc any of these hyperbolae? Explain. 
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12. Find an equation ox" a hyperbola passing through the point of 
(2,3) having as asymptotes the lines of - 5y = 0 and 

13* Find an equation of the hyperbola whose asymptotes are the 

o 2 

lines of "px" - 25y = 0 and which passes through the point 
of (3,1). 

14, Find an equation of the hyperbola through the point of (0,2) 
and having as asymptotes the lines of 4x - y = 0 and 

4x 4- y 0. Sketch the curve, 

15. If a hyperbola passes through the point of (2^0) and has 
asymptotes of y = 4x find an equation of the hyperbola 
and sketch the curve. 

*l6. Show that the hyperbola with center at A(h^k) and focus at 

F(h -+ ae,k), directrix x = h + and eccentricity e has 

the equation, 

(Mote: The center of a hyperbola is the point of intersect- 
ion of its asymptotes.) 

17. Write an equation oT the conic for each set of data: 

(a) Vertices (5,l) and (0,l), one focus at (4,l). 

(b) Koci (^,-3) and (-2,-3), one vertex at (3,-3). 

(c) bV-)ci (5,7) and (-2,7), eccentricity equal ^. 

(d) Vertices (-5.7) and (2,7), eccentricity equal J. 

18. Find an equation of the hyperbola with center at C(3,4), 
Voci\:\ F(3 -f 2 and directrix whose equation is 

X ..5 -t Sketch the graph. 
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19. Find .the. coordinates of the vertices, the focus, the center; 
an equation of the directrix, the asymptotes; and the eccen- 
tricity of the following: 



20. 



(a 

(b 

(c 

(d 
(e 
(f 
(g 
(h 
(i 

(J 
If 

(a 
(b 
(c 



l2L-±-2i^ ( y - 5 )^ _ 1 

9 ^ ~ ^ 



I5~ 



- - I)'' = 1 



y2 



x2 

25 



= 1 



:5(x - - 2(y + 2y = 18 

J|-x + 6y - 6 = 0 



2 2 
X - y 



2 

x"^ - 2x 



- 6y - 17 = 0 



9x'^ - 72x - iSy"^ - 96y = iHh 



hy + 12y + 12 



9y 



X + 4x + 9 = 0 
l8y + Jjif = 0 



when X = 2, 



>\x^ - 25y^ + 32x = -50y - 39 

y varies Inversely as x, and y = 4 

Find the relation between x and y. 

Find the value of y when x = 5. 

Draw a graph for (a) and use it to check your 
answer for (b). 



For a given electromotive force the current I carried by a 
wire varies Inversely as the resistance R. With a certain 
electromotive force a wire whose resistance is I5 ohms will 
carry a current of 20 amperes. Find the current produced 
by the same electromotive force ' . the resistance is Increased 
to 30 ohms . 
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If the relation between variables x and y is of the form 
y = then y is said to vary inversely as the square of 

X 

X, 

(a) Find the value of k if y = 5 when x = 5. 

(b) Find the value of y when x = 2. 

According to Newton's law of gravitation, the weight of a 
body varies inversely as the square of its distance from 
the center of the earth. If a body weighs pounds at 

the surface of the earth, how much would it weigh at a height 
of 200 miles above the earth, assuming tho radius of the 
earth to be 4000 miles. 

On a level plane the sound of a rifle and that of Its bullet 
striking the target are heard at the same Instant. Describe 
the possible set of locations of the listener. 



Supplementary Exercises 

Find the slope and the intercepts of each line having the 
following equation: 



(a) 


3y 


- 2x - 


15 = 0- 


(e) 


F 2 


(b) 


3x 


+ 2y - 


20 = 0 


(f) 


y = 5 


(c) 


2y 


- 3x - 


8 = 0 


(g) 


5 3 


(cl) 


2x 
3 


= 0 




(h) 


^y - |.x - 1 = 0 



Write an equation of the line having intercepts whose coord- 
iniitoa arc (6,0) and (O,-^). 

Write an equation of the line passing through tlie points 
A(-l,-3) and B(|, -5). 

3 6 I 
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Write an equation of the line having the following properties 

(a) Slope m = 5, y-lntercept Is 2. 

(b) Parallel to line x + y _ 6 = 0, y-lntercept is 4. 

(c) Perpendicular to line 2x + 5y - 22 = 0, y-lntercept 
Is -5. 

Consider the equations, 

(1) y = X + 6 

(2) y.=5x 

(a) Write the slopes of the lines given by these equations. 

(b) What Is the y-lntercept of each line? 

(c) Which of the lines rise to the right, and which ones 
sink to ^he right? 

(d) Which of the 5 lines Is the steepest? 

(e) Find an equation of the line which has the same slope a; 
the line defined by (l) and the same y-lntercet as 
the line defined by (5). 

Write an equation of the line through (-2,5) and parallel 
to the line y = 5x - 8. 

Write an equation of the line perpendicular to the line 
2y = 5x + 10 and passing through the point (+5, -2). 

The coordinates of the vertices of a triangle are A(5,10), 
B{20,-7), and C(-5,-5). Write an equation of the lines 
forming this triangle. 



(5) y = |x - 4 
y=fx 

(5) y = - ■^x + 2 
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9. Determine without sketching the graph which pairs of equa- 
tions represent lines which are parallel, perpendicular, the 



same 


, or neither. 












(a) 


2i!c - 3y = 5 


(e) 


y = 7 










3x + 2y - 4 = 0 




y = 12 








(b) 


2x - 1 + 3y = 0 


(f) 


2x + y 




7 


= 0 




3x - 7 = -2y 




2x - y 


+ 


7 


= 0 


(c) 


X + 2y = 6 


(g) 


2x + y 




0 






2x = 6 + y 




2x = 1 








(d) 


2x = 3 + y 


(h) 


X - 2y 


+ 


5 


= 0 




y = 2x - 5 













10. Given, 

(Z) 3x - 2y - ^ = 0 [il) 3^ + + 12 = 0 

(a) Determine the y-lntercept b and the slope m of each. 

(b) Sketch the graph of each on the same coordinate axes. 

(c) Are these lines perpendicular? Explain, 

11. Write an equation of a line passing through the point (0,0) 
and perpendicular to the line whose equation Is 

2x + y - 4 = 0, 

12. Write an equation of a line passing through the point (2,-l) 

and parallel to the line, whose equation is 4. ^ = i, 

15. Write an equation of a line through the point (-5,1) and 

having the same y-lntercept as the line whose equation is 
2x -f y - 4 = 0. 

1^, Write an equation of a line parallel to the line whose equa- 
tion is 3y = X and passes through the x-lntercept of the 
line whose equation is x 4 3y = 3. 
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15. If the speed of reaction of 2 chemicals doubles for every 
IQO c rise In temperature t on the range 0^0 £ t < lOO^C 
how many times as fast would the reaction proceed at lOO^C 
than at 20^0? 

16. If A varies directly as C, and B varies directly as C, 
show that A + B, A ^ B and will each vary directly 
as C. 

17. Write an equation of the curve having, 

(a) P(3,0), F'(-3,0), and d(P,P) +d{P,P') = 10, 

(b) P(d,3), P'(0,-3), and d(P,P) +d(P,P') = lo. 





and 


d(P,P) 


- d(P,P') 


= 2. 


(d) P(0,3), P'(0,-3), 


and 


d(P,P) 


- d(P,pi) 


= 2. 


(e) P(0,1), Q(x,-1), 


and 


d(P,P) 


= d(P,Q). 




(f) P(1,0), Q(-l,y), 


and 


d(P,P) 


= a(P,Q). 




Identify each. 






• 




Identify the conic whose 


equation is. 






(a) 9x^ + 9y^ = k. 


(g) 


x2 ^ 


y2 + ^y = 


0. 


(b) + 3y2 = 6. 


(h) 


x2 + 


^y2 + 6x + 


9 = 0. 


(c) kx^ - l6y^ 16. 


(1) 


_ 


l6y - 72x 


+ 96y = ihh 


(d) kx^ + l6y^ = 16. 


(J) 


:.c'^ - 


'^y2 + 2x + 


l6y - 19 = 0. 


(e) '+x^ l6y r= 0. 


(k) 


9y''^ + 


16x2 _ 


X + 72y = -Ikk 


(f) y2 = 9x - 36. 


i^) 


y2 + 3x + 6y = 


0. 




(m) 


. 


8x - 36y 


= 9y2 + 68. 
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19. Graph each of the following: 



(a) 


= (x - 5)^ 




(k) 


X + ^y <; 'f 


(b) 


x^ = (y - 1)2 




(i) 


ifx^ + y2 > if 


(c) 


(2X - y)2 = 1; 




(m) 


2 ? 
X + y'' 16 


(d) 


9 - (x - 2y)2 = 


0 


(n) 


X^ _ lfy2 < 1^ 


(e) 


^2 2 
X = y 




(o) 


■^y2 - > 4 


(f) 


xy = 0 




(p) 


- hx > 0 


*(g) 


2 2 
X + 2xy + y - 


h = 0 


(q) 


x^ - Ify ^ 0 


*(h) 


Hx^ + 9y2 = 9 _ 


12xy. 




2 2 

X + y _ Ifx + 6y + 15 < 0. 


(i) 


X < 0 




*(s) 


y2 - Ifx - Ify < 0. 


(J) 


y > 0 




*(t) 


{(x.,y) Ix < 0}U ((x,y)!y < 0} 



20. Find an equation of a circle which has as a diameter the latus 
rectum of the parabola whose equation Is = l6x. 

21. Find an equation of the hyperbola whose asymptotes are the 

2 2 

lines of 3x - 5y .-=0 and which passes through the point 
of (2,3). 

22. If the asymptotes of a hyperbola are given by 2x^ - 7y^ = 0 
and the hyperbola passes through the point of (3,0), find 
an equation of the hyperbola. 

23. Find the equation of the hyperbola whose asymptotes are given 

2 2 2 2 

by ax -by =0, and which passes through the point of 
(b,0). (a and b are real numbers) . 
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Sketch the graph of x - y = when k has the following 
values : 

(a) k = 16 (e) k = ^1 

(b) k = 9 (f) k = 

(c) k = 4 (g) k = 0 

(d) k = 1 (h) k = -16 

Find the coordinates of the end points of the chords perpen- 
dicular to the transverse axis at the foci of the hyperbola 

2 2 

whose equation is ^ - ^ = 1. Develop a formula for the 

a"^ b 

length of these chords In terms of a and b. Will this 

2 2 

same formula hold for a hyperbola of - ^ = 1? 

a" 

Find an equation of the set of points P(x,y) such that the"' 
distance from P to the vertex of the parabola x^ = 8y is 
twice the distance to Its focus. 

The arch of a stone bridge has the form of a parabola; the 
' span Is 40 feet, and the maximum height Is 10 feet. Find 
the height of the arch at Intervals of 5 feet from one end 
to the middle. 

Show that If a parabola has Its vertex at (a,b) and focus 
at (a-fc,b), then the equation of the parabola Is (y-b)^ = 
4c(x-a). 

Find an equation similar to that of 2 for a parabola having 
vertex at (a,b) and focus at (a,b-fc). 

Show that if a parabola has its vertex at (a,b) and the line 
of x = a - c as directrix, an equation of the parabola is 
(y - b)^ = 4c(x ^ a). 
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Challenge Problems 

Find the equation of the parabola having x = -a as directrix 
and focus at (a,0). Discuss the curve for a > 0. For 
a < 0, 

2. A chord through the focus perpendicular to the axis of a par- 
abola is called the focal chord of the parabola. Show that 

the end points of the focal chord of the parabola 
o 

y = ^{ax are (a, 2a) and (a,-2a)- 

3. Find the equation for the parabola with focus at (l>l) and 
the line of y = -x as directrix. Sketch the curve. 

^. Find the equation of the line parallel to the line whose equa- 
tion is y = "I X 4- 2 which is '2 units from this line. 

5. The line through the focus F and the point Pi(^i^yi) 

2 

the parabola y = ^cx Intersects the parabola in a second 
point ^2^^2^^2'^ ' Find the coordinates of in terms of 

^l^Yl^ and c . If V is the vertex, the line through P^V 
cuts the directrix at R, prove that the line through PgR 
Is parallel to the axis of the parabola. 
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Chapter 7 

SYSTEMS OP EQUATIONS IN TWO VARIABLES 

7-1. Solution Sets of Systems of Equations and Inequalities . 

Definition 7- la . The solution set of an equation ( inequality ) 
in two variables k and ^ is the set of ordered pairs of real 
numbers (x,y) which satisfy the equation (inequality). 

The same one-to-one correspondence which we set up in Chapter 
2 between ordered pairs of real numbers and the points In the plane 
now gives us a one-to--one correspondence between the elements of 
the solution set of an equation (inequality) and the points on the 
graph of the equation (inequality). 

In this chapter we are again interested in the algebraic 
aspects of equations; that is, the ordered pairs of real numbers 
v/hlch satisfy the equations. However, we will freely use whatever 
geometric information we may have about an equation to determine 
its solution set, 

Example 7-la , Find the solution set of, 

(a) y = X (c) y > 2x 

(b) y 2x2 x2 y2 > 1. 
Solution : 

(a) The solution set of y = x is the set of ordered pairs 
(a, a) where a is any real number, 

(b) The solution set of y - 2x^ is ^,he set of ordered 

2 

pairs (a, 2a ) where a Is any real numbei . 
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(c) The solution set ox'' y > 

However this Is really Just a re- 
statement of the problem and while 
It is a true statement, it is not 
very enlightening. V/e use a graph 
to Indicate the solution Get. 
See Fig. J "la. We drav/ the graph 
of y = 2x. Then for any par tic 
ular value of x, the pair of 
coordinates of any point (x,y) 
with y > 2x corresponds to an 
element of the solution set. 
Geometrically these are the points 
on any vertical line x = a, on 
or above the point (a, 2a). Thus 
the graph of the inequality is the 
solution set is the set of ordered 
points in the shaded region. 



2x Is {(^iil^- y > 2x } . 
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Fig. 7-la. 



shaded region in Fig. 7-la. The 
pairs v/hich are coordinates of 



(d) To obtain the solution set of x -f y > 1^ we draw the 
2 2 

graph of X -f y =1. This is the circle v/ith center at the 
origin and radius 1. If P is any point outside the circle^ then 

d(0,P) = y 4- y^ > 1. 
Or x^ 4- y^ > 1. 

Conversely, if x^ + y^ > 1^ then Vx^ + > l, d(O^P) > 1, ■ 
and the point lies outside the circle. The solution set is the set 
of ordered pairs which are coordinates of points outside the circle 
with center at the origin and radius 1. 



37 2 

[sec. 7-1] 



363 

Prom now on Tor "the solution set Is the set of ordered pairs 
which are the coordinates of points belonging to the set..." we 
shall use the leas precise, but shorter "the solution set Is the 
set of points...". This briefer statement Is Justified by che one-- 
to-one correspondence which has been established between the set of 
ordered pairs of real numbers and the set of points in the plane. 

In this chapter and the next we v/ant to consider the set of 
ordered pairs which satisfy two or more equations (inequalities). 
When such problerr^s are considered we shall refer to the two or 
more equations (inequalities) as a system of equations (inequali- 
ties) . Each of the individual equations (inequalities) is called 
^ component of the system. 

Definition T-lb . The solution set of a system of equations 
( inequalities ) in two variables x and is the set of all 

ordered pairs (x,y) which are common to the solution sets of the 
component equations (inequalities). 

Suppose v/e are considering a system of two equations. Let the 
solution sets corresponding to the equations be and S^. Then 

the solution set S of the system is the set of ordered pairs 
which are in both S.^ and S^. (in set language, this set is 
called the "intersection" of and S^. The symbol for set inter 
section Is "fl ". The solution set S can then be vrcltten 

s - s^ns^. 

Example 7-lb . VTnat is the solution set of the following 
systems: 

(a) J X -f- y - 2 = 0, (b) (\x\ > 2, 

\x - y ^- 2 ^ 0. ||y| < 1. 
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Solution : 

(a) The solution set of the fiystem is |(0,2)| ; that Is, the 
set of ordered pairs consisting of the single ordered pair (0,2). 
V/e can use the graphs of the equations to convince ourselves that 
this is the only ordered pair of the solution set. The ordered 
pair (0,2) is the only member of the solution set since any 
ox'dered pair in the solution set must be the coordinates of a point 
on both the lines x + y - 2 0 and x - y + 2 0. These lines 
Intersect in only one point; namely (0,2). 

(b) The solution set of |x| > 2 is the set of points to the 
left of the line x = -2 and to the right of the line x = 2. 

See" Fig. 7-lb. The solution set of |y| < 1 is the set of points 
inside the hori2:ontal strip betv/een y = -l and y = 1. The 
solution set of the system is the intersection of these two sets 
or the set of points in the cross-hatched region in Fig. 7-lb. 




Fig. 7-lb. 

Suppose we have a system consisting of two equations which 

have solution sets and S^. According to our definition the 

solution set, S, of the system is the intersection of and 

S^. If the intersection of and is the empty set, then 

the equations have no common solution and the system is said to 
be inconsistent ♦ 
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The following systems are examples of inconsistant systems, 
(a) f 2x y 5 (b) 1 -f y^ 20 

[2x + y = -11 I -f y^ - 6 

If the intersection of and is not empty ^» >;here 

must be at least one pair of numbers (x,y) which will i : .,:.jfy 
both equations. The system is then said to be consistent . 

2x - 7y - -5 
5x -f 3y = 8 

is consistent because we can verify the fact that the pair x = 1, 
y = 1 will satisfy both equations. 

A consistent system is said to be depen dent if S-j^ = S^; that 
is, for example, consider the system 

J 3x + 7y - 12 
[ 6x + Ihy ^ 2h 

The second equation is obtained by doubling each member of the 
first. It Is evident that any solution of tha first equation is 
also a solution of the second and conversely, the system is 

dependent. The graphs corresponding to the two equations are the 
same straight line. The system of quadratic equations 



x^ -f = 100 
2y^ =: 50 - |ac^ 



is also dependent. 



We can summarize our conclusions about systems of 'equations in 
two variables as follows: 

A system is inconsistent If Its solution set Is the empty set; 
tnac is, the component equations have no common solutions. 

A system is consistent if its solution set contains at least 
one member; that is, the component equations have at least one 
common solution. 
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A consistent system Is dependent if the solution set of the 
syr.tem is the same as the solution set of one of the component 
equations; that is every solution of any one of its component 
equations is a solution of every other. 



Exercises 7-1 

1. Is (2,0) an element of the solution set of the system 

2x + 5y = l[ 
8x - 7y = 16 ? 

Sketch the graph of each of the tv/o equations. How do the 
graphs illustrate your ansv/er? 

2. Is (1,2) an element of the solution set of the system 

4x - y = 2 
12x - 5y = 6 ? 

Sketch the graph of each of the two equations. Are there 
other elements v;hich belong to the solution set of this system? 

Doos the solution set of 

X -f- 4y = 13 

2x -f- 8y = 14 

contain the element (1,5)? Sketch the graph of each of the 
tv/o equations. According to the f^;r?!p^s, what seems to be the 
solution set for the system? 

4. For the system 

^ 3x - 4y := 11 
^12x - l6y = b: 

(a) For what value of b v;ill the solution set be empty? 

(b) For what value of b v/ill the solution set contain 
the element (5,l)? 

37(3 
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(c) For what value of b will the solution set contain 
Infinitely many ordered pairs? 

What different _ypes of solution sets can there be for the 
ny litem 

fax + by = c 

[dx + ey = f ? 

Discuss the graphical Interpretation of your answer. 

By Inspection determine which of the following systems are 
consistent. If the system Is consistent, determine /hether 
or not It is also dependent. 



(a) 


f X + y = 1 


(g) 




+ y2 = 










- y2 = 16 


(b) 


[ X = 2y - 1 


(h) 


\' 


+-%2 ^ 51 




, 2x = 2y - 1 




9x2 


- 25y2 = 0 


(c) 


y = 2x - 1 


(1) 




+ y2 = If 










+ y2 = If 


(d) ^ 


y = 2x + 1 


(J) 




x2 




y = 2x + 3 






x2 + 5 


(e) J 


7x + 5y = 11 




'3x2 


+ = 15 




3x - 2y = 13 




.2x2 


+ 2y2 = 10 


(f) 1 


hx = 26 + 7y 


iJ) 1 


6x2 


- 2y + 2 = 




5x - 7 = lly 




9x2 


- 3y + 3 = 
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Does the solution set of the system 




contain the element (l,l)? Can you use symmetry to find a 
second element of the solution set? Find one. Sketch graphs 
of the two equations. How many solutions does the system 
seem to have? 

Find the solution set by sketching the graph of each of the 



following: 








(a) + hf 


= h 


(g) 


= (x - 5f 


(b) + 4y2 


> Ji 


(h) 


X < 0 


(c) x^ + 2^y2 


< 4 


(1) 


y > 0 


(d) = y2 




(J) 


x^ = (y - if 


(e) > y2 




*(k) 


2 ? 
X + 2xy + y"" - 


(f) xy = 0 




*U) 


y < 2x^ + 4x + If 


*(m) 


((x,y): 


X < 0) u 


((x,y): y 1 0 ) 



(Note: U Is ^he symbol for \anlon. The solution set of such 
a sentence consists of the elements which belong to either 
set. ) 

Is (5,2) an element of the solution set of the system 

2x - 3y = 0 

< X + y - 5 = 0 

5x - 3y - 9 = 0 

Sketch the graphs of these equations. How do the gi-aphs 
Illustrate your answer? 
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10, Is (1,2) 



11. 
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an element of the solution set of the system 
5x -f- 2y - 5 
5x - y = 3 
l6x + 2y = 20 ? 

How do the graphs 



Sketch the graphs of the three equations 
Illustrate your answer? 



How must the graphs of the component equations of the system 

ax 4- by = c 
dx 4- ey = f 
gx 4- hy = k 

be related if there is to be a single element in the soHntion 
set S? 

12. If the system 

ax 4- by = c 
cix 4- ey = f 

has a single element in its solution set, what would you 
suspect about m (ax 4- by - c) 4- n (dx 4- ey - f ) =0? Test 
your conjecture by referring to Problem 9. Obviously, this 
does not constitute a proof, but can you prove it? 

By our definition, the solution set of an equation is a set of 
ordered pairs of real numbers . Of course in the definition we 
might have substituted for "real numbers", elements from any niunber 
system. In particular if we allowed ordered pairs of complex 
numbers, some systems above which were inconsistent might have 
solutions. In the next two problems,, usd the definition: The 
solution set of an equation is the set of all ordered pairs of 
complex numbers which satisfy the equation . 



[sec. 7-1] 

379 



EKLC 



370 

*1Z>. What is the solution set of the system; 

y = X - ^1- ? . 

What is the solution set of the system: 

ix + (2 - l)y + 6l = 0 

< 

X - iy = 0 ? 



7-2. Equivalent Equations and Equivalent Systems of Equations. 

Definition T-Ea . Two equations ( inequalities ) are equivalent 
if and only if they have the same solution set. 

We have already been led to consider equivalent equations 

several times in this course. The process of solving 3x + 2 = 0 

consists of replacing the equation by the equivalent equation 
2 

X = - J . In Chapter 6 we developed several equivalent equations 
for non-vertical straight lines. For example, 2x + 3y -6 = 0 is 

equivalent to x -i- y = 1 and also to y = -|.x+2. Each of 
3 2 3 

these equivalent equations for the name straight line makes it 
easy for us to obtain some specific information about the line. 
Just as we find it useful to Consider several equivalent equations 
for the same straight line, we shall now find it helpful to con- 
sider systems of equations which are ^uivalent to a given system. 
In fact the general method of solving systems of equations which 
we shall develop consists of finding particular systems which are 
equivalent to the given system. 

First we shall define equivalent systems of equations and then 
we shall show how the idea of equivalent systems helps us to find 
the solution set of the system. 
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Definition 7-2b . Two systems of equations are equivalent If 
and only ir they have the same solution set. 

Example 7-2a . The system 

3x - y - 8 = 0 
X + 2y - 5 = 0 
is equivalent to the simpler system 

X = 3 

y = 1 

which allows us to write (3,1) as the solution set of the 
original system. 

In th- next several sections we shall be concerned with 
methods for obtaining the solution set of a given system of equa- 
tions . 

Before we proceed to study these methods, let us review some 
of the operations which leaa to equivalent equations, as well as 
some of the operations which may not lead to equivalent equations. 
The following examples illustrate such operations. 



Si:amt) le 


7 -2b 






(a) X . 


- 2 = 


0 is equivalent to x 


= 2. 


(b) x2 


+ 7 = 


= 0 is equivalent to y 


= ^ x^. 


(c) ^x 


= 6 


is equivalent to x = 


12. 


(d) 2x 


= 6 


is equivalent to x = 


3. 


(e) x2 


- 2 = 


= 0 Is c';ulval£nt to 


2 

X + 2x 


Example 


J -2c . 






(a) x2 




= 0 is not equivalent 


to x{y 



Since the solution set of the first equation is ' ((0,0)}; while 
that of the second is i(0,y)], y any real number. 

(b) X = « 2y is not equivalent to x^ = ^y^ since the 
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solution set of the first Is [i^a, - Sl))? for any real number 
a; while the solution set of the second. In addition to the order- 
ed pairs In the solution set of the first equation, contains all 

ordered pairs (a,ia), for any real number a, 
2 2 

(c) X - y =0 Is not equivalent to x + y = 0. Why? 

2 2 

(d) X = y Is not equivalent to x = y, since ((a, - a)) 
as v/ell as C(a,a)), for all real a, satisfy t;he first equation, 
but not the second. 

To su'omarize, if we add or substract the same expression from 
both members of an equation, or multiply or divide both members by 
a non-zero constant, the resulting equation Is equivalent to the 
original one. 

On the other hcimd. If we square or extract the square root of 
both members, or multiply or divide both members of an equation by 
an expression Involving a variable^ zhe resulting equation may not 
be (and probably Is not) equivalent to the original one. 

We now formulate a principle which Is helpful In obtaining 
systems of equations which are equivalent to a given system and 
from which It Is easy to find the solution set of the original 
system (and incidentally of all the equivalent systems). 

Principle 7 ■.2a . If either of the eqiiatlons of a system is 
repla ;:ed by an equivalent equation , the resulting system is equlv«- 
alent to the original system . 

The same is true if several equations are replaced by equiva- 
lent equations. Therefore, all rhe algebraic operations which 
produce equivalent equations will be useful to us in our efforts to 
find the solution set of a system. 

Example 7-2d , Find the solution set of the system 



Solution ; To eliminate y, we multiply the first equation by 



(1) 

(2) 




j5 and the second by 2 and add, obtaining the equation 



(3) ?(3x - 2y + '0 + 2(5x - 3y - 25) = 0. 
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Now it is clear that any pair of numbers i^i'y-^) v;hlch satisfies 
the first and third equations must satisfy the second. The proof 
is simple. Slnc^j the pair (x^,y^) satisfies the first and third 
equations v;e h'xve 

^^1 ^"^1 + ■ = 0 

and 

5(3x^ -i 2y^ -f 4) + 2(5x^ - 5yi - -25) = 0, 
from which it follows that 5x^ - Jy^ - 25 = 0. This equation 
states that the pair (x^,y^) satisfies the second equation. The 
proof is nov; complete. 

It is equally easy to show that a solution of the system con- 
sisting of equations (2) and (?) is also a solution of (l) 
and that a solution of the system consisting of (l) and (2) is 
a solution of (3). We can sumr. rlze these results by stating that 
these three systems are equivalent according to our definition of 
equivalent systems. (it shoula he observed that either the system 
consisting of (l) and (5) or- the system consisting of (2) and 
(5) L ; a simpler system than the first, since we chose our multi- 
pl;' ---s in such a way that the equation (3) reduces to an equa- 
tion X only, namely x =2.) If we look at the second system 

(2) Jsx - 3y - 25 = 0 

(3) I X = 2, 

we can obtain its solution set as follov/s. Any pair (x,y) which 
satisfies the second equation has the form (2, a) for some real 
number a.. The pair belongs to the solution set of the system if 
and only if it also satisfies the first equation;- that is 

10 - 5a - 25 = 0. 

But this is true if and only if a = -5. Hence, the solution set 
of the system is ((2,-5)]. 
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In Example 7-2d, we have used very strongly the fact that the 
system [5(3:c + 2y -f + 2(5x - 5y - 25) = 0 

Is equivalent 

5:^ - 3y - 25 = 0 

'jx -f 2y + ^+ = 0 

5x - 3y - 25 = 0. 

The lex't member of the first equation of the first system above is 
called a linear combination of the left members of the equations in 
the second system,. 

The same argument which we have used in this example can be 
used to show that the system 

f(x,y) = 0 
S(x,y) = 0 

where f(.x,y) and g(x,y) are expressions in the two variables 
X and y, is equivalent to the system 

|af(x,y) + bg(x,y) = 0 

^ f(x,y) 0 



or the system 

af(x,y) H bg(x,y) = 0 
g(x/y) = 0. 
See Problems 15 and l6. 

This general result can be stated in the following principle: 

Principle 7"2b , Principle of Linear Combination , The system 
of equations obtained by setting each of two , expressions involving 
X and y equal to zero is equivalent to the system obtained by 
pairing either of these expressions with an equation obtained by 
setting a linear combination of the two expressions equal to zero. 

V/e illustrate the use of this principle in solving systems of 
equations in the following example. 
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Example 7-2e. Find the solution set of the system: 

J 3x - y - 8 = 0 
[ X + 2y - 5 = 0. 
The system is equivalent to the system 

3x - y - 8 = 0 

a(3x - y - 8) + b(x + 2y - 5) = 0 

We may choose a and b in such a way as to eliminate either 

X or y from the second equation. Let us choose a - 2, b = 1. 

the system then becomes 



px - y -. 8 = 0 
l7x - 21 = 0 

Omitting the details of the proof, we show the remainder of 
the series of equivalent systems: 

J3x - y - 8 = 0 

1 X - 3 = 0 

f-y + 1 = 0 

X - 3 = 0 




The solution set of the original system is the same as the solution 
set of the equivalent system 




that is ((3,1)}. 
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Thla method of solving systems of linear equations is essen- 
tially the same as the elimination method, which you have probably 
used many times before. The only real difference is that the defi- 
nition of equivalent systems and the principle of linear combina- 
tion assure us that the solution set of the system we obtain in the 
end is the same as the solution set of the original system. 



Exercises 7-^ 

Determine whether or not the following sets of equations are 
equivalent. Justify your answer. 



(a) 


3x = 6 




and 


. 2x = 5 


(b) 


hx + 't>u = 


12 


and 


3x + ify = 12 


(c) 


5x + 20 = 


35 


and 


X = 5 


(d) 


8x - 10 = 


2y 


and 


i^x - y = 5 


(e) 


X = y 




and 


2 2 
x'' + y'' = 0 


(f) 


X = - 


+ 3 


and 


= y + 3 


(g) 


X = yy - 


6 


and 


x^ = y _ 6 


(h) 


X - 2 = y 




and 


|x - 2i = y 


(1) 






and 


y = 1 X 1 


(j) 


xy + = 


0 


and 


y = -X 



(k) - 4x - 12 = 0 and x = 6 

2. If (3;5) is the only element of the solution set of the 
system 

(i) r3x4-Uy = 29 i3 the system (ll) j^x + = 29 ' 

[jx - 4y = -11, \ 6x = 18 

equivalent If It Is known that the solution set of (ll) has 
only one element? 
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If the solution set of (i) f x -f- y 8 Is ((6,2)], and 

|2x ~ y 10 Ix - y = 4 

(11) [5x + 2y = 34 has a single element In Its solution 
set. Is (l) equivalent to (il)? 



Determine whether or not the following sets of systems are 
equivalent. Justify your answer. 



(a) 


fx + y = 10 


and 


f2x -f 2y = 20 




ix - y = 6 




1 X - y = 6 


(b) 


1 5x + ify = 3 


and 






1 V 4- 'vr — n 

\^ j\. T y — u 




l^x = 3 


(c) 

< 


f7x + 3y = 15 


and 


f7x + 3y = 15 




[5x - 2y - 19 : 


= 0 ^ 


t2(7x-f3y-l5) + i5(5x-.2y-19) - ' 




r "^V llir — oil 

1 - Hy — 


and 


1 4^3x-4y-f-24 J + (5x-f-3y+llJ = 0 


1 


[ -5x - 3y = 11 


1 

1 


1 4- "^V 4-11—0 


(e) 1 


f3x + 5y = 18 


and 


fx = 1 


1 


[2x + 1 = y 


\ 


1 2x + 1 = y 


(f) 1 


fx^ + 3y = 6 


and 1 


fx^ + 3y = 6 




ix + y = 9 




t3- + 3y = 27 


(6) 1 


[5x + 4y - 3 = 




[X = 1 




^x 4- 2y = 0 


0 and 1 






iX + y = _ 8 




x^ - 100 = 0 


(h) 1 


.x^ - y2 = 96 


and 1 




(1) j 


x^ 4- y^ = 25 




V = 5 - X 






and 1 










.y = -J X 


(J) 1 


x - y = 0 


and 1 


x2 _ y2 = 0 




.2x - 7y = 5 




2x - 7y = 5 
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5. Sketch the graph of the component equations of 
+y2 = 25 x2 _ y2 ^ 9 

y = 5 X [ y = 5^ 

Determine from the graphs whether or not the systems are 
equivalent. 

6. Is the system (i) J x"^ - y"^ = 25 equivalent to 



X = y + 5 




(ii) 



Sketch the graphs of the component equations to check your 
answer. Form another system which will be equivalent to 
(ii). Are all three of these systems equivalent? 

7. Sketch the graph of the system (i) I x^ - = 16 



and the system (ii) 



y = X - 4 

+ 4y^ = 4 



Use these graphs to help you discuss whether or not these 
systems are equivalent. 

8. Choose a and b, not both zero, in each of the following 
so as to eliminate the term in y: 

(a) a(y - x^) + b(y - 2x - 5) 

(b) a(2x^ + 7y) + b(5x + 5y - 5) 

(c) a(5x^ + 2y - 5) + b(5x^ - 5y + 7) 

(d) a(x^ + 9y + 8) + b(4x^ - 2y + 7) 
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9. Choose a and b, not both zero, In each of the following 
so as to eliminate the term In x: 

(a) a(x + y + 5y^ - 7) + b(y -x) 

(b) a(x + 5y - 7) + b(2y - 5x) 

(c) a(5x - 7 + 2y) + b(y^ - iijc + 21) 

(d) a(5x - 7 + 2y) + b(y^ + llx + 21) 



10. Choose a and b, not both zero, so as to eliminate one of 



the 


variables : 






(a) 


a(x^ + - 7x -f 3) 


+ b(2x^ + 5y^ - Ihx +y) 




(b) 


a(x + 3y - 7x^ + 2) 


+ b(21x^ - 9y + y^ - 5x + 10) 




(c) 


a(x -f 5x^ H- 2y + 7) 


+ b(x - 5y + 21) 




(d) 


a(x^ 4- 2y^ 4- X 4- ^y 


« 7) + b(2x^ + y^ + X + 2y + 


12) 


11. (a) 


Using the constants 
alent to the system 


a and b form two systems 
+ y - 1 


equiv- 




\ 2x - y = ^ 






by the principle of 


linear combination. 




(b) 


Select several real 


number values for a and b. 


Drav; 



the graph of the component equations of the equivalent 
systems formed on the same coordinate axes. 

(c) Select real number values for a and for b so as to 
eliminate the term in x; so as to eliminate the term 
in y. Draw the graph of the component equations of 
these two systems on the coordinate axes used above, 
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12, Given the following equivalent systems: 

(i) rx + y = 2 (ii) fx = 2 (iii) fx = 2 

l2x-5y==4 lx+y = 2 ty = 0 

(a) What real numbers a and b will change (i) to (ii) 
By the principle of linear combination? (ii) to (iii) 
by the principle of linear combination? 

(b) Sketch a graph on the same coordinate axes of the com- 
ponent equations of these three systems; (i), (ii), 
and (iii). . 

(c) Give the solution" set of (i), (ii) and (lii). 

13. By use of equivalent systems and the principle of linear com- 
bination, find the solution set of each of the following sys- 
tems : 



(a) 


f2x - y - 4 = 


0 


(?) 


f 2y = 2x - 1 




- 2y + 7 = 


0 




X = 2y - 2 


(b) ^ 


'7x 4- 5y = 11 




(g) 






- 2y = 15 






I'x - i.5y = 2.5 


(c) ^ 


' .02y = .Olx - 


- .1 


(h) ^ 


' 2x = 8y - 10 




. 03x - . ly = 


0 






(d) 






■"1 






X + 2y = 4 

s 






,x = ^y + 1 


(e) , 


'llx + 3y + 7 


= 0 


(J) 






.2x + 5y = 21 




1 





*14. Prove that if system (l) is equivalent to system (2), and 
if system (2) is equivalent to system (3), then system 
(1) is equivalent to system (3). 



3 1) 1) 
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*15. Prove that the system f f(x,y) =0 is equivalent to the 

I g(x,y) = 0 

system f a-f (x,y) b»g(x,y) = 0 

I g(x,y) = 0 

*l6. If f(x,y) emd g(x,y) are algebraic expressions, show that 
the systems, 

rf^(x,y) = 0 and f a-f (x,y) + b.g(x,y) = 0 are 

|e(x,y) - 0 [c.f(x,y) + ci.g(x,y) = 0 

equivalent If and only if ad - be 0 



7-3. Systems of Linear Equations , 

In this section we are concerned with finding the solution 
set of the system 

ia-,x + b^y + c^ =0, not both a-, and b., zero 
111 11 
agX + b^y + Cg = 0, not both a^ and b^ zero. 

We novi have several ways of attacking this problem. The 
method of eliminating one of the variables, as we have seen in the 
preceding section, is essentially the same thing as finding ^an 
equivalent system using the principle of linear combination . 

In addition, we may consider the problem from the geometric 
point of view. The machinery of analytic geometry which we deve- 
loped in Chapter 6 will be extremely useful in this method of 
solution. 

V/e begin by considering some examples. 

Exeunple 7->a . Find the solution set of the system 

fx-hy-l = 0 
1 2x 2 - 2y. 
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Solution : The system Is equivalent to the system 

' X + y - 1 « 0 ■ ^ 

.2x -f- 2y - 2 = 0. 

But the left member of the second equation Is simply twice the left 
member of the first equation. Hence, any ordered pair which sat- 
isfies the first equation will satisfy the second. The system Is 
dependent and the solution set of the system Is the set of points 
on the line whose equation x + y - 1 = 0; that Is, ((a,l~a)), 
where a Is any real number. Geometrically the tv/o equations are 
equations for the same straight line. 

Example 7->3b . Find the solution set of the system 

X -f- y -f- 1 = 0 
2x + 2y + 1 = 0. 

Solution ; The system Is equivalent to the system 

'2(x + y + 1) - (2x -f- 2y + 1) = 0 

X + y + 1 =0 

/ 1 = 0 

which Is equivalent to < 

[x 4- y -f- 1 = 0. 

It Is clear that there are no ordered pairs (x,y) which satisfy 
the equation 1=0. And since the system 

1 = 0 
X + y + 1 = 0 

Is equivalent to the original system, the solution set of the orig- 
inal system is the empty set. Hence , the system is inconsistent . 
Geometrically the lines must be parallel. This follows since the 
two lines have the same slope, ~l, but not the same y-lntercepts . 

Example 7-3c . Find the solution set of the system 

2x + 3y + 1 = 0 
3x - 5y + 4 = 0. 



{ 
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Solution : The^ system Is equivalent to 

f-5(2x + 3y + 1) + 2(5x - 5y + h) = 0 

2x + 3y + 1 = 0, 
that Is j 19y -5=0 which Is equivalent to Jy = ^ 




[2x + 3y + 1 = 0, 
which is equivalent to r y = 

Ix = - iZ- 

The solution set is therefore ((- •^) } * and the system is 
consistent . Geometrically the lines intersect in the point 

We return now to the general system 7-3a^ 

a^x -i- b^y -f c-j^ = 0, not both a-j^ and b^ zero. 

a^x + b^y -H O2 = 0, not both a^ and b^ zero. 

The graphs of the two equations of this system are straight lines 
(Section 6-2). Let us call them and L^- Geometrically, 

three cases are possible. 

Case I. The lines and are the same line. 

Case II. The lines and are parallel. 

Case III. The lines and Intersect In a single 

point. 

Case I. We have noted already In Chapter 6 that the graphs 
of the two equations are the same straight line If and only If the 
corresponding coefficients are proportional; that Is, a-|^ = Ica^j 

^1 ^^2' ^1 ^ ^^2* / 0- Why not?) In this case the system 

is dependent . 
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Case II, V;e also noted in Chapter 6 that two distinct lines 
are parallel If and only if they have the same slope (or are both 
vertical). Since the slopes are 



m = ■ and 

i b-j^ 2 



the lines are parallel if and only if 



^2' 



b^ or a^b^ ^ a^b^. 



If the lines are vertical^ b-j_ b^ = 0 and a-j^b^ = a^b-j^ = 0. 

Therefore tv/o distinct lines are parallel if and only if 

^1^2 " ^2^1 ^1^2 " ^2^1 ^• 

In this case the system is inconsistent , 

Case III. We shall show that two lines intersect in a single 
point (and are therefore consistent ) if and only if 

^1^2 "^'^2^1 ^ 

Using the principle of linear combination the original system is 
equivalent to the system 

b^Ca^x + b^y + c^) - b^Ca^x + b^y + c^j ^ ^ 



a^x + b^y + c-j^ = 0, 



which Is equivalent to the system 



X = 



a,x + b,y + c, = 0, 
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which Is equivalent to the system 





- Vl 






^2°1 


- ^1°2 


^1^2 





y = 



The solution set of the original system is the same as that of the 
last system and this is clearly 

- ^2°l ^2°1 - ^1°2 




Hence, the two lines intersect in this single point if and only if 
^1^2 " ^2^1 ^ since the systems are equivalent if and only if 

^1^2 " ^2^r^ ^* 

Example 7-;3d . Is the system f 5x + 4y + 7 = 0 consistent? 

1 2x - 7y + 5 - 0 



Solution: Since a.^^r 

— X t 



^2^1 = 5(-7) - (4) (2) = -45 0, 



the system is consistent. The solution set Is the single number 
pair, (^.li). 

Let us look again at the system | a^x + b^y + c^ = 0 

a^x + b^y + c^ = 0. 

If we consider the equation obtained by setting the linear 
combination k^(a^x + b^y + c^) k^Ca^x b^y + c^) = 0, the 

result is again a linear equation. Its graph, therefore, is a 
straight line by Section 6-2. Furthermore, if the two given lines 
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intersect in Q(x^,y^), then a^x^ + b^y^ + = 0 and 
^2^0 ^2^o = 0 and I'or any real numbers and k^, 

^l^o ^ + ^2^^2^o + Vo + °2) + ^2'° = °- 

Therefore, Q(x^,y^) is on the line. So our Principle 7-2b 

simply asserts that the system of equations whose graphs are the 
two lines intersecting in Q(x^,y^) is equivalent to the system 

consisting of one of these lines and any other line which passes 
through Q(x^,y^). Our method amounts to finding the equivalent 

system consisting of the horizontal and vertical lines passing 
through Q(x ,y )j that is, the system x = x 

y = y^. 

^^Ple 7-3e . The system fx ,+ 5y = 9 is equivalent to 

[x - 5y = -5 

the system W-^i'^ + 5y - 9) + kgCx - 5y + 5) = 0 

( X - 5y + 5' = 0 

Any line through the point of intersection of the lines of the 
original system can be represented by the first equation in the 
second system for some values of and kg. In particular, if 

k^ = 1 and = -1 the resulting equation is the equation of 
the vertical line 5y - 9 + 3y - 5 = 0; that is y = 2. If 
k^ = 1 and kg = 1, the resulting equation is the horizontal 
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Fig. 7-3a. 
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Exercises 7-3 

Tell whether the graphs of the component equations of each of 

e the same straic::ht line, parallel 
lines. Also, tell whether *' se 
au, inconsistent, or dependei 



the followl' 
lines, or 

systems ■ 

' 5x + Uy + 7 
2x - 7y + 5 



(a) 
(b) 



(c) 

(d) 
(e) 



3x + 3y + 1 

2x + 2y + 1 

3x = 1 - 2y 

|-x - 6y = 5 



0 
0 

0 

0 



.2x 



.5y 

.^^x 



.1 

y - .2 



y = 5X 



(f) 

(s) 

(h) 

(i) 
(J) 



gx + 6 



f 2x 


- y = - 




X + y 




ix + 5 


1;: 




r2x 


- y = 6 




- 2y = 


px 


- 2y = 


I6x 


- % = 







lOx + 6y = 5 



Find the solution sets of the following systems: 



(a) 


■ X + 5y = 9 




'y = - ^x + 2 




^x - 5y = -3 


"'1 


X + hy + 2 = 0 


(b) 


■ 4x + y = 5 


(J) 


' 2x + 2y = 100 




. 2x - 3y = 15 


< 




(c) 


■ 2x - 9y = 5 




'jx + 1 5y + 2 




^ 3x - 3y = 11 




2x - 1 , 3y - 2 

i 5 ' 4 ' 


(d) ^ 


' 5x - 7y = 1 




'x + 2y - 3 « 0 




2x - 3y = -1 




12 ■= 8y + hx 
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*3. 



6. 



(e) 



(g) 



(h) 



Prove that If a^h^ 




(m) 



(n) 



(o) 



(P) 



- a^^i = 0, 



X - 

4 








2x . 


- 3y = 5 






2 








9 




2y, 


22 
~ 9 


X 

a 


^ = & 






f - 


b - iF 






X H- 


ay = b 






2x - 


by = a 






°2 - 


^2°1 = 


0, 


and 



agc^ 



^1°2 ~ °' ^^^"^ there exists a real number k 0 



such that 



^1 ^^2' 



= kbg. 



and 



course, that a-^^b-^^ / 0 and agbg / 0. 



'1 ~ ^°2* Assume, of 



A man can row downstream 6 miles In 1 hour and return in 
2 hours. Find his rate In still water and the rate of the 
river. 

If a field Is enlarged by making It 10 rods longer and 5 
rods wider, its area Is Increased by 1050 square rods. If 
Its length Is decreased by 5 rods and its width Is decreas- 
ed by 10 rods, its area Is decreased by 1050 square rods. 
Find the original dimensions of the field. 

The sum of the acute angles of an obtuse triangle Is 85°. If 
the difference of the acute angles is 19°, what are the 
angles? 



A and B are 30 miles apart. If they leave at the same 
time and travel in the same direction, A overtakes B In 8 
hours. If they walk toward each other, they meet In 3 hours. 
What are their rates? 
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8. One alloy contains 3 times as much copper as silver^ an- 
other contains 5 times as much silver as copper. How much 
of each alloy must be used to maJce 14 pounds in which there 
is twice as much copper as silver? 

9. Find two numbers such that 

(a) r sum is 12 and their difference is 3; 

{' Ti^ . of their reciprocals is 24 and the difference 



velocity and the coefficient I6 is used for one half of the 
acceleration of gravity. Distance s is in feet and time t 
is in seconds. If s = 10,000 when t = 5, and s = 8,550 
when t = 10, find s^ and v^, 

11. Find an equation of the line which passes through the origin 
and the intersection of the lines whose equations are 

4x + y - 2 and 2x - 5y = 8. 

12, Find an equation of the line which passes through the point 
(5,4) cind the intersection of the lines whose equations are 

y = --Jx+^ and x+|y=-|.. 



7-4. Systems of One Linear and One Quadratic Equation , 

The simplest kind of system of two equations in which at 
least one is not linear, is a system consisting one linear and one 
quadratic equation . 

Exajnple 7-4a > Find the solution set of the system 



jir reciprocals is 4. 



10. 



The formula ^ = + v^t - 16 t is often used for falling 

bodies where s is the height of the body at any time t, 
s^ is the initial height (when t = O) , v^ is the initial 
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Solution : If (:c,y) belongs to the soluT;ion set of the 
system, then It must have the form {a, 2a + 3) for some real 
number a, . in order to belong to the solution set of the second 
equation. On the other hand, to belong to the solution set of the 

first, the ordered pair must have the form (a,a^) for some real 
number a. Hence, a pair v/ith first element a, belongs to the 

sol"Mon set of the system If and only if 2a + 3 = a^. This 

.'3 that a = -1 or a - 3. Hence, the solution set of the 
oy^.om is [(-1,1), (5,9)3. 

Example 7 -Kb . Find the solution set of the system 

X + 2y = 5. 

Solution : The elements of the solution set of the equation 
X + 2y = 5 must have the form (a,^^). The pair will satisfy 
2 2 

X + y = 5 in addition, if ai:cJ only if 

^^a^ + 25 Oa + a^ = 20 
5a^ - +5 = 0 
a^ - 2^ 1 = 0 ' 
(a - 1)^ = 0 

Hence, a = 1 and the solution set of the system is ((1,2)). 
Example 7-^c , Find the solution sou of the system 



= y. 
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Solution : The elements of the solution set of the second 
equation must have , the form (a, a). The pair will satisfy the 
first equation also, if and only If 




1 




But this ' tuatlon Is not satisfied by any real number a. Hence,, 
the solution set of the system is the empty set.* 



So ion : Trvr elements of the solution set of the secona 
'c::,;L.-jti3r, rr.ust have the form (a, a). The pair will satisfy the 
f-ir:-^t -..viatlon also. If and only If, 

2 

a - a =0. 

Sl>>c:e r:hlz equation Is satisfied by every real number a. Its 
s:iiutxlor. 3et Is the set of all real numbers. Therefore, the 
solxibioi; set of the original system Is the set of all pairs Ca,a) 
w'^ere jj^ Is any real number. 

Thi:: preceding examples exhibit four different kinds of s^^l- 
u*x.^.on ueti.: for this kind of system, namely, the empty set, a set 
ccvruslsrjlr.g of only one pair of r-:!! numbers, a set oonsisting of 
tifi: p<:j'rs of real numbers, and a :;et whose graph is a certain line 
K' . ' ■■ these are the only kln.M of solution sets which can 
o C'Ur» c:3 we proceed to show, 

** ':.t.r 'c. ;at if we allowed the var _ables to represent complex 
nurriber3 :ur solution set would be:. 



Example 7-4d . Find the solution set of the system 
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Suppose we wish to find the solution set of the system 

(i) 



)Ax^ + Bxy -f Cy^ + Dx + Ey !• P = 0 



Lx + My + N = 0, 

where not all of A, C, D, or E are 0, and where M is 
not 0. Any member of the solution set of Lx+My+N=0 must 

have the form (a, - The pair belongs to the solution 

set of the system if and only if it satisfies, in addition, the 
first equation of the system, that; is 

(ii) 

Aa2 Ba(- C(- ^ Da E(- P = 0. 

This equation can be. expressed as, 
(ill) A^a^ + B a + C =0, 

O 0 0 

If Aq = B^^ ^ every real number a satisfies the 

equation. 

If Aq = Bq = 0, but 0, no real number a satisfies the 

equation. 

If = 0 but Bq / 0, there is one real number a which 
satisfies the equation. 

Ii*. there are either no, one, or two real numbers for a 

which satisfy the equation. 

This result has a very interesting geometric interpretation. 
It means that any straight line 

(1) will not intersect a conic or 

(2) will Intersect it once or 

(3) will Intersect it twice or 

(^0 will actually be a part of the graph of the conic. 
The fourth case can occur when the conic is "degenerate" in the 
sense that Its equation can be expresses as the product of two 
linear factors one of which is the linear equation of the system 
as In Example 7-4d above. In this case, the graph of the linear 
equation Is actually a part of the graph of the quadratic equation. 
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Some graphical Interpretations of statements, 1-4 
the following sketches: 

(1) The line does not Intersect the conic. 




(2) The line Intersects the conic once, 




(3) The line Intersects the conic twice. 
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(^) The line is a part of the graph of a degenerate conic - 
whose graph consists of two (intersecting, parallel, or coincident) 
lines. 




395 



The previous discussion eliminates the possibility mentioned in 
Chapter ^ that a parabola might actuall:^ .... ok like ^he curv-. 
Pig. 




Fig. 7~^c.. 



For, if one such wiggle occurred, we could draw a line intersecting 
the parabola in three points. 

• In the examples we have considered so far, we found the sol- 
ution set of the system by first determining the form which a 
number pair with first element a must have if it is to satisfy 
the linear equation. Then we reasoned that the number pair be- 
longs to the solution set of the system if and only if it also 
satisfies the quadratic equation. This transfomed the problem of 
finding the solution set of the system into the problem of solving 
a quadratic equation. Of course, we might Just as well have said 
suppose the second element of the ordered pair is b; then if the 
pair is to satisfy the linear equation, the first element of the 
pair must have a certain form, etc. In seme systems this approach 
greatly simplifies the algebraic manipulo:;:ions involved in finding 
the solutlc, set. 
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7 -He. Find tl" 



xution set of the system 



2y*- + xy = 5 
X + ify = 7. 



Solution ; If an ordered pair whose second member Is b, be- 
longs to the solution set of the second equation, then the ordered 
pair must have the form (7-^t;,b). The pair Is an element of the 
solution set of the system If and only If It satisfies the first 
equation. That Is, 



Hence, the ordered pair (7 - ^b,b) belongs to the solution set 



of the system Is ((j/l), (-3, |) ) . 

Exercises 7-H 

1. Find the solution set of each of the following systems. Use 
the procedure developed In this section. 



2b^ + (7 - Hb)b = 5 
2b^ + 7b - ^b^ = 5 
2b^ - 7b + 5 - 0 



(2b - 5)(b - 1) = 0. 



of the system If and only If b = 1 or b = The solution set 



(c) 



(b) 



(a) 




id) 




( J ) / 2x^ - xy = y^ 
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y = 2x' 
y + 1 = 2x 



Find the solution set of each of the following systems. 
Check by sketching the graph of the equations of each system, 

(a) J y = (c) f + ^y^ - 25 
\2x-.y = -.3 [y-2 = -|(x-3) 

(b) fxy = 9 (d) J xy - 2x + 2y + ^ = 0 
\x+y = 5 I x-2-0 

Discuss the geometric Interpretation of the solution sets of 
the systems in Problem 1. 

A line passing through the point (0,-5) is tangent to the 

2 

conic whose equation Is x = y + 5, Write an equation of 
the line. How many tangents are possible? Give the equa- 
tion of each. 

A line having slope 2 Is tangent to the circle whose equa- 
2 2 

tlon Is X + y =16. Write an equation of this line. How 
many tangents are possible? Give the equation of each. 

Find value of k In terms of r and m so that the line 

whose equation Is y = mx + k will be tangent to the circle 

2 2 2 
whose equation Is x +y =r, r>0. 
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7-5 Other Systems , 

Finding solution sets for systems of equations In which 
neither component equation is linear. Is complicated. There are 
several special methods which solve the problem for part5^.. lar 
types of systems consisting of two quadratic equations* xnese 
methods usually consist of finding simpler systems which are equi- 
valent to the original system by eliminating one of the variables- 
from one equation. This elimination process may be essentially 
our method of linear combination, or it may Involve substituting 
an expression for one variable obtained from a first equation in 
a second equation. 

Example 7 -5a . Find the solution set of the system: 

2 2 
I Jx"^ - y"^ + 22 = 0 

x^ -f- 2y^ - 107 = 0 

Solution : We form a linear combination of the left members 

2 

wnlch will eliminate y , namely 

2(3x^ - y^ + 22) + (x^ + 2y^ - 107) = 0. 

By Principle 7-2b the new system 

f 2 2 

- y^ + 22 = 0 

i p 

7x - 63 = 0 

is equivalent to the original system. This In turn Is equivalent 
to the system 

r 2 2 

Jx'^ - y^ + 22 = 0 
x"" - 9 =0, 
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which is equivalent to 

(3x2 



y2 + 22) - 3 (x^ - 9) = 0 
2 

- 9 =0 



or 



- 49 = 0 

2 

x'' - 9 = 0. 



Just as In the previous section, we may observe that any ordered 
pair satisfying the first equation must have the form (a, 7) or 
(a, -7) for some real number a; while any pair satisfying the 
second must have the form (3,b) or (-3,b) for some real number 
b. Hence, the only ordered pairs satisfying both equations are 
(3,7), (3,-7), (-3,7), and (-3,-7). Since the system 

^2 - 49 = 0 
- 9 =0 

Is equivalent to the original system, the solution set of the 
original system Is 

f(3,7), (3,-7), (-3,7), (-3-7)3. 
Example 7-5b . Find the solution set of the system 

2xy - y2 + 24 = 0 

2x^ + xy + 2 =0. 

By the Principle of Linear Combination (Principle 7-2b) the 
system Is equivalent to the system 

-(2xy - y2 + 24) + 2{2x^ + xy + 2) =0 

2 

2x + xy + 2 = 0; 



That Is, 



4x2 ^ y2 ^ 
2x2 ^ xy = -2. 
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since no ordered pair with first element zero satisfies the second 
equation, this system is equivalent to the system 

+ y^ - 20 
y - - I - 2x. 

As in the last section we now say that if an ordered pair with 
first element a satisfies the second equation, it must have the 
form 

(a, - I . 2a). 

It is a member of the solution set of the system if and only if it 
is a member of the solution set of the first equation; that is^ 

4a^ + (- I - 2af =: 20. 

Oh. p 
Then since a / 0 4a + + 8 + 4a = 20 

a 

8a^ + 4 - I2a^ - 0 



4 2 
, 2a - 3a 1 = 0 • 

(2a^ - l)(a^ - 1) = 0 

Hence, the p-ir (a, - - 2a) belongs to the solution set of the 

system if and only if a = 1, a =: -1, a=~, ora = - i. 

72 ^2 

Hence, the solution set is 

((1,-4), (-1,4), ( i, -3 72)', (-i, 3 72)]. 

72 

Example 7-5c . Find the solution set of the system 

2 2 

2x^ + xy = 48. 
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Solution : The system can be witten 

(x H- y)(x - y) = 0 
S 2 

2yr + xy = Jt8. 

Any ordered pair with first element a satisfying the first equa- 
tion must either have the form (a, a) or the form (a, -a) for 
some real number a. If the ordered pair is to be a member of the 
solution set of the system it must, in addition, satisfy the 
second equation; that is either 

2(a)^ + a(a) = 48 

- 48 

a^ = 16 
a = 4 or a = -4 

cr 2(-a)^ + a(-a) = 48 

a^ = 48 



a = 4 yPS or a = -4 

Hence, an ordered pair of the form (a,a) is a member of the 
solution set of the system if and only if a is 4 or -4, A 
pair of the form (a, -a) is a member of the solution set of the 
system if and only if a = 4 or a = -4 -/j". Hence, the 

solution set of the system is 

(-^,-4), (4^5, -4/1), (-4/5, ^yj))- 

These examples illustrate some of the types of systems for 
which the solution sets can be fouivi using the methods of this 
chapter. Of course, not every system can be solved so easily. 

Example Y-Sd , Find the solution set of the system 

- 4y^ + 8y 8 = 0 
^x^ + 9y^ - 4x 32 = 0. 

[sec. 7-i3] 
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Solution : No linear combination of the left members of the 

two equations will eliminate either x or y. Hoviever, we can 
2 

eliminate x and obtain the equivalent system 

I (x^ - 4y^ + 8y ~ 8) -(x^ + 9y^ - 4x ~ 32) = 0 
^ x^ - 4y^ + By ~ 8 = 0; 

that is, Nl3y^ + 8y + 4x + 24 = 0 

I x^ . 4y^ + 8y - 8 = 0 

Then while it is possible to use the technique which we have used 
before of letting b be the second element of an ordered pair 
which satisfies the first equation, we rim into a few complica- 
tions. The pair must then have the form 

(1^2 _ 2b - 6, b). 

The pair belongs to the solution set of the system, if and only If, 
in addition it satisfies the second equation; that is, 

(1^2 ^ 2b - ef - 4b^ + 8b - 8 = 0. 

This equation Is an equation of the fourth degree in b and we do 
not have available methods for solving such equations. So that 
while in theory our method still applies, in actual ^practice, we 
are unable to carry it through successfully. In such' situations 
the number of members of the solution set of the system and approx- 
imations for these number pairs can frequently be obtained from 
the graphs of the component equations. See Fig, 7-5a, 
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Fig. 7-5a. 
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The equations may be revnpltten In the form 



X 



(2^)' = 1 



^^^^ - 



2 



Prom Plgiipe 7-5a we see that the solution set of the system con- 
tains four number pairs. They are approximately 

{(2.8,1.9), (^2.2,1.5), (-5.8,-..7), and (5.6, - 1.6)3. 



Solution set for systems of Inequalities can be obtained 
graphically^ In a similar way. 

Example 7"5e * Find the solution set of the system 

y < - X + 8x 
y > x^ - 12x +52. 

Solution : We first sketch the graph the two parabolas whose 

2 P 
equations are y = -x + 8x and y = x - 12x +52. We may re- 
write the equations y - I6 = -(x - 4)^ and y - (-4) = (x - 6)^, 
The first Is a Parabola with vertex Y^{^,l6) and axis the line 

X = 4 which opens downward. The second is the parabola with 
Vertex V^iSj-^k) and axis the line x 6 opening upwards. The 

solution set Is the set of points below the first parabola and 
above the second; that Is, the shaded region R In Pig. 7-.5b, 
not Including points on the boundary. 
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Exercises 7-5 

Use the principle of linear combination to find the solution 
set of the system 

+ = 100 

4x - = -20. 

Check your answer by sketching the graph of the component 
equations of the system. 



4 i 1 
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Ici-L; .Q solution cet of the jtem 



+ - 100 
[2y2 = 50 - ^x^. 



ai-s ' • geometric interpretation of the solurLi;n set of tills 



t::,3 solution set of the vstem 

2 2 
x"" + y = 20 

Tne geometric interpretation of the solution set oif -cis 

the solution set of the system 

2 2 
x"" + y"" - 25 = 0 

2 2 
y - X - 2x-l = 0 

G^ve the geometric interpretation of the solution set of this 

Elml the solution set of the system 

x^ - 5xy + ^y^ - 0 
xy « 1 

Find x;::e solution set of each of the following systems: 



(a) f x^ - y2 = if 



(h) j + ify^ = 20 
(1) 



2 2 
x"" + y"^ = 16 



(b) |x2_7y=2 
[x2-.^ = 12 

• J - y^ = 11 

2 P 



x^ - 5xy + ify^ = 0 



(J) 



X^ - y2 = 16 

2 2 
9x - 25y'' = 0 

x^ + xy + = 4 

2 2 
X + 2y'^ = 12 
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(a) 
(e) 
(f) 
(g) 



X - xy = 5 

X~ -r J =5 



2 2 
X - y =15 

2 2 
2x + y = - 1 



4x2 _ y2 ^ 
ifx^ + y2 = 



(n-)) 



2x - 5xy = 2 

7. Find the solution set of each oi' 

(h) 



(a) 



x^ + y2 < 9 



(b) 



(c) 

(d) 
(e) 
(f) 



2 

y > X 



x^ - y2 < 9 
x^ + 2y2'> 4 



x^ + y2 ^ 25 
x^ + y^ ^ 25 



+ y2 < 16 
X + 2y - 2 = 0 

y < x^ + 2x - 5 
2x - y - 1 = 0 

x^ + I6y2 2. 16 
x^ + ky^ ^ 16 



(i) 



^ 2x2 _^ + y2 . 5x + 6 = 0 

y2 + Izzy + 5x - 6 = 0 

" 2x2 + V3xy _ y2 1; 

2x2 ^ _ 8 = 0 

x2 + xy + y2 = 56 
xy = 0 

i x2 - 2xrj = -1 
J~ = xy 
uhe following systems: 

x2 + y2 > 9 
9x2 ^ ^gy2 ^ 

X > 0 



y < ^x 
x2 > hy 
X - y = 0 



(J) 



P 2 
x" + y'' < 25 



X 



2L- 



, 4. u. ■> 1 

Ijxi ^ 9 i 



(k) f : 1 - 6x + 9 



U) 
(m) 
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i 2 

[ y > X 

i ,~~ > 9 
[9 > J~ 



6x + 8 



2)2 + (y - 1)2 < 



7.1 (x-2)' 
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< 4 
+ if 



(n) 



y > 
16 - 



— 1 



Supplementar?/ Exerc ,^e£ 

Find the solution s.it or the following systens; 



(a) 


I' 


- 2y = 6 


(e) 


fx + y X ^ 
6 - TT - 




U 


f y 3 


i 


2x - -/ " 
6 ~ - 


(b) 




+ 8y = 7 


(f) 


' 2x - 'ly = b 






+ 7y = 1 










= 7 - y 


(g) 






2x 


+ 5y = 15 




sx - y = 5w 


(a) 


' 6x 


+ 5 = y 


(h) 


'ax + by = e 










^ cx + dr = f 



1 

2 



Find the solution set of each of the follovang systems 



(a) 



(b) 



(c) 



X > 0 

y ^ 0 

< 2 
7 > -3 
- - X < 0 



: :lx + ; :/ > 6 
, :r < X ^ 2 
I ^ + y - J 



(d) 



(e) 



(f) 
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X > 0 

y > 0 

y < -~>x + 24 
y .< - X + 10 

y < 2x^ 
^2 2 

y > 0 

X > - 2 
X < 2 

y >. - y 
y < 3 
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(g) 



(h) 



(1) 

(J) 
(k) 

in 

(m) 

(n- 

(.0: 



I X > 0 

j ^ >, ^ 

• 3y > 6 

^ i-- - 5y > 10 

- 6y > 6 
+ 7y 1 28 

^ " 7y 1 21 

3c - 5y - 50 = 0 
+ Ty + 11 = 0 

- y - 11 = 0 

XT = 12 
X - 2y = 0 



. y2 = 1 

^ 4x- + 9y^ = 56 



5-- + 4y^ = 50 

2 9 

. + 5y = 50 

+ y^ + ifx + 6y 
i X = 10 + y 

■8x2 - 5y2 = 5 
7-- - 5xy = 10 



2 2 



25 



iiy = X - 20 



(P) 

(q) 

(r) 

(s) 
(t) 

(u) 

(v) 

40 
(w) 

(y) 



x^ - 3xy = 


-4 


2 2 

x^ + 9y = 


20 


2xy - y2 = 


- 24 


0 2 , 

2x + xy = 


-2 


x2 + y2 = 56 


X = y + 6 




2 2 

gx"" + y^ = 


29 


2 ? 
27x - 2y'' 


+ 58 


X + y = 5 




i + 1 =^ 




X + y f 




x2 =y 




X + 1 = 0 




x^ + 4y2 = 


144 


4x2 + y2 = 


144 


2 2 
x^ + Jy"" = 


5 



- y = 0 

+ = 17 

2y = 4x - 12 

.2 ____ . ..2^ 



r^'lTid m In terms of k 
.1^ y = THX. + k shall be 

is y = xf^.. 



X- - xy + y = 12 

' 3x = y + 10 

such that the line whose equation 
tangent to the conic whose equation 



4iB 
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Chapter 8 

SYSTEMS OP :..AS^r DEGREE EQUATIONS IN TliREE VARIABLES 
ti ThJ^gg Dlr-ens- :nal Coordinate Syster: , 

In Chapt r learned z::ibz a one -tc one correspondence 

can be establ 3hv_: Lcxrv^een ordered pairs c-^ real nmbers (x,y) 
and points in a pli^e. In this jhapter we shall deal with 
triples of numbers (x,y, z) and view then sometimes as consti- 
tuting solution sex"- of equations in three variables^ and some- 
times as representing points in three-dimensional space. Thus 
we will v/ish, at T^re outset, to set up a one-to-one correspond- 
ence betv/een rder^:.. triples oZ real numbers (x,y,2) and the 
points of three -d:-T-e.nslonal space. We use a method similaT to 
the one we used in 1:^0 dimenEflcns • 

Take three mutually perpendicular lines and label these 
lines the x-^is, zxie y-axis, ajid the :z-axis respectively. These 
lines can be chosen, and labelled, in any mannt::r wha:r2Dev-er. 
For the safe of un: '^ormity, and because the choice is a conmion 
one^ le"C ttvz: x- and y-axes be 
Ixi a riorisor-^":al plane and the 
z-axis perp€:i''5' cular to this 
plajne. The , >i.nt of inter- 
section of tl'^ h:x3s is 0, the 
origin, we ii:3±™ nunaer 
isical^s ^: thi irxes, as we did wi^h 
coardl3. .:ire s: -tens -.n one and 
two dir: . nslDHo, In such a way 
that the zero of each of the 
axes coirxcides at i:he origin. 
The positive direction OX 
extends forv^ard, toward the 
observer; the positive dir- 
ection extends to the 
r:lght ; and the pasltive 
(dl.lr\. :;:.lon OZ extends upward., 



-Y 



F±pxre 8 -la 
A plane rdet ermine d by any two 
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of the a:<es is called a coordinate plane ♦ There are three such 
planes, tr^i:- XY-plane, ^n- XZ-plane, and the YZ-plane. 

Through any point ? in space draw three planes which are 
respectively perpend! cu.„:-r to the three coordinate axes. The 
numbers attached to the points in which these planes intersect 
the y-, and z-ajces ^r-e called. the x-coordinate, the 
y-coordlnare, and the 2--.:.oordinate of the point P respective- 
ly. The SB planes and the 
three cocrdlnate planes 
form a hc:z-^lke 
figure (trailed 
a rectangular 
parallelepired) . 
We can then find 
the tripl:s of 
coordinates of 



any given 




±n space; ana, 
converael-r^ we 
can locate a 
point In spr ^ 
when any 'Orr^^iriBd 

triple of re^cl. ?iEr,j.re 8 -lb 

numbers is g^-ran. This one-to - one carre ^ppudence between points 
In space and the ordered triples of recL nirr^bers (x, ^, z) is 
called a thrae- dimensional :::oordlnate Eastern. 



SoZ. v;:iion : Begin a:t vtjb origin a rl proceed 5 units in the 
direction of the 5>:o3lr:-re x-axis, 2- .tz-^ts in the direction of 
the negative y-axls, and 4 units in ':ihe direction of the pos- 
itive :---axls. Th:e pnlnt Dcated is rh~ required point. 

42n 
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Figure 8-lc 



Exercises 8-1. 



the 


following points: 








1. 


(0, -1, 3) 


6. 


(0,2,0) 




2. 


(-2, 0, h) 


7. 




0) 


3. 


(3, 2, h) 


8. 


(2, -3, 


^) 


4. 


(2, -1, -3) 


9. 


(3, 2, 


-h) 


5. 


i-h, -2, -7) 


10. 


(2, 0, 


-3) 



11. Where do all points lie for which x = 0} for which x = 2; 

for which x = -3? 
12., Where do all points lie for which y =s O; for which y = 3? 
13, Where do all the points lie for which z = 2; for which 

z = -2? 

*1^. Where do all points lie for which x + y = if? 



8-2. Distance Formula in Three Dimensions . 

Development of a formula for the distance between two 
points in space is closely related to the problem of finding the 
length of the diagonal of a rectangular parallelepiped. Let us 
review the latter problem first. By virtue of the Pythagorean 
relation we have 
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d^(A,C) = d^(A,D) + d^(D,C) 
d^(A,B) - d^(A,C) + d^(C,B) 
Substituting for d^(A,C) we have 
d^(A,B) - d^(A,D) + d^(D,C) + d^(C,B) 

(8-2a) d(A,B) 




Figure 8-2a 



Vd^(A,D) + d^(D,C) + d^(C,B) 



Thus, the diagonal of a rectangular parallelepiped equals the 
square root of the sum of the squares of its dimensions. 

Consider now the distance 
between the points A(l,2,^) and 
B(3,5,6), These points are 
opposite vertices of a 
parallelepiped as indicated 
in Figure 8-2b. The distance 
between them, AB, may be 
obtained by applying formula 



Di 



z 




,^1 — 


-—1 
1 


1 


1 


i 
{ 


1 



Figure 8 -2b 



(8-2a) d(A,B) = Vd^(A,D) + d^(D,C) + d^(C,B). 

Prom Fiy ..re 8 -2b we see that 



d(A,D) 


= 3 - 


1 = 


2 


d(D,c) 


= 5 - 


2 = 


3 


d(C,B) 


6 - 


k = 


2 


d(A,B) 


= 


+ 9 


+ k 



Using the same method, we now derive a formula for the 
distance between any two points in space, P^(x-]^,y^,z-]^) and 

^2^^2'^2'^2^ ° 

Prom (8 -2a) we have 

d(Pi*P2) =V^d^(Pi,Q) + d2(Q,R) + d^{R,?^) (see Pig.8-2c.) 

[sec, 8-2] 
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But d(p^,Q) = jxg - x^l 
d(Q,R) = lyg - 
d(R,P2) = Izg - ^il 

(8-2b) /. d(P^,P2) = -v/Cxg - x^f + (y^ - y^)^ + - ^i)^ ' 

This Is the formula for the distance between two points In three 
dimensions. The formula Is correct no matter where and Pg 
lie In space. 




Figure 8 -2c 
Exercises 8-2 . 

Find the distance between the following pairs of points: 

1. (6, 7, 1), (2, 3, 1) 

2. -1, -5), (7, 3, 7) 

3. (0, 4, 5), (-6, 2, 8) 
^' (3, 0, 7), (-1, 3, 7) 

5. -1, 3), (12, 7, -1) 

6. (-'^, 2, -7), (8, 18, Ik) 
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T. (c, 1, 0), (-1, -1, -2) 
(-3, 4, -8), (~8, -6, -6) 

5. (3, 4, 5), (8, 4, 1) 
(1. 2, 3), (0, 0, 0) 



6-3. An Equation of a Plane . 

Fr:om plane geometry we know that the set of points In a 
plane, at equal distances from two given points. Is a line, 
Slnu — rly. In space, the set of points at equal distances from 
two ^gl "en points Is a plane. We use this property to derive 
the :=::uatlon of a plane;- Since It was proved In geometry that 
this p;-roperty characterizes a plane, the equation we derive will 
repr^^ent a plane with all the properties of the plane studied 

^Sxamule 1; Determine the equation of the plane whose points 
ar^ equidistant from A(l, 2, 3) and B(2, 5, 

Solution : If P(x, y, z) is any point in the plane, we 
icnow that 

ci(P,A) d(P,B). 

Uslr^i^ Ponnula (8 -2b), we have 

^ if + (y ^ 2f + (z - 3)^" 
= V(x ^ 2f + (y - 5)^ + (z 4)2 . 

Eron: chis we have 

- 2x -f 1 + y2 - 4y + 4 + z^ - 6z + 9 

= x^ - 4x -f 4 + y2 - lOy + 25 + z^ - 8z + 16 
which reduces to 

(E-Ba) 2x + 6y + 2z = 31. 

Thus the equation of this plane is of first degree in 3 variables. 

Using this same method we prove that the equation of every 
plar^ is an equation of first degree in 3 variables. Instead of 

[sec. 8-3] 
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two special points, A and B, 
we use P^Cx^, y.^^, ) and 

PgCxg^ ^2* ^2) represent 
any two distinct points in 
space • Then we have 



r_ J I 



I 

.J 



Figure 8 -3a 



d(Pi.P) = ci( Pg,P) 

y (x^-x)2 + (y-^^y)2 + (z^^z)^ = v^Xg-x)^ + (yg-y)^ + (zg-^)^ 

^1 ^1^ ^1 " 2^1^ + + Zi - 2z-^z + z^ 



« - 2X2X + + y^ ^ Sy^y + y^ + z^ 



azgZ + z' 



(8-3b) 2(X2 - x^)x + 2(y2 - y^)y + 2(z2 - z^)^ 

- ((x^ ^ x^) + (y2 . y2) ^ (^2 ^2)3 ^ 

Since d(P^,P) and dCPg^P) are positive nvunbers, this argument can 
be reversed. Therefore we know that a point P(x, y, z) whose 
coordinates satisfy equation (8 -3b) is equidistant from P-j_ and 

Equation (8-3b) is an equation of first degree provided 
the coefficients of x, y, and z are not all zero. Let us 
denote these coefficients by 

A - 2(X2 - x^), B = 2(y2 - y^), C = 2(z2 - z^). 

These will all be zero only if Xg = x^, yg = y-j_, and 
Zg = 2^, i.e., points P^ and Pg coincide. But P^^ and Pg are 
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distinct. Therefore we have proved that every plane In three 
dimensions can be represented by an equation of the form 

Ax + By + Cz + D = 0 

where 

D = -((x2 - -f- (y2 . _^ (^2 ^ ^2) J 

and A, B, C are real constants, not all zero. The converse 
theorem can also be proved, I.e., that every equation of this 
form represents a plane. The proof of this converse Is given 
below. 

Proof: Let P(x, y, z) be any point on the plane that Is 
the set of points equidistant from 0(0, 0, O) and Q(k:A, kB, kc) 
where 

k +' B^ 4 

Then PO = PQ 

+ y^ + z^ = (x - kA)2 + (y - kB)2 + (z - kC)^ 

0 = -2kAx + k^A^ - 2kBy + k^^ ^ gkCz + k^c^ 
2k(Ax + By + Cz) = k^{k^ + B^ + C^) 
Ax + By + Cz = ^ (A^ + B^ + C^) . 

Put k = =|5 

A^ + B^ + 

The equation becomes 

Ax + By + Cz + D r= 0 

This argument is reversible. This means that any point P 
whose coordinates satisfy Ax + By + Cz + D = 0 Is equidistant 
from the two points 0 and Q. Hence Ax + By + Cz + D = 0 Is, 
by definition, the equation of a plane. 

Note: If D = 0, it follows that k = 0. The two points 
coincide, and no plane is determined. The case where D = 0 Is 
treated in Problem 3, Exercise 8-3. 

4 2 () 
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Exercises 8-3 



1. Use the method of Example 1 to find. the equation of the 

plane whose points are equidistant from each of the following 
pairs of points: 



(a) (^1, 3, 2), {k, -2, ^2); 

(b) (^1, -3, -2), (^2, 0, k); 

(c) (5, -1, 2), (^5, 1, -2); 

(d) (2, -5), (0, 2, 3); 

(e) (-.2, 0, 6), (1, 4, 3); 

(f) (-.1, 2, -3), (1, -2, 3). 



2. In each of the following, find the equation of the plane that 
is the set of points equidistant from the given points, 
and sketch the graph • 



*3. Prove that the equation 

ax + by + cz = 0 
where not all the constants a, b, c are zero, represents 
the set of points equidistant from the symmetric points 
(a, b, c) and (-a, -b, -c) . 



8"^ , The Solution Set of an Equation In Three Varlab7,es , 

We shall examine several first degree equations m three 
variables, both graphically and algebraically, to gain familiarity 
with this representation of a plane. 

Definition 8-^^a. The solution set of an equation In three 
variables is the set of real number triple s (x, ^, z) that 
satisfy the equation . 



(a) 
(b) 
(c) 
(d) 



(if, 0, 0), (-2, 0, 0) 

(0, 3, 0), .(0, -1, 0) 

(0, 0, 0), (if, 2, 0) 

(0, 0, 0), (0, 5, 3) 
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Example 1: Find some of the elements of the solution set 
of the equation 

(8-4a) X + 2y + z = 5. 

Solution : We may tabulate elements of the solution set of 
this equation by assigning values to x and y, and computing 
the corresponding values of z. In this way we may find as many 
number triples of the solution set as we wish. 

In the first lines of the tabulation given below, we give 
the assigned values of x and y; in the third line we give the 
computed value of z. 



X 


0 


1 


-1 


1 


2 


0 


y 


0 


1 


1 


-1 


0 


2 


z 


5 


2 


4 


6 


3 


1 



X arbitrary 
y arbitrary 
z = 5 - X - 2y 



Example 2: By considering sets of points in the solution 
set of 

X + y = 4, 
sketch the graph of the equation. 

Solution ; Viewed as an equation In three variables, this 
equation has the form 

X + y + 0*z = 4. 

Since the coefficient of z In this equation Is zero, we are no 
longer free to assign values to x and y at random. For ex- 
ample. If X = 1, we must assign the value 3 to y. On the 
other hand, when x = 1 and y = 3, we are free to assign any 
value whatsoever to z. We know from the definition of the 
coordinates of a point P(x, y, z) (see Figure 8-lb) that all 
the points for which x = 1 and y = 3 lie on the perpendicular 
to the XY plane through the point (l, 3, O) . Since all these 
points (l, 3, z) correspond to number triples In the solution 
set of equation (8-4b) no matter what value z has, we see that 
this perpendicular line lies In the plane x+y+0.z=4 
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rx+ys4 




(4;op) 



(Figure S-^a). Similarly all 
points (2, 2, z), (3, 1, z) , 
(4, 0, z) lie in the plane. 
Continuing in this fashion, we 
see that the plane contains all 
the perpendiculars to the 
XY-plane that intersect the 
XY-plane in the line x + y = 4. 
Since all these lines lie 
in a plane perpendicular 
to the XY-plane, we see 

that the equation Figure 8 -4a 

X + y = 4 represents a plane p. .radicular to the XY-plane. 
line of intersection with the XY-plane has the equation 
X + y = 4 (z = 0). 

Examp^le 3: By considering subsets of the solution set of 
the equation x - 3, sketch a graph of the equation. 

Solution : Viewed as an equation in three variables, this 
equation has the form 

X + 0«y + O^z = 3. 
Here x must be assigned the value 3, but y and z may 
assume any values. We see then that this plane is the set of 
points at the directed distance, +3, from the YZ-plane. It is 
therefore parallel to the YZ-pleine. 



Its 



x=3 



X 




■Y 



Figure 8~4b 
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Exercises 8-4. 

1. Sketch the graphs of each of the equations 

(a) X - 2y = 5 (d) y - 2z = 0 

(b) X - 2y = 0 (e) 2x - 2 = 0 

(c) y + 2z = 8 

2. Four points on the graph of the plane 

2x + y = 6 

are seen to be A(3, 0, O), B(l, 4, o), c(2, 2, o), D(0, 6,0). 

Give three other points on the graph with the same x and 
y values as A; as B; as C; as D. Sketch the graph. 

3. Sketch the graph of z = -2; of x = 5; of y = 3. 



8-5. The Gra:ph p_f a First Degree Equation in I!acee Variables . 

ir either one or two of the coef f icisitts in the equation 

Ax + By + Cz + D= I 
are zero. Section 8-4 gives us a method of ^^raphing the equation. 
If all the coefficients are different from zero, we proceed in 
a similar fashion. 

Consider, for example, the graph of the equation 
(8-5a) X + 2y + z = 5. 

Recall from Chapter 6 that an easy way to plot the graph of a 
linear equation is to find the intercepts of the line. Similarly 
in three dimensions the graph of a plane is easy to sketch if we ' 
begin by finding the intersection of the plane with the coordi- 
nate planes. These intersections with the coordinate planes are 
called traces . If we want the intersection of plane (8-5a) with 
the XY-plane we must put z = 0 in the equation 

X + 2y + z = 5. 

The resulting equation is 

X + 2y = 5. 
[sec. 8-5] 
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This Is the equation of a 
straight line In the XY-plane, 
and this straight line Is 
called the trace of 

X + 2y + z = 5 
in the XY-plane. 
Similarly the XZ-trace Is 

X + z = 5, 

and the YZ-trace is 

2y + 2 = 5. 
The graph oi these lines in 
the coordlnzi;e planes inaices 
the position of the plane 

X + 2y + r = 5 
clear. 




Eigure 8-5 



Exorcises 8-5. 
Sketch the graph of each of the following equations. 



(a 
(b 
(c 
(d 
(e 
(f 

(e 

(h 
(1 

(J) 2 ^-x - 3 ^ y = 0 
On the same set of axes sketch the graphs of the following 
pairs of equations. Indicating the graph of the Intersection 
set. 

(a) X + 2y + z = 5 (b) x - 2y + z = 5 

X = 1 z = 2 



X - 2y + z = 5 
X + z = 5 
X - 2y - z = 5 
X + 2y + z = 5 
^x - 2y + z = 0 
5x + hy = 20 

3x - 2y + ^ z = 0 
X - 2y - z = 0 



[sec. 8-5] 



431 



422 



(c) 5x + ify = 20 
3x - 4y = 0 

(d) 5x + 4y = 20 
-9x + 6y - 5z 



(e) X 2y + z = 5 
2x - ify + 2z = 10 



= 0 



8-6. Th£ Solution Set of a System of First Degree Equations In 
Thre.e Variables , D efinitions . 

Definition 8-6a. A system of first degree equations In three - 
variables consists of two or more aquations In three variables . 
In this b-ok we will consider only systems that Involve either 
two or three equations. 

Definition 8-6b. The solution .set of a system of first 
degree equations In three variables is the set of all number 
triples that satisfy all equations of the system , (It is the 
Intersection of bhe solution sets of the equations of thn 
system, ) 

Definition 8-6c. Two systems are equivalent if their solu^ 
tlon sets are the same. 



*8-7. The Solution Set of a System of Two First Degree 
Equations In Three Variables , Graphic Approach , 
(See Appendix,) 



8-8. Algebraic Representation of the Line of Intersection of 
Two Intersecting Planes o 

In this section we study the Intersection of a pair of 
planes 

(8-8a) x+2y-.z-5 = o 

(8-8b) x+y+z-2=0. 

Our procedure is to obtain the equations of three planes 
which pass through the line of intersection of the given planes 
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and which y,^.ve particularly useful representations of that line. 
We construit; three different linear combinations of the 
expressions 

(x + 2y - z - 5) 
and + y + z - 2), 

and find three components of equivalent systems each of which 
has the coefficient of at least one variable equal to zero. 

A component of an equivalent system can be written 
a(x + 2y - z - 5) + b(x 4- y + ^z - 2) = 0. 

(1) We eliminate x by choosing a = 1, b = -1, 
(x + 2y - z - 5) - (x 4- V + z - 2) =0 

(8-8c) y - 2z - 3 = 0 

(2) We eliminate y by choosing a = 1, b = -2. 
(x + 2y - z - 5) - 2(x + y + 2 - 2) = 0 

(8-8d) -X - 3z - 1 = 0 

(3) We eliminate z by choosing a = 1, b = 1. 
(x 4- 2y - z - 5) + (x 4- y -f z - 2) = 0 

(8-8e) 2x 4- 3y ^ 7 = 0 

We now have three distinct new equations (8-8c), (8-8d), 
(8-8e), any two of which may be chosen to represent the line of 
Intersection of the given planes. 

If we represent this line by the planes 

(8- 8c) y - 22 - 3 = 0 

and 

(8-8d) -X - 3z - 1 = 0 

we can express x and y In temis of z: 

(8-8f) (1) = - 1, 

^y = 2z 4- 3. 

This Is an especially convenient fom for determining 
particular points on the line of intersection of the two given 
planes, it enables us easily to write dovm as many number triples 
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In the solution set as we wish. We s&- that we may assign values 
to z at random, and obtain corresponding values of x and y. 
Thus the solution set contains infinitely many number triples. 
This is what we should have expected, ;in.ce the intersection of 
these two planes is a line. 



^^vle 1. Write k members of t:v:- solution set of the above 
system (i) . 

Solution: Using the first representation given above, (8-8f), 
assign arbitrary values to z, and compute the corresponding 
values of x and y. 



X 


-1 


-k 


2 


-7 


y 


3 


5 


1 


7 


z 


0 


1 


-1 


2 



X = -3z 1 
y = 2z + 3 
z arbitrary 



(8-8g) 



we use (8-8d) a-Ta d-3e), we can express 

y = - ■^(2x - 7) 

z = 



y and z In 



- -jCx + 1). 

Using this repi-iesentation of the line of intersection of the two 
given planes, check the ntimber of triples obtained above by 
assigning the tabulated values of x, and computing the other 
values. 



-1 



X arbitrary 
y = - ■^(2x - 7) 

z = - ■|(x + 1) 



y: 



(8-8h) 



Using (8-8c) and (8-8e) we can express x and z in terms of 

X = - |(3y - 7), 
z = ^(y - 3) . 

Using this representation, check again the number triples obtained 
from (8-8f) by assigning the tabulated values of y, and computing 
the corresponding values of x and z. 
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X 










y 


3 


■ 5 


1 


7 


z 











X = 



|(3y ^ 7) 
y arbitrary 

z = 4(y - 3) 



E xampl e 2: Find four nmber triples in the solution set of 
the system 

2x - y + 2s = 6, 
z = 2. 

How can we describe the whole solution set algebraically? 

Solution ; In this example every number triple in the solution 
set has z = 2, By substituting this value in the first equation 
we have 

2x - y = 2 

y = 2x - 2 

or X = ^{y + 2) . 

Thus four number triples in the solution set can be written by 
assigning arbitrary values to x, and computing the values of 
y: 

'x arbitrary 



X 


0 


1 


-1 


2 


y 


-2 


0 


-4 


2 


z 


2 


2 


2 


2 



jy = 2x 

z = 2 



or by assigning arbitrary values to y, and computing the values 
of x: 



X 










y 


-2 


0 


-4 


2 


z 











fx - |(y + 2) 
I y arbitrary 
z - 2 



The complete description of the solution set is given either 

fx = ^(y + 2) 



as 



X arbitrary 
y = 2x - 2 or as 
z = 2 



y arbitrary 
z = 2. 



In this case, z may not be chosen arbitrarily, 
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'426 Exercises 8-8. 

In each of the problems given belov/, if the planes intersect In 
a line, express two of the variables of the solution set In terms 
of the third variable, and tabulate a subset of the solution set 
consisting of four niimber triples. 

1. X - 3y - z = 11 6. 2x + 62 - l8y = 6 
x-5y+z=l x-3z-y=-3 

2. X + 2y - z = 8 7. 3x - Ify + 2z = 6 
X + y + z = 0 6x - By + Ifz = 14 

3. x-z+y=5 8. -5x+4y+8z=0 
X + 2y = -z -3x + 5y + 15z = 0 

h. 2x + 4y - 7 = 5z 9. 6z - 7y + 4x = 13 
4x + 8y - l4 = 5z 5x + 6y - z = 7 

5. -2x .+ y + 3z = G 10. -lOx + i|y - 5z = 20 
-kx + 2y + 6z = 0 2x - |- y + z = 4 



8-9. The Solution Set of a System of Three First Degree Equations 



in Three Variables . 




4 30 
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2x + 3y + z = 6, 
4x + y + z = 4, 
z = 2, 

Figure 8-9a suggests the graphic solution in which A is the 
single point of intersection of the three planes. Algebraically, 
we may use the value of z givfen by the third equation; substi- 
tute it in the first two equations, and then solve for x and 

y- • 

2x + 3y = 4, 
4x + y = 2; 

x = ^;y-|jz-2. 

The point of intersection of the three planes is {^p ^, 2) . 

Usually the graphic representation of the three planes 
represented by three first degree equations in three variables 
will be too complicated to draw. But it is helpful to keep in 
mind the geometric meaning of the equations when we consider the 
types of solution sets that we may expect. These correspond to 
the types of intersections that are possible for three planes in 
space. The method 'of solution will be the same in all cases. 
It is illustrated by the following exsunples. In each ease the 
problem is to find the solution set. 

Example 1: x + 2y - 3z = 9, 

2x - y + 2z = -8, 

-X + 3y - 4z = 15. 
Step 1: Eliminate x frgm the second and third equations by 
adding appropriate multiples of the first equation. We now have 
the equivalent system 

X + 2y - 3z = 9, 

0 - 5y + 8z = -26, 

0 + 5y - 7z = 24. 
Step 2: Eliminate y from the third equation by adding an 
appropriate multiple of the second equation obtaining the 
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equivalent system 

X + 2y - 3z = 9* 
0 - 5y + 8z = -26 

0 + 0 + z = -2. 

Step 3: Substitute z = -2 In the second equatloh obtaining 

-5y = -26 + 16 

Step 4-: Substitute z = -2, and y = 2 in the first equation. 

X + 4 + 6 = 9 
X = -1. 

Step 5: Check the solution. 

-1+4+6=9, 
-2 - 2 - 4 = -8, 

1 + 6 + 8 = 15. . 

We see that the solution is the number triple (-1, 2, -2). The 
planes intersect in a point. Figure 8-9b, page 433, shows three 
planes intersecting in a point. (Case 1.) 

Example 2: 2x - 3y + z - 3 = 0, 

X + 5y - z - 3 = 0, 
5x + 12y - 2z - 12 =: 0. 
To simplify the arithmetic, we interchange the first and 
second equations, and proceed with the steps described in 
Example 1. ' 

Step 1: Eliminate x from two equations, obtaining the equi- 
valent system, 

x+5y-z-3=0, 

0 - 13y + 3z + 3 = 0, 

0 - 13y + 3z + a = 0. 
Step 2: Eliminate y from the third equation. 

x+5y-z-3=0, 

0 - 13y + 3z + 3 = 0, 

0 + 0 + 0 + 0 = 0. 
In this case, the third equation contributes no new information. 
If Step 2 gives the identity j 0 = 0, one of the given equations' 
is a linear combination of the other two . Here the left member 
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of the third equation, 

5x + 12y - 2z - 12 

can be obtained as 

(2x 3y + z - 3) + 3(x + 5y - z - 3). 
Therefore, we know, by an argument similar to that given in the 
discussion of equivalent systems in Chapter 7, that the graph 
of the third equation must pass through the line of intersection 
of the planes 

2x-3y+z-3=0 
x + 5y - 2- 3 = 0. 
(This relationship will be studied further in Section 8-10,) 
'Thus the complete solution of the given system is an infinite 
set of triples representing the points on the line of intersec- 
tion of the given planes. We may use the method in Section 8-8 
if we wish to determine the numbers of the solution set. 

Eliminating x from the first two equations we have 

(2x - 3y + z - 3) - 2(x + 5y - z - 3) = 0 

-13y + 3z + 3 = 0, 
Eliminating z from the first two equations we have 
(2x . 3y + z - 3) + (x + 5y - z - 3) 0 

3x + 2y - 6 = 0. 
Solving for x and z in terms of y: 

X = ^(-2y + 6), 

z := ^(I3y - 3), 
y is arbitrary. 

Figure 8-9b shows three planes intersecting in a straight line. 
(Case 2a,) 

Example 3: x + 5y - z - 3 = 0, 

2x - 3y + z - 3 = 0, 
2x +. lOy - 2z - 6 = 0, 



Here Step 1 yields 
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x+5y -2-3=0, 

0 - 13y + 32 + 3 = 0, 

0-^0 + 0 + 0 = 0. 
We see that the left-hand member of the third equation is twice 
the left-hand member of the first equation. 

2x + lOy - 2z - 6 - 2(x + 5y - z - 3) . 
Therefore the first and third planes coincide. Again, the 
solution Is completely described by the first two equations. It 
Is the same line we found In Example 2. (See Case 2b, Figure 
8-9b.) 

Example x + 2y + z = 4, 

X - 2y + z = 0, 
X + 2 = 4. 

For simplicity, move the third equation Into the first row 

X + z =: 4, 

X + 2y + z = 4, 

X - 2y + z = 0. 
Sttp 1: Eliminate x In the second and third equations. 

X + 0 + z = 4, 

0 + 2y + 0 = 0, 

0 - 2y + 0 = -4. 
Step 2: Eliminate y from the new third equation. 

X + 0 + z = 4, 

0 + 2y + 0 = 0, 

0 + 0 + 0 = -4. 

Since there are no triples for which 0 = -4 there are no solutions 
In this case one plane is parallel to the Intersection of the 
other two. (See Case 4a, Figure 8-9b.) 

Example 5: x + y + 2z = 1, 

X + y + 22 = 2, * 
X + y + 2z = 3. 

By subtracting the first equation from the other two we find 
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Immediately 

X 4- y 4- 2z = 1, 
0 + 0 + 0 = 1, 
0 4-0 4- 0 = 2. 

Again, we have no solution. The three planes are parallel, 
(See Case 4d, Figure 8-9b.) 

Example 6: x - y - 2z = 1, 

2x- 2y - 4z = 2, 
-X 4- y + 2z = -1. 
Step 1 gives -the equivalent system 

X - y - 2z = 1, 
0 4-0 + 0 = 0, 
0+0+0=0. 

In this case, the three equations represent the same plane. 
(See Case 3, Figure 8- 9b.) 

Example 7: 2 + ^ . i = 3^ 

2 3 ' 2 

1 + i- 3 ^ 4^ 

X y z 

These equations are linear in the variables i. i 

X y 2 ' 

We treat these reciprocals as the unknowns. 

Retain the first equation, changing the order of the var- 
lables so that the computation that follows can be carried on 
more conveniently, 

1 2 
-•i+-^ + ^= 3 
z y X ^ 

Step 1: Eliminate i from the second and third equations. We 
have the equivalent system 

0 . i . I = 9, 

0 + f + 1= 5 or 0-fi..i= 1. 
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Step 2; 



Eliminate - from the third equation 
- -J + - + - = 3, 

0 + 1 + §. ^ g 



0 + 0 + i = 2. 



1 



ep 3: 



Substitute i 



= 2 in the second equation, 
7 



X + 16 = 9 



y = -1. 



, Step 4; 



Substitute i 



2, — = -1 in the first equation, obtaining 

V 



2 + 6 = 3 
4=1. 



Step 5: 



Check the solution. 

3-2 + 2(-l) -1=3, 

2-2 + 3(-l) +2=3, 

4-2 + (-1) -3=4. 

Summary . The method described in this section Is called 
triangulatlon because. In the case of a unique solution, the non- 
zero coefficients (represented by Step 2 In Example l) lie In 
the form of a triangle: 




This method provides a systematic procedure that enables 
us to recognize when the solution set Is empty, when It contains 
a single triple, and when It contains Infinitely many triples 
corresponding either to a line of points or to a plane of points. 
The method can be summarized as follows; 

Step 1. After choosing a convenient first equation, eliminate one 
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variable (say x) from the other two equations by adding 
appropriate multiples of the (chpsen) first equation. 

Step 2. In a similar way, work with the second and third equa- 
tions which now contain only y and z. Multiplying 
by suitable niombers, eliminate a second variable 
(say y) from the third equation. 

Steps 3 The third equation now gives a value of one variable 

and 4. (say z) . Substitute this value in the second equation 
to obtain y. Substitute the values of y and z in 
the first equation to obtain x. 

Step 5. Check the values of x, y, z found in Steps 1 - 4 in the 
given equations. 

In Figure 8-9b we give sketches that illustrate the possible 
types of intersection of three planes in space. 



1. 



The three planes intcr^^ect 
in a point. The solution 
set is a single number 
triple . 



The three planes intersect 
in a line. The solution 
set is the infinite set of 
number triples correspond- 
ing to the points on the 
line. 

(a) The three planes have 
a line in common. 
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2. 



3. 



(b) Two planes coincide 
and Intersect the 
third plane in a 
line. The solution 
set Is the same as 
in 2(a). 



All three planes coincide. 
The solution set Is the 
Infinite set of number 
triples corresponding to 
the points in the plane. 




3 Planes 



4, The three planes do not have 
a common Intersection. The 
solution set is empty. The 
system is inconsistent, 
(a) Two planes intersect; 
the third is parallel 
to their intersection. 




Parallel Lines 



Figure 8-9b continued 
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(b) Two planes are parallel, 
The third plane Inter- 
sects these two In 
parallel lines. 



Parallel Lines 



(c) Two planes coincide 
and are parallel to 
the th.^.rd plane. 




2 



(d) The three planes are 
parallel. 



Figure 8-.9b continued 
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Exercises 8-9. 

In each of the following problems, determine whether the solution 
set is empty or whether Its graph Is a point, a line, or a plane. 
If the Intersection Is a point, give its coordinates. 

1. X + z = 8, 10. 20x - 20y - 30z = 0, 
X + y + 2z: = 17, 15x - lOy - 25z = 0, 
X + 2y + z = 16. lOx - 20y -• lOz = 0. 

2. X + 2y . z = 5, 11. 12 + 3 ^ 2 ^ 2, 
X + y + 2z = 11, Jx y z 

X + y + 3z = 14 . 1£ + i - 3 ^ 



3. X + 2y - z = -1, 



Ix y " z 

,4 18 . 3 



-1, 



2x + 2y - 3z = -1, X ~ z 

4x - y + 2z = 11: 12. 5 + 12 ^ 10 ^ 
x+y-5z=9, 2 
2x + 3y - 12z = 22, | - | - | = 1, 



3x - 5y + z = -5. 



X y ' z 
4 8 3 



x-2y+3z=6, "x'y^z 

2x + y - 2z = -1, 13. X + y + z = 2, 
3x - 3y - z = 5. 2x + 2y + 2z = 5, 

2x + 4y + z = 0, X - y + z = 7. 

X - y -i- 3z = 8, 14. 3x - y - 2z - 2 = 0, 
3x '\- y - 2z = -2. 2y - z + ?. = 0, 

X - 2y + z = 4, 3x - 5y - 3 = 0. 

-3x + 6y - 3z = -12, 1 „ ^ 



2x - 4y + 2z = 8, 



X y 



8. 2x -f 3y + 7z - 13 = 0, 1 - i 5, 



3x -t- 2y - 5z + 22 = 0, 



y z 
3 1 



5x -t- 7y-- 3z + 28 - 0. "z X " ^• 

4x'-"y -h 2 = 6, 16. x + y z = 3, 

3x -f 2y - 4z = 2, ^ 3x 3y + 3z = 9, 

7x-t-y-3z = 5. x + y-.z = 6. 
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17. 




20. 



2x - y + 4z = 3, 
3x + 2y - 2z = -1, 
X - 4y + lOz = 7- 



18. 




21. 



2x + y + z- 3 = 0, 
X + 4y -H 3z - 10 = 0, 
X - 3y - 2z -H 7 = 0. 
X - 2y - 3z = 2, 
X - 4y - I3z = 14, 
3x - 5y - 4z = 0. • 



19. 



2x - y + 3z = 7, 
3x + y + 4z = 10. 
3x + 5y + 2z = 0, 



22. 



12x - 15y + 4z = 12, 
6x - 25y - 8z = 8. 
*23* We consider buying three kinds of food. Pood I has one 

unit of vitamin A, three units of vitamin B, and four units 
of vitamin C. Food II has two, three and five units, 
respectively. Food III has three units each of vitamin A 
and vitamin C, none of vitamin B. We need to have 11 units 
of vitamin A, 9 of vitamin B, and 20 of vitamin C. 

(a) Have we enough information to determine uniquely the 
amounts of each of the foods we must get? 

(b) Suppose Food I costs 60 cents and the others 10 cents 
per unit. Is there a solution for this problem if exactly 
one dollar is spent for these foods? 

*24. The solution set of the following system contains only one 
triple • Determine which of the equations may be omitted 
without altering the solution set. 



X + y = 5 
-X + 3z = 2 
X + 2y + z = 1 
y + z = -4 



*8-10- Equivalent Systems of Equations in Three Va riables . 
(See Appendix.) 
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11. Miscellaneous Exercises , 

A number may be v/ritten in the form lOOh + lot -f u, where 
h, and u represent respectively the hundreds, tens and 
units digits. If the sum of the digits of a certain number 
is 13, the sum of the units and tens digits is 10, and the 
number is increased by 99 if the digits are reversed, find 
the number. 

Find the relation that must hold between the numbers a, 
b, c in order that the system 

' 3x + ij-y + 5z = a, 

< + 5y + 6z = b, 
5x -h 6y + 7z = 0, 

have a solution. 

Find a three digit number such that the difference between 
each succeeding pair of digits is 1 and the sum of the 
digits is 15. 

A man has three sums of money invested, one at 3 %, one at 

4 %, and one at ^ ^ /6. His total annual income from the 

three investments is $3^6. The first of these yields 

per year more than the other two combined. If all the money 

were invested at 2^% he would receive $4 per year more 

than he does now. How much is invested at each rate? 

For what value of a will the three planes represented by . 

the equations given below have a line of intersection? 

Give the coordinates of three points on the line. 

X + y + z 6 
y - z = 1 
2x - 3y az = 7 
Three trucks were hauling concrete. The first day onG 
truck hauled 4 loads, the second hauled 3 loads, and 
the third hauled 5 loads. The second day the trucks 
hauled 5, 4, and 4 loads respectively. The third day 
the same trucks hauled 3, 5, and 3 loads respecti /ely . If 
the trucks hauled 78 cu. yds. the first day, 81 cu* ydSr 
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the second day, and 69 cu. yds. the third day, find the 
capacity of each truck, assuming they were fully loaded on 
each trip. 

Frank Nixon has a metal savings bank which registers the 
total amount deposited. Only pennies, nickels and dimes 
can be deposited. Frank knows that he has deposited one 
coin on each of ^fO days. The bank shows a total deposit 
of $1.80. If Frank. deposited as many pennies as both 
dimes and nickels, find the number of each. 
A printing shop has three presses. One press operated 
8 hours on Monday, h hours on Tuesday, and 2 hours on 
Wednesday. A second press operated k hours on Monday, 
1 hour on Tuesday, and 5 hours, on Wednesday. The third 
press operated 7 hours on Monday and 7 hours on Tuesday. 
Monday's output from the three presses v/as 127O units, 
Tuesday's was 730 units, and Wednesday's was 55O units. 
V/hat was the average output per hour for each press? 

If A, B, C can do a piece of work in. 2 ^ days, A and 
B can do the work in k ^ days, and C does twice as much 
v/ork as- A, at this rate, find the number of days in which 
each can do the work alone, 

Three planes. A, B, 0, working together can spray a certain 
cotton field in 2 hours. After they had worked together for 
one hour, plane c developed engine trouble, and planes 
A and B completed the Job in one hour and 20 minutes 
more. The next day it was found necessary to respray the 
part sprayed by plane C. This was done by planes A and 
B in twenty minutes. How long would it take each plane to 
spray the entire field? 

R, S, and T are the points of tangency of a triangle ABC 
circumscribed about a circle. If the sides of the triangle 
AB, BC, and AC are respectively 10, 8, and 7 units long, 
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find the lengths of the 
segments AS, SB, BT, TC, 

OR and AR. A 




C 



Figure 8-lla 

12. If a parabola defined by the equation y = ax^ + bx + c 

passes through the points (-1,1), (3,l), (4,-4), find the 

values of the constants a, b and c. 

o 

13. If a parabola defined by y = ax -f- bx + c passes through 
the points (1,4), (^3,20), (-1,0), find the values of the 
constants a, b and c. 

14. A local school gym entrance meter received half dollars from 
adults, quarters from high school pupils, and dimes from 
elementary school pupils. An attendant opened the box when 
the meter showed that 320 admissions had been deposited, 
giving a total of $76. He found there were twice as many 
dimes as quarters, pind the number of adults, high school 
pupils, and elementary school pupils who had paid admission. 

15. The stopping distance of a car after the brakes are applied 
is given by the equation 

s = ^ kt^ + At + B 

where 

s = number of feet the car travels after the brakes are 
applied, 

t = number of seconds the car is in motion after the 
brakes are applied. 

[sec. 8-11] 
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If the follov/ing pairs of values were found for s and t, 
experimentally, find the values of the constants k. A, and 
B. 

^^6 ^ rS = 84 rS = 114 

1 ' U = 2 ' U = 3. 

Averages tor a marking period in a certain mathematics class 
are based on scores made on a one-hour test, a short quiz, 
and a final examination. The scores made by Prank, Joyce, 
and Eunice, as well as their final averages, are shovm in 
the follov/ing table. 





Test (t) 


Quiz (Q) 


Examination (e) 


Pinal (a) 


Prank 


78. 


78 


86 


82 


Joyce 


78 


98 


74 


80 


Eunice 


84 


64 


86 


8i 



'1-^, v/g, v/3 that the instructor may 
A if he used the formula 



(a) Find values of 
have used to compute 

w^T + + W3fi = (w^ + + w^)A 
to compute the final average, A. 

(b) Can you find a triple of values for (w^^, vi^, w ) 
whose sum is 1. 

A firm sent a messenger to the post office to buy $10 
worth of 74 air mail stamps, 4^ stamps and ic^ stamps. The 
directions given were to buy as many air mail and 4^ stamps 
as possible, getting twice as many air mail stamps as 4^ 
stamps, , and buying one cent stamps with the change that 
remained after the air mail and four cent stamps had been 
purchased. How many of each kind of stamps will the 
messenger obtain? 

After playing 18 holes of golf, a player reports his score 
as a certain number. His actual score is 1 stroke per hole 
greater than the number which he reports. If the number 
which he gave as his score and his actual score are aver- 
aged the resulting number Is ~ greater than par. A score 
of 2 over par Is less than the number he reports by 1. 
V/hat is par for the course, and what number does he report 
as his score? 

[sec. 8-11] 
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*19. Find an equation for the plane containing the points 
(-1,0,0), (1,-1,0), (-1,3,2). 
20. [NOTE: This problem should Interest students who have 
studied chemistry.] 

The problem of balancing chemical equations can be reduced 
to an easy algebraic process. We- Illustrate by several 
simple examples: 

(a) Balance the equation for the following chemical 
reaction: 

( )FeS + ( )02 — > ( )FeO + ( )S02 

Insert the letters w, x, y, and z In the blanks and write 
down the equations resulting by equating the amounts of 
Fe In FeS and FeO 

(w) FeS + (x) Og — ^(y) FeO + (z) SOg 

w = y w(Fe) = y(Fe) 

Repeat this pro.cess for the sulfur and oxygen. 

w(S) = z(S) ; w = z 

x(2 O) = y(0) + z(2 O) J 2x y + 2z 

w = y 
w = z 
2x = y + 2z 
Solve for x, y, and z In terms of w 

y = w 
z = w 

X = "I w 

Choose w so that It Is the smallest positive Integer for 
which X, y, and z are also Integers. 

w = 2j X = 3 

y = 2j z = 2 

2 FeS + 3 O2 — > 2 FeO + 2 SO2 . 
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-(b) Balance the equation for the following chemical 
reaction: 

( )^m3 + ( )0. — > ( )H20 + ( )N02 

(a)NH3 + (b)02— ^(cjH^O + {d)m^ 

Nitrogen: 
Hydrogen: 
Oxygen: ' 



a 




d 


3a 




2c 


2b 




c + 2d 


d 




a 


c 




fa 


b 







a must be equal to 4 
b = 7; c=Dj d = 4 
4 MH3 -I- 7 O2 — * 6 HgO + 4 NOg 

Balance the equations for the following chemical reactions 

(a) Ag -f- HNO3 — fAgNOg + NO + HgO 

(b) AUCI3 — >AuCl + KCl + I2 

(c) HNO3 — + I2 + "2° 

(d) MnOg + HCl — >MnCl2 + Clg + HgO 

(o) Cr(0H)3 -f NaOH + HgOg — * Na^CrOi^ + H^O 



[30c. 8-1 L] 



APPENDIX 

^8-7. The Solution Set of a System of TVo First Degree 
Equations in Three Variables ^ Graphic Approach , 

In Section 8-3 we established the fact that every 

equation 

Ax-fBy-fC2-fD = 0 
(in which A, B, and C are real coefficients not all zero) 
represents a plane. If we have two such first degree equations, 
they represent two planes that have one of three positions with 
respect to each other. The graphs of the two equations may 
intersect in a line, they may be parallel, or they may be the 
same plane. Our problem is to discuss the solution set of a 
system of two such equations. The most Important case is the 
one in which the two planes. Intersect In a line. However, we 
will give an' example to Illustrate each of the three cases. 

Example 1: The two planes Intersect In a. line . Find the 
solution set of the system 

(8-7a) x-f2y-f2.5 = o, 

X -f 2 - 3 = 0. 

Solution : We use a method similar to one studied in 
Chapter 7. The complete solution set of the system (8-7a) may 
be obtained by studying the equivalent system obtained by com- 
bining either of the equations of (8-7a) with a combination 

a(x 2y f- 2 - 3) b(x + 2 - 3) =0 

of the equations of the system. By choosing a ~ 1, b = -1, we 
have 

(x f 2y -f- 2 - 5) - (x + 2 - 3) ^ 0, 

which roauces to 

(0-7b) y - 1. 

Tluin the line oT Intersection of the given planes, (8-7^) , is 

i\li\o the lino of Intersection of the planes 

X I '?y 7. b [ x ^ 3 

J or J 

y - I I y - 1. 

[sec. B-7] 
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(1) The easiest system to graph is the last one. 



X + 2=3 




Figure 8-7a 
^ [See also 8-7b and 8-7cJ 

(2) Let us sketch the graph of the pair 



X + 2y 4- z 

y 



- 5, 
= 1. 



The second plane is 
parallel to the XZ-plane 
and one unit to the rig.ht 
of it. Thus its trace in 
the XY-plane has a point 
of intersection with the 
XY-trace of the first 
plane; and its trace in 
the YZ-plane has a point 
of intersection with the 
YZ-trace of the first 
plane. Both these points 
have y = 1. They determine 
the line of intersection 
of the two planes. This 
line is parallel to the 



Line of 
Intersectio 
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XZ-plane • 

(3) The third graph (Figure 8-7c) gives a sketch of th# 
given planes 

X -f 2y z = 5, 

X z = 3, 

This graph is the most 
difficult to draw» The 
second plane has as its 
XY-trace the line 

X = 3, 

This intersects the 
XY-trace of the first 
plane, namely, 

X -f 2y = 5, 
in the point x = 3, 
y = 1, z = 0. 

The traces of these two 

planes in the YZ-plane 
are 

2 = 3 

2y -f z = 5. 
They intersect in the point 




Figure 8-7c 



X = 0, y = 1, z 3. 
We see that the line of intersection of these two planes is the 
same line as the one we obtained in (l) and (2), and that it is 
parallel to the XZ-plane. 

Example 2. The two planes are parallel . Find the solution 
set of the system 

X 4- 2y 4- z - 5, 
X 4" 2y 4- z = 10. 



45(3 
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Figure 8-7d 

Solution; By inspection, we can see that there is no 
number triple that satisfies both these equations. This is so 
because, for each number triple, the sum (x + 2y + z) has a 
definite value that cannot be both 5 and 10. 

The planes have no point in common; they are parallel. 
The system is inconsistent, since any triple (x, y, z) that 
satisfies one equation will not satisfy the other. 

^^P^^ 3. The planes coincide. Find the solution set of 
the system 

x + 2y+z-5 = o, 
3x + 6y + 3z - 15 = 0. 
Solution; By Inspection, we can see that every number 
triple in the solution set of the first equation is also in the 
solution set of the second equation; and conversely. The given 
planes coincide. The system is dependent ; the left member of 
the second equation is three times the left member of the first 
equation. 

[sec. 8-7] 
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Exercises 8-7. 

Determine which of the following pairs of equations represent 
straight lines. Sketch the graph In each case. When the planes 
intersect. Indicate on the graph where the line of Intersection 
lies . 

1. X ^ 2y + 5z - 10, 7. X + 4y = 4, 
z = l. z-x = 0. 

2. X - 2y + 5z = 10, 8. 3x + y - z 2, 

X = 4. 2z = 6x + 2y - 4. 

3. X - 2y + 5z = 10, 9. z - X = 0, 
y = -2. 3y + z = 9- 

4. X f y = 5, 10. X = -2, 
X = 7 + y. z = 4. 

5. X + y = 5, 11. X + 2y + z = 5, 
x4-y+z = 10. -x + 2y+z = 5. 

6. 3y -f z = 9, 12. X + 2y + z = 8, 
X + 4y = 4. X - 2y = 0. 



*8-10. Equivalent Systems of Equations In Three Variables. 

We give here a treatment of equivalent systems for first 
degree equations in three variables that is similar to the : 
treatment developed for two equations in two variables in 
Chapter J. 

Recall the procedure used in Chapter 3 to study systems of 
first degree equations in two variables, . as well as the methods 
used In Sections 8-7, 8-8, and 8-9 to study systems of first 
degree equations in three variables. We have been using the 
following operations which can always be performed upon the 
equations of a system to yield an equivalent system: 

1. Two equations of the system may be interchanged. 

2. An equation of the system may be multiplied by any 
number k / 0. 

3. k times any equation' of the system may be added to any 

other equation of the system. 

[see. 8-10] 
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Consider now the set of all equations that we can obtain from 
two given equations, 

(8«10a) J 

by multiplying the first equation by a constant, a, and the 
' second equation by a constant, b (where a and b are not both 
zero), and then adding the two equations. This procedure In- 
volves operations (2) and (3). Thus, we can represent all such 
equations by 

(8-lOb) a(x -f 2y - 2 - 5) + b(x + y + z - 2) = 0 

(a, b not both zero). 

By definition, any solution of the system (8-lOa) must re- 
duce each of the expressions In the parentheses In (8-lOb) to 
zero. It must therefore be a solution of (8-lOb). 

For example. If we take a = 2, b = 1, we obtain 

2(x + 2y - z - 5) + l(x + y + z - 2) = 0 
(^-'^^^ 3x ^ 5y - z - 12 = 0. 

Since this equation Is of first degree. It represents a plane. 
Since It Is satisfied by all the triples in the solution set of 
(8-lOa), the plane passes through the line of Intersection of 
the planes In (8-lOa) . Hence the equation (8-lOc) represents 
a plane through the Intersection of the planes In (8-lOa). 

Thus any two distinct planes formed by substituting values 
of a and b In (8-lOb) determine the same line of Intersection 
as the equations in (8-lOa) . The left members of the equations 
obtained from (8"-10b) are called linear combinations of the 
left members of the equations in (8-lOa) . We have used this 
converse proposition In Sections 8-7, 8-8, and 8-9. 

fccample 1. Find the equations of 2 distinct planes . through 
the line ' intersection of the planes of the system 

y = 2 
z - 5. 

Sketch the graph. 

[oec. 8-10] 
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Solution : The general equation of all planes through the 
Intersection of the given planes is equation 

(8-lOd) , a(y - 2) + b(2 ^ 5) = 0 (a,b not both zero) 

1, If we take a = 1, b = 1, 
we have 

y-2 + z- 5 = 0 

y + z = 7. 
The given plane y = 2 is 
parallel to the XZ-plane and 
2 units to the right of it. 
The given plane z = 5 is 
parallel to the XY-plane and 
5 units above it. These 
planes intersect in a line 
parallel to the X-axis. The 
new plane y + z = 7 has the 
following traces: 
In the XY-plane where z 




y = 7; 

in the Y2-plane where x 

y + z = 7; 
in the X2-plane where y 

2-7. 

It is a plane parallel 
to the X-axis. (See 
Figure 8-lOb.) 
Note that the 
YZ-tracG, y + z = 7, 
passes through the 
point Y - 2, z = 5 
in the Y2-plane. 



0, 
0, 



= 0, 



Figure 8-lOa 




Figure 8-lOb 
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2. 



3. 



If we take a = 2, b = 2 in equation (8-lOd) we have 

2(y - 2) + 2(z - 3) = 0, 
2y + 2z - 14 =0. 
This plane coincides with the plane we have Just studied, 

y + z = 7. 

This is because the a and b we have chosen are both 
twice the a and b chosen above. 
If we take a = 2, b = 1,. we have 



This is another plane parallel to the X-axis. Notice 
again that the trace 

2y + z = 9 
passes through 

the point ^ 



2(y - 2) + (z - 5) = 0 



2y + z - 9 



The traces of this plane are 



z = 0 , y = |; 
X = 0 , 2y + z 



y = 0 , z = 9. 



(0, 2, 5). 

See Figure 8-lOc. 
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Exercises 8-10. 

Find an equation for a plane through the line of Intersec- 
tion of the planes In each of the following systems. By 
sketching the graph In each case, show that the plane 
represented by the equation you have found passes through 
the Intersection of the given planes. 

(a) X + 2 = 0, (b) y + 4 = 0, 

z-4=:0. 2-5 = 0. 

In each of the following problems, find an equation for the 
plane containing the given point and passing through the 
line of Intersection of the given pair of planes. 

(a) (1, 2, 1) ; X + 2y - 3z = 0, 

X - y + 2 = 1. 

(b) (3, -1, 0) ; 2y . 32 - 2 = 0, 

X + y + z = 0. 

(c) The origin ; x + 2 = 0, 

2x-y+2-8=0. 

(d) (2, 2, 1) ; 2x - y + 2 - 3 - 0, 

X - 3y + 4 = 0. 
Prove that the planes represented by the equations 

2x - y -f 32 = 1 

6x - 3y + 92 = 5 
are parallel. Show that, for all values of a and b, both 
different from 2ero, 

a(2x - y -h 32 - 1) + b(6x - 3y + 9z - 5) = 0 
represents a plane parallel to the given planes. 
Find an equation for the plane containing the point (l, -1, l) 
and passing through the line of intersection of the planes, 

X -h y - 3 = 0 

Sketch the graph, showing the traces of the three planes, 
and show that the piano represented by the equation you 
have found passes through the intersection of the given 
planes . 

[sec. B'-io] 
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general term, 73^ 
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parallel rays, 629 
partial sums, 765 
partitions , 826 
Pascal's Theorem, 818 
permutations, 783, 795 
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polynomials, 86, 87, 88, 289 
prescribed values, 196, 220 
product; 

dot, 656 

inner, 655 
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projection, 120 
properties of groups, 851 
Pythagorean Theorem, 125 
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solution, 79 
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geometric series , 748 

infinite geometric series, 774 

infinite sequence, 731 

infinite series, 732 

n^^ term of a geometric sequence, 749 
th 

n term of an arithmetic sequence, 740 
series for, 

cos X, 771 

e"", 771 

sin X, 771 
sets satisfying geometric conditions, 156 
Sigma notation, "^Z", 745 
signed angles, 550, 551 
sine function, 561, 566, 569 
slope, 130, 132, 192, 303 

of parallel lines, 133 

of perpendicular lines, 134 
slope - intercept form, 306 
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solution of an equation, 224 
solution set, 

of equation or Inequality, 36l 

of a system, 363 

of three first degree equations, 
special angles, 

trigonometric functions of, 573, 
square roots, 701 
standard form, 262 
standard form for log x, 488 
standard position, 

the decimal point, 496 
straight line, 303 
structure, 1, 2 
subfield, 863 

subfields intermediate to Q 
subsets of a finite set, 806 
subtraction, 75 
sum of a finite geometric series 
sum of an infinite series, 764, 
sum of arithmetic series, 743 
sum of cubes , 89 
svunmation notation, 734 



417, ^^22, 
574 



it 26 



and R, 865 



751 
766 



sum s^ of a fi^a3,.:be series, 735 
symmetric, 283 

symmetry, 6, 20, 4o. 64, 75, 146-148 
system of equations, 36l, 38l, 389, 398, 422 
table of common logarithms, 464, 502, 503 
table of trigonometric functions, ' 
tangent function, 56I, 566' 
terminal point, 630 

66, 
695 



578, 580 



67 



terminating decimal. 
Theorem of'deMoivre, 
trace, 420 
transitivity, 6, 13, 20, 40, 
triangle inequality, 62, 280 
triangulation, 

method of solution, 432 
trichotomy, 13, I6, 55, 74 
trigonometric functions, 56I, 
two-dimensional vector space, 

variation, 

direct, 308 

vectors in three dimensions, 

vector space, 68I 

velocity, 674 

vertex, 205, 213, 220 

vertical line, 133, I76, 197 

well order property, 20, 4o 

wprk, 672 

zero element for vector, 
\ • addition, 636 
zero factorial, 799 • 
zero of a polynomial,, 291 
zero vector, 648 



55, 64, 75 



566, 
682 



661 



583 
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